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Abstract

Turbulent wall-bounded flows are important, because many of the flows found in
industry and nature belong to this type of flows. One of the examples is the flow in
the low pressure turbine part of an engine. Efficiency can be increased by increasing
the curvature of the blades. However, this leads to higher risks of the flow separating,
which is undesirable as it can cause vibration and efficiency losses. Another, related,
area of interest is the reduction of skin friction on airplane wings.

The design of wings or turbine blades is complicated, because the amount of
understanding of turbulent wall-bounded and/or separated transitional flows is in-
sufficient to apply daily engineering design methods. The problem is that the physics
are not completely understood and the absence of valid models, that can aid in the
design process.

Wall bounded flows are treated in this thesis from three different points of view.
The main interest of the first part of this thesis is the study of Poiseuille channel and
Couette flows. These flows, as studied here, are not typically found in real world
applications. However their study is necessary to be able to develop models for real
world wall-bounded flows. Particularly the near-wall region of wall-bounded flows is
known to be difficult to model. The relation between different types of wall-bounded
flows is studied.

A new code is developed to be able to study boundary layer flows, which is
described in the second part. This development is necessary since the code used for
the channel simulations cannot simulate boundary layers. The goal was to develop a
fourth-order, high resolution numerical scheme to simulate incompressible turbulent
flows similar to the ones found on turbine blades.

The focus of the third part of this thesis is on the study of separated flow. First
the control of separated flow is discussed. Secondly, another important problem is
studied, namely the transition and turbulent development in flows that are laminar,
separate and reattach after transitioning to turbulence. The information obtained
in the second study can be used by modelers to improve or to check the models used
in the industrial design of turbines. This part of the thesis has two objectives. The
first goal is to give physical mechanisms that control and suppress separation. The
second goal is to provide data on the development of the turbulent flow at and after
reattachment of the separation bubble.

The control of separation is studied by forcing a separation bubble on a flat plate.
The forcing is applied at the wall upstream but close to the separation bubble. These
simulations are done in two-dimensions using a second-order finite difference code
on a staggered grid. The Reynolds number Reθ = 30, based on the momentum

xix



thickness at the inlet of the numerical domain, is relatively low.

The newly developed code is used to do three-dimensional simulations on a tran-
sitional laminar separated bubble on a flat plate. In addition, and related to control,
simulations are done with incoming wakes, mimicking real turbine configurations.
Flows with various different adverse pressure gradients are simulated. The highest
adverse pressure gradient is chosen similar to the one in a laboratory experiment.
No information is available on the spectral content of the velocity perturbations,
and therefore only the mean and rms profile are matched. The spectral distribution
is chosen according to the most unstable one for a Blasius boundary layer. The
frequency with which the wakes pass by the inlet plane is f = 84Hz, which is higher
than in the experiment to obtain statistics in a reasonable computational time. At
the inlet the Reynolds number is Reθ = 114 in all the three-dimensional cases.

The two-dimensional simulations show that three different possibilities exist to
control separation. One is related to the instability of the shear layer formed between
the separation and the free-stream. The shear layer instability can be triggered with
fairly low-amplitude forcing when St ≈ 0.012.

The second possibility is to use high-amplitude forcing, which results in large
vortices being generated. These are very effective in mixing the low-speed fluid
from the separation bubble with the high-speed fluid from the free-stream. The
effective frequencies are related with the momentum thickness of the shear layer
and the distance between the forcing slot and the separation bubble. The third
possibility is to use periodic suction without blowing. The latter two options work
with high-amplitudes forcings of around ten percent of the free-stream velocity only.
Periodic suction is only effective when applied close to the unforced separation point.

The three-dimensional results have provided detailed information on the statis-
tics of the flow. The statistics compare fairly well with the laboratory data, although
transition takes place much further downstream compared with the laboratory data.
If properly scaled, the data also compares quite well to other data found in the liter-
ature. The momentum, Reynolds-stress and energy balances are given. They show
the large importance of the turbulent transport term in the Reynolds stress and
energy balances. The incoming wakes have a remarkable positive effect as they de-
crease the bubble length with a factor of at least six. They also cause a decrease in
H = δ∗/θ, with a factor of 1.5 in the turbulent part of the domain, compared with
the unforced simulation.

This newly developed code is second-order, instead of fourth-order accurate.
This reduction in order is necessary because the solution of the Pressure-Poisson
equation with fourth-order accuracy resulted in a serious penalty in computational
speed. However, the convective and viscous terms are all fourth-order accurate using
compact finite difference schemes. Overall, this meant that the theoretical resolution
of the code is as if fourth-order compact schemes would have been used. The code
is second-order accurate in time.

The developed code is now used extensively to do other simulations of boundary
layers under different types of pressure gradients and with turbulent inflow profiles.

xx



It is expected that the new three-dimensional code will be used by the industrial
partners to gain insight in the physics that determine the effectiveness of incoming
wakes in reducing the risk of open separation. Small modifications would make it
possible to study the influence of roughness on separation and reattachment.

The three-dimensional simulations, apart from demonstrating the capabilities of
the code, have given useful information that can be used to fine-tune the models
used in design processes. The two-dimensional simulations provided several control
strategies that, after some engineering development, are to be implemented.

xxi
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CHAPTER

ONE

Introduction

This thesis has two parts, which in both cases treat wall bounded flow. The first
part deals with near-wall turbulent channel flow. The second one is about separated
flow, its control and turbulent flow under the influence of large adverse pressure
gradients.

Turbulence is the motion of fluid characterized by its randomness of velocity and
pressure in space and time. Turbulent channel flow is understood to be the turbulent
flow between two flat, parallel, infinite plates. Channel flow as defined here may not
be of direct practical interest, but its study is useful, because the results are related
to other more practical flows, such as pipes and boundary layers without pressure
gradient. Furthermore it is of great importance to understand this type of flow to
be able to develop models for wall-bounded turbulence in general.

Separation is the phenomenon by which fluid initially close to a wall moves away
from it. This is caused by an external force that decelerates the flow. The fluid
close to the wall has a low velocity, and due to the deceleration, its velocity becomes
negative. This fluid with negative velocity acts as an obstacle for the oncoming
flow that advects over it. If the velocity becomes again positive downstream of the
obstacle a region is formed that contains the fluid with negative velocity, called a
separation bubble. Sometimes the separated region does not terminate before the
end of the geometry, which is called open separation. The external force that decel-
erates the flow is an adverse pressure gradient (APG), caused by steep curvatures in
the flow geometry. Two other concepts have to be introduced related to this topic.
In the case where the flow is accelerated the flow is under the influence of a favorable
pressure gradient (FPG). Zero pressure gradient (ZPG) flow is not accelerated nor
decelerated. The study of separated flow and their control is important, as it has
several negative side-effects in industry in general and aviation in particular.
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1.1. Wall bounded flows with and without strong APGs

1.1 Wall bounded flows with and without strong

APGs 1

This section is intended to give a general introduction on the relevant equations,
analysis and scaling in turbulent research on wall bounded flows. This section is
particularly relevant for the chapters 2 and 5.

It is now generally accepted that incompressible wall-bounded flows can be de-
scribed by the Navier-Stokes equation, written as

∇ · u = 0, (1.1)

∂tu + u · ∇u = −∇p+
1

Re
∇2u. (1.2)

In the case of laminar flows, the important terms describing the flow are obtained
from an order of magnitude analysis of these equations. However, as these equations
describe the total flow, it is not possible at this point to distinguish between the
fluctuating velocities and the average flow. Usually, to facilitate an order of magni-
tude analysis that does take this into account, a decomposition is made of the total
velocity

u(x, t) = U(x, t) + u′(x, t), (1.3)

in an average U and a fluctuating part u′. A similar decomposition of the pressure
is made to obtain

p(x, t) = P (x, t) + p′(x, t). (1.4)

After substituting this decomposition in Eqs. (1.1, 1.2), averaging leads to

∇ ·
(
U + u′

)
= 0, (1.5)

∂t

(
U + u′

)
+
(
U + u′

)
· ∇
(
U + u′

)
= −∇

(
P + p′

)
+

1

Re
∇2
(
U + u′

)
. (1.6)

As U = U , u′ = 0 and Uu′ = 0, Eqs. (1.5, 1.6) become

∇ · U = 0, (1.7)

∂tU + U · ∇U + u′ · ∇u′ = −∇P +
1

Re
∇2U . (1.8)

These approximations of Eqs. (1.1, 1.2) are important not only to analyze turbulent
flows, but they are also used extensively to simulate turbulent flows.

The average u′ · ∇u′ 6= 0 gives rise to new terms, which are the derivatives of
the the Reynolds-stresses given by



u′u′ u′v′ u′w′

v′u′ v′v′ v′w′

w′u′ w′v′ w′w′


 . (1.9)

1This section is an overview of the literature on wall-bounded or general turbulent flows. A
large part is based on [113]. Furthermore as density ρ is constant it is included in the pressure
p = p/ρ.
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1.1. Wall bounded flows with and without strong APGs

This tensor contains six independent components due to symmetries. The turbulent
boundary layers which are considered here are periodic in z and statistically two-
dimensional, implying that u′w′ = v′w′ = 0 and W = ∂zU = ∂zP = 0. Equations
(1.7, 1.8) then simplify to give the average, two dimensional, stationary flow as

∂xU + ∂yV = 0, (1.10)

∂x

(
U

2
+ u′u′

)
+ ∂y

(
UV + u′v′

)
= −∂xP +

1

Re
(∂xx + ∂yy)U, (1.11)

∂x

(
UV + u′v′

)
+ ∂y

(
V

2
+ v′v′

)
= −∂yP +

1

Re
(∂xx + ∂yy)V . (1.12)

Order of magnitude estimates that lead to scaling parameters are presented later.
The different terms in these equations have been calculated for a boundary layer
under the influence of an APG and are presented in section 5.3.5.

The equation for the time evolution of the kinetic energy and the Reynolds-
stresses can be obtained after taking the matrix product

uT

(
∂tu + u · ∇u = −∇p +

1

Re
∇2u

)
. (1.13)

The trace of the resulting tensor gives the equation for the time evolution of the
kinetic energy, while the individual components of the tensor give the time-evolution
of the Reynolds-stresses as given in Eq. (1.9).

The time evolution of the Reynolds-stresses is obtained by substituting in Eq.
(1.13) the Eqs. (1.3, 1.4), taking the average and subtracting the average stress
equations. In the case of turbulent boundary layers, the interesting equations are
the ones describing the time evolution of the diagonal components of Eq. (1.9) and

of u′v′. The average equations can be obtained by multiplying Eq. (1.8) with U
T
.

The equations for the time evolution of the Reynolds-stresses are deduced from

1

2
∂t(U + u′)2 =

−(U + u′)

(
∇ · (U + u′)(U + u′) + ∂x(P + p′) +

1

Re
∇2(U + u′)

)
, (1.14)

1

2
∂t(V + v′)2 =

−(V + v′)

(
∇ · (V + v′)(U + u′) + ∂y(P + p′) +

1

Re
∇2(V + v′)

)
, (1.15)

1

2
∂tw′2 =

−w′

(
∇ · w′(U + u′) + ∂z(P + p′) +

1

Re
∇2w′

)
, (1.16)

∂t(U + u′)(V + v′) =

−(V + v′)

(
∇ · (U + u′)(U + u′) + ∂x(P + p′) +

1

Re
∇2(U + u′)

)
. (1.17)

3



1.1. Wall bounded flows with and without strong APGs

After averaging and subtracting the average-energy equation, one obtains the four
transport equations for the Reynolds-stress budgets, being

∂tu′u′ = (1.18)

−2u′ · u′∇ · U −∇u′u′ · U −∇ · u′u′u′ − 2u′∂xp′ +
1

Re
∇2u′u′ − 2

Re
∇u′ · ∇u′,

∂tv′v′ = (1.19)

−2v′ · u′∇ · V −∇v′v′ · U −∇ · v′v′u′ − 2v′∂yp′ +
1

Re
∇2v′v′ − 2

Re
∇v′ · ∇v′,

∂tw′w′ = (1.20)

−∇w′w′ · U −∇ · w′w′u′ − 2w′∂zp′ +
1

Re
∇2w′w′ − 2

Re
∇w′ · ∇w′,

∂tu′v′ = −∇u′v′ · U (1.21)

−u′u′ · ∇U −∇ · u′v′u′ − v′∂xp′ − u′∂yp′ +
1

Re
∇2u′v′ − 2

Re
∇u′ · ∇v′.

The statistically averaged convective terms, ∇u′u′ · U , give the advection of the
Reynolds-stresses by the mean flow. In channel and ZPG boundary layers these
terms are normally small compared to the production and dissipation terms, because
in these flows only the ∂y(·) terms are large, and V ∼ 0. In APG boundary layers
they may be similar in magnitude.

The production terms, u′ · u′∇ · U , are important terms because they describe
the energy transfer from the mean flow gradients to the Reynolds-stresses. In chan-
nel flows the only production term is u′v′∂yU . In APG boundary layers there are
probable more production terms that become important as V > 0 substantially, and
∂x(·) 6= 0.

The turbulent transport terms, ∇ · u′u′ · u′, give the average transport of the
Reynolds-stresses by the turbulent motion. It is shown in chapter 5, that these
transport terms are important in typical turbine flows.

A term that is difficult to measure in laboratory experiments, but which is im-
portant is the pressure transport term u′∇p′. This term gives the energy transport
between the different Reynolds-stresses. In channel flow where the mean flow ex-
changes energy only with u′u′, the other Reynolds-stress terms receive their energy
due to the pressure gradient term, which extracts energy from the streamwise stress,
u′u′.

There are two terms related to viscosity. One is the viscous dissipation 1/Re∇2u′u′

term, which is unimportant expect very close to the wall where the second derivative
becomes large. The second term is the viscous diffusion term ∇u′∇u′, describing
the important turbulent dissipation.
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1.1. Wall bounded flows with and without strong APGs

1.1.1 Review of the scaling of the mean flow and Reynolds-

stresses

Boundary layers under the influence of strong APGs are different compared to ZPG
boundary layers in the sense that uτ becomes small. In the limit uτ → 0, there is
a problem scaling with uτ as the scaled velocities have infinite values. Moreover,
the experimental results in [102], show that the maximum for the Reynolds-stresses
scaled with uτ are all found at y+ ≈ 1100. This in sharp contrast to what is found
in ZPG boundary layers [106], for which the maxima are found at around y+ ≈ 20.
This is a second indication that boundary layer flow under the influence of strong
APGs should be scaled differently. However, there is little consensus, much less then
on the scaling used in ZPG flows, on how to scale these flows. Here a review is given
of what has been used. The theoretically most promising scalings are then used to
scale the data in chapter 5.

General scaling of the mean profile

Consider Eqs. (1.10, 1.11), and Eq. (1.12). For the moment it is assumed that there
exists a velocity scale ut that scales the mean streamwise velocities, as well as the
Reynolds-stresses. Furthermore, it is assumed that a length scale ν/ut exists and
that normally Lxut/ν ≫ 1. An order of magnitude analysis of Eq. (1.10) gives

∂xU + ∂yV ∼ ut

Lx

+
V ut

ν
= 0 → V ∼ ν

Lx

. (1.22)

The orders of magnitude of the momentum equations then become

U∂xU + V ∂yU ∼ u2
t

Lx

, U∂xV + V ∂yV ∼ νut

L2
x

, (1.23)

As v2 ∼ uv ∼ u2
t the Reynolds-stress terms in Eq. (1.12) are of the order

∂yv2 ∼ O
(
u3

t

ν

)
, ∂xuv ∼ O

(
u2

t

Lx

)
, (1.24)

and the viscous terms are of order

ν∂yyV ∼ O
(
u2

t

Lx

)
, ν∂xxV ∼ O

(
ν2

L3
x

)
, (1.25)

using V ∼ ν
Lx

.

Multiplying all terms with ν/u3
t the following order of magnitude equation is

obtained for the V momentum balance

ν2

L2
xu

2
t

∼ − ν

u3
t

∂yP − 1 − ν

Lxut
+

ν

Lxut
+

ν3

L3
xu

3
t

. (1.26)
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1.1. Wall bounded flows with and without strong APGs

This identifies that to balance the equation

∂yP ∼ ∂yv2, (1.27)

which, as will be shown later, is actually true for the data presented in this thesis on
strong APG boundary layers. Equating the two terms in Eq. (1.27) the following

∂yP = ∂yv2, (1.28)

is obtained. After integrating this equation in y and differentiating with respect to
x

∂x(P − P0) + ∂xv2 = 0, (1.29)

is found, where P 0 is the value of the pressure at the wall.
The terms in Eq. (1.11) can now estimated, and are

U∂xU + V ∂yU = O
(
u2

t

Lx

)
, ∂yuv ∼ ν∂yyU = O

(
u3

t

ν

)
, (1.30)

∂xu2 = O
(
u2

t

Lx

)
, ν∂xxU = O

(
νut

L2
x

)
, ∂xP − dP0/dx = O

(
u2

t

Lx

)
. (1.31)

If Lxut/ν ≫ 1 and ∂xP ≈ dP0/dx are assumed, the following equation is obtained

−∂yuv + ν∂yyU = dP0/dx. (1.32)

These equation can be integrated from y = 0 to y, which gives

−uv + ν∂yU = ydP0/dx+ u2
τ . (1.33)

From this equation two velocity scales can be obtained. A first scale can be defined
by considering that uv = ∂yU = 0 for y > δ. This scale is the well known friction
velocity scale uτ .

The second scale that can be formed is for flows that are on the verge of sepa-
rating, and thus have u2

τ = 0. An interesting deduction of this scale was developed
in [103]. In this work they scale Eq. (1.33) with uτ and ν/uτ to obtain

τ+ ≡ ∂y+U
+ − u′v′

+
= 1 +

y+ν

u3
τ

dP0/dx. (1.34)

This can be written as

τ+ = 1 +

(
up

uτ

)3

, (1.35)

which, after multiplying both sides with (uτ/up)
2, becomes

τp = yp +

(
uτ

up

)2

, (1.36)

6



1.1. Wall bounded flows with and without strong APGs

with

u3
p = νdP0/dx,→ up =

3

√
νdP0/dx. (1.37)

This scaling prevents singularities when uτ → 0, and it was first deduced in [109].
This alternative velocity scale is only correct when up ≫ uτ .

To be able to integrate Eq. (1.34) and obtain the velocity in the viscous sub-layer
the nice argument developed in [113] was used. They define the non-dimensional
Kolmogorov micro-scale η+

k to be

η+
k ∼

(
κy+

) 1

4 , (1.38)

where κ is a constant. The integral scale or, what is equivalent, the largest eddies
should scale with the distance to the wall. This gives the dimensionless integral
scale

L+
i ∼ κy+. (1.39)

In [113] it is shown that below y+ / 5, the integral scale becomes smaller than the
viscous Kolmogorov scale. Energy is assumed to be injected at the integral scales.
If these scale becomes smaller than the viscous Kolmogorov scale, it means that
this energy will be dissipated almost directly. Then turbulence cannot sustain itself.
Therefore the turbulent Reynolds-stresses can be neglected compared with the vis-
cous stresses in this viscous sub-layer. The velocity profile can then be approximated
by integrating Eq. (1.36)

∫ yp

0

(
∂ypU = yp +

(uτ

up

)2
)
dyp → up =

1

2
(yp)2 +

(
uτ

up

)2

yp. (1.40)

Far from the viscous sublayer, where the length scale is ν/uτ , an outer flow velocity
profile is found. The length scale for the outer flow region could be δ99, although
some other possibilities are discussed later. The outer flow region can be written as
the following velocity defect law

U∞,x − U(η)

ut
= f(η), η =

y

δ99
. (1.41)

In between these two layers the overlap region exists. This overlap region is known
also as the logarithmic region or the inertial sublayer. Here the length should scale
with y as it is too far from the boundary to scale with the viscous length scale,
and too far from the outer flow to scale with δ99. This dimensional argument has a
mathematical counterpart based on matched asymptotic expansion. First consider
the inner layer for y+ → ∞, which gives

dU

dy
=
u2

t

ν

dg

dy+
, (1.42)

while the outer flow for η → 0 gives

dU

dy
=
ut

δ

df

dη
. (1.43)
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1.1. Wall bounded flows with and without strong APGs

The first derivative is a function of y+ while the second derivative is a function of η.
They can only be equal in the overlap region, as they should, when they are both
equal to a constant

u2
t

ν

dg

dy+
=
ut

δ

df

dη
=

1

κ
. (1.44)

After integration

U(yut/ν)

ut
=

1

κ
ln
yut

ν
+ A, (1.45)

U∞,0 − U(η)

ut
=

1

κ
ln
y

δ
+ C. (1.46)

The velocity scale ut can be uτ or up. In [103] a similar mixture between these two
scales, like in the viscous sublayer, was developed for the overlap region. The idea
is to use

u2
∗ = u2

τ +
u3

p

uτ
y+ = u2

τ + u2
py

p, (1.47)

as a velocity scale. After matching an outer flow Eq. (1.43) with the viscous sublayer
the equation to be solved becomes

y∗
(
dU

dy

)∗

=
1

κ
. (1.48)

Here y∗ is given by

y∗ =

√
(y+)2 + (yp)3. (1.49)

After integration of Eq. (1.48) the velocity

u+ =
1

κ

(
ln y+ − 2 ln

√
1 + λy+ + 1

2
+ 2

(√
1 + λy+ − 1

))
+ A, (1.50)

can be obtained, or

up =
1

κ

(
2
√
γ2 + yp + γ ln yp − 2γ ln

(√
γ2 + yp + γ

))
+ C. (1.51)

Here

λu =

(
up

uτ

)3

, γ =
uτ

up

. (1.52)

For λu = 0 this gives the well-known logarithmic law for channel flows and ZPG
boundary layer flows.
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1.2. Near-wall flow in a turbulent channel

Alternative mean velocity scalings for APG boundary layers

The failure of the classic mean velocity scale uτ has lead to several other proposals
to scale the mean velocity profile. In [91] and [96], a velocity scale is proposed based
on the maximum kinematic shear stress

u2
m =

τm
ρ

= (−u′v′)max, (1.53)

which only applies when um ≥
√

3
2
uτ , approximately. The defect law describing the

outer flow is obtained as

U∞,x − U(y/B)

us
= f

( y
B

)
, us = 8

√(
B

L

)
um, B = 2.86

δ∗U∞,x

us
, (1.54)

where L is the distance from the wall to the local maximum kinematic shear stress.
The cited authors describe that the viscous sublayer is the same as in flows without
APGs. However they find a small logarithmic layer that tangentially joins a power
law described by

U(y/δ∗)

U∞,x

= 0.47

(
us

U∞,x

) 3

2 ( y
δ∗

) 1

2

+ 1 − us

U∞,x

. (1.55)

If both sides are multiplied with U∞,x/us this becomes

U(y/δ∗)

us

= 0.47

(
us

U∞,x

) 5

2 ( y
δ∗

) 1

2 − 1 +
U∞,x

us

. (1.56)

In their interpretation this is the innermost portion of the velocity-defect law de-
scribing the outer flow.

Another scaling for the outer mean flow velocity-defect was proposed in [132] as

U∞,x − U(y/δ∗)

U∞,x

δ∗

δ99
=

(
y

δ99

)
, UZS =

δ∗

Ux,∞δ99
. (1.57)

In [12] this scaling was shown to reasonably collapse mean velocity data for a wide
range of APG flows.

1.2 Near-wall flow in a turbulent channel

The near-wall region of turbulent channel flow is important from the modeling
point of view. The relevant parameter in this region is the friction velocity uτ =
(ν(∂yU)y=0)

1/2, where ν is the kinematic viscosity and (ν∂yU)y=0 is the shear at the
wall. Length scales are scaled with ν/uτ to give he dimensionless distance to the
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1.2. Near-wall flow in a turbulent channel

wall y+ = uτy/ν. In this region the flow is characterized by the presence of stream-
wise velocity streaks and streamwise vortices (ωx). The spanwise distance between
the streaks is about z+ ≈ 100 and they have a length of about x+ ≈ 1000. The
streamwise vortices are associated with the streaks and have a longitudinal spacing
of about x+ ≈ 400. It has been shown in [56, 57] that there exists a near-wall cycle
which maintains turbulent flow without the influence of the outer flow. This region
is confined to y+ . 50.

Methods, such as LES, have been developed to reduce resolution requirements
to simulate turbulent flows. These methods only resolve the large scale turbulent
motion, that carry the kinetic energy and the Reynolds-stresses. A model is used
to estimate, from the large scale turbulent motion, the dissipation of kinetic energy
contained in the unresolved small scales of the turbulence. This method works
reasonably well as long as the large scales are resolved correctly.

In wall-bounded flows the stress-carrying structures range from sizes of the order
of the channel height in the outer flow, to the viscous structures in the near-wall
region. The resolution requirements are thus determined by the small scales of the
near-wall region, unless an approximate model is found for them. The problem is
that, as the Reynolds number increases, the proportion between the near-wall region
and the whole channel decreases. This means that there exists smaller scales that
need resolving. This dependence on the Reynolds number implies that resolution
requirements without a near-wall model are not much lower than the resolution
requirements using LES. For LES or any other method to really save time and
resources, its resolution has to depend only on the characteristic length scales of the
geometry. For example the radius of a pipe or the height of a channel [55, 50].

However, the lack of physical knowledge about the near-wall region impedes
correct modeling. Nowadays, a qualitative idea of near-wall physics exists [57, 56,
120]. However, the results in [56, 57] were obtained in somewhat special channels
and the relation between real channels and other typical wall bounded turbulent
flows was not clear. Another question that remains is how the cycle maintains itself.

The study of this problem was done using a similar approach for the simulations
as in [51]. However, here a minimization of the size of the numerical box was searched
for, to isolate the fundamental structures of the near-wall region. Furthermore,
data of full turbulent channel flows were used [23], and minimal channels [54] were
computed, to compare with the solutions that were obtained from the minimization
procedure. The comparison with other wall bounded flows was possible due to the
cooperation with the Department of Aeronautics and Astronautics at the University
of Kyoto. They calculated several time periodic [60] and steady [82] plane Couette
flows.

1.2.1 Objective for the first part of the thesis

The objective of the first part of this thesis is a more complete comprehension
of the turbulent near-wall region in wall bounded flows. Different types of wall
bounded flows have been analyzed, to see if the nonlinear equilibrium solutions
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found in the near-wall region are universal, for example [57]. Furthermore, the
observed temporal intermittency has been addressed and was related to the nonlinear
equilibrium solutions. This work has been published in [52].

1.3 Control and its numerical study

Control is defined as the manual or automatic regulation of a system to satisfy a
certain objective. The next two examples illustrate its necessity.

Turbines convert kinetic and thermal energy of burnt gasses into a useful torque,
using their blades. A turbine blade is a curved surface which causes the flow on
its suction side to be decelerated by an APG. As the APG increases, so does the
theoretical efficiency. However, increasing curvature also means that the flow has a
higher risk of separating, which would result in a loss of efficiency and in the pos-
sibility of undesirable vibrations. Turbine blades are nowadays designed to prevent
separation or to have short separation bubbles. Increasing the curvature would only
be efficient if separation can be prevented.

The flow over airplane wings separates during take off and landing, due to a
large angle of attack. Separation can be very severe, which in aviation is called stall,
resulting in an airplane that does not react to the controls anymore. Nowadays, in
civil aviation, separation and stall is controlled by large, expensive and complicated
devices.

In the first example, control should be used to allow turbine blades with higher
curvature. The objective in civil aviation would be for more advanced, lighter and
simpler control techniques, to replace the devices used nowadays.

In this thesis the system to be controlled is the separated flow over a geometry.
The objective of control in the case of separated flow is to diminish the negative
effects of separation. This can be obtained, for example, by shortening the separation
bubble.

The regulation can be obtained in several ways. In the first place one may dis-
tinguish between passive and active control. Passive control uses time independent
devices. Active control includes all types of control that are functions of time. Both
types of control can use small perturbations which, in their vicinity, do not cause
large changes in the flow. On the other hand large perturbations are also possible.
They rely on large-scale changes in the flow to obtain the control objective. Closed-
loop control and optimal control react to changes in the flow, while open-loop control
does not. Passive control is always open-loop control, while active flow control is
more flexible. A more complete overview can be found in [17, 30].

1.3.1 Control of separation on low-pressure turbine blades

In this thesis the control that will be studied is related, primarily, to flow over low-
pressure turbine blades. The fluid has expanded in the high-pressure stages, before it
reaches the low-pressure turbine stage reducing its density ρ. The Reynolds number
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Re = ρUL/µ, based on a characteristic velocity U , a length scale L and viscosity
µ, will thus be lower in this stage. Therefore the flow on the blades in this stage is
typically laminar. Under the influence of a strong APG this leads to separation that
has detrimental effects on the operation of the turbine, because it increases drag,
and decreases lift.

There are at least two ways to control the separation bubble on the blade. The
first option is to implement the control in the wall on the blade. In this thesis this
is implemented as open-loop active control, as the primary interest is the physical
response to specified controls. The second option is to use the wakes which come
periodically from the upstream stator blades. The latter option is also open-loop
active control and can be implemented more easily than the first one. Forcing at
the wall may be feasible with some engineering development.

Open-loop-active control (from now on OLAC) can be studied by laboratory
experiments or by numerical experiments. Numerous laboratory studies on OLAC
can be found in the literature. Most of them [67, 100, 30, 46] conclude that a
two-dimensional instability of the shear layer, formed due to separation, is a good
possibility to control the separation bubble. However laboratory experiments on
the effectiveness of control are difficult, because laminar separation bubbles are very
sensitive to external fluctuations [31].

Another approach is used here, namely two-dimensional numerical experiments
on the control of separated incompressible flows. This seems a reasonable setup
for the experiments, as the flow is laminar until separation. Moreover it has been
assumed here that shear layer instabilities play an important role in the control of
separation bubbles. Their related instability is predominantly two-dimensional, as
well as the shear layer roll-up process [35].

The incompressible approximation is valid as long as [95]

1

2
Ma2 ≪ 1, (1.58)

were Ma is the Mach number. In low pressure turbines Ma ≈ 0.6, which means
that the flow can be considered reasonably incompressible.

The simulations are done on a flat plate. A wide range of separation bubbles
are generated by different suction velocities [3] imposed at the upper part of the
numerical domain. Although a flat plate is not able to capture all the physics
present on a turbine blade, it is expected that this geometry will represent the effect
of the control accurately. The forcing is imposed at the wall of the flat plate in the
form of a sinusoidal zero-mass blowing wall jet. Wakes could also be imposed, but
using the sinusoidal forcing offers a broader control parameter space. This is useful
to find an optimal control, and it aids in the understanding of the flow physics. It
is expected that understanding the flow physics by forcing at the wall will help to
understand how to use the wakes for control.
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Figure 1.1: Estimation of the total number of points needed to simulate a turbulent
boundary layer for : second central scheme; : fourth order standard Padé
scheme and : spectral method. Here αxαyαz = 1 · 105 is used, which is quite a
conservative estimate of the boundary layer size which one wants to simulate.

1.3.2 High resolution versus low resolution

Recall that two and three-dimensional simulations are done to study control. The
two-dimensional simulations are done using a second order-low resolution code, while
the three-dimensional simulations are done using a second order high-resolution
code. The use of a high-resolution code is important to limit the required resources,
especially RAM memory. This can be seen by estimating the amount of points nec-
essary to do a boundary layer simulation at a certain Reθ = U∞θ/ν. The estimation
is made using the following assumptions

u
′

= 0.15U∞, δ99 = 10θ, ∆h = 8ηk (Fourier discretization),

∆h = 4ηk (4th discretization), ∆h = 2ηk (2nd discretization), (1.59)

where θ is the momentum thickness and δ99 ≈ Li with Li the integral length scale,
and a Reynolds number ReLi

= u
′

Li/ν. This gives trivially ReLi
= 1.5Reθ using

the estimation for the streamwise rms-velocity, u
′

, while the Kolmogorov scale ηk is

given by ηk = Li/Re
3

4

Li
. The grid sizes, ∆h, are necessary to correctly resolve the

turbulent flow considering the resolution of the numerical schemes. The amount of
points Nx needed to discretize a length Lx = αxLi then becomes

Nfd =
Lx

8ηk

=
αx(1.5Reθ)

3

4

8
, Nfo =

αx(1.5Reθ)
3

4

4
, Nso =

αx(1.5Reθ)
3

4

2
, (1.60)

for Fourier (fd), fourth order standard Padé (fo), and second order (so) discretization
respectively. The estimate of points needed to do a simulation in three dimensions
is shown in Fig. 1.3.2. The available memory of computers is only limited and the

13



1.4. Tools used for the thesis

factor of two between the second order and fourth order scheme makes the difference
between being able to do a well-resolved simulation or not. Note that the need to
use twice as many points also leads to a much reduced time-step.

1.3.3 Objectives for the second part of the thesis

The two main objectives of the second part of this thesis are:

• The development of a high-resolution computational code capable of simulat-
ing turbulent separated boundary layers, and the transition of laminar sepa-
ration bubbles to turbulence.

• A better understanding of the active open-loop control of separation bubbles.

The computational code should be versatile within the boundary layer configuration.
This means the ability of imposing a variety of boundary conditions, and favorable
or adverse pressure gradients without major configurations. The code should be
parallelisable and should have a good parallel scalability.

To study active open-loop control we strive to know thoroughly the important
parameters that determine the success of the control. Furthermore information needs
to be obtained about the instantaneous flow-field as a function of this parameters.
The flow-field is then related to the effectiveness in controlling the separation bubble.

1.4 Tools used for the thesis

The channel simulations were performed using a code developed, over the years,
in the department of Fluid Mechanics of the School of Aeronautics of Madrid
[18, 56, 51, 57]. The Navier-Stokes equations are written using the wall-normal
vorticity and the Laplacian of the wall-normal velocity. The discretization is pseudo-
spectral with Fourier expansions in the directions parallel to the wall, while Cheby-
chev polynomials are used in the wall-normal direction.

Two new finite difference codes were used in this thesis. For the control studies a
two-dimensional, second-order code based on [87] was used that was partly developed
in [24]. This code was parallelized using MPI.

A second code was especially developed as part of this thesis, because the ex-
isting code was not high-resolution. This development was also necessary, as the
pseudo-spectral code does not permit to impose the necessary boundary conditions
to simulate separated boundary layers. A numerical code, using a mixture of the
FORTRAN 77 and FORTRAN 90 programming language, was developed. The MPI
message passing interface [38] was used to parallelize the code. Compact finite dif-
ference schemes [71, 79] were used to discretize the Navier-Stokes equations written
in primitive variable form. The conservation of mass was assured using a fractional
step method based on [90, 26]. Two- and three-dimensional versions were developed,
but only the latter was parallelized.
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The simulations were done on several parallel machines. First of all the cluster
of the Fluid Mechanics department of the School of Aeronautics of Madrid. This
cluster consists of 64 Dual Intel Xeon(TM) processors nodes of 3.06 GHz. Each node
is mounted in a 1U chassis. The nodes have no hard disk. A front-end node, that
has a two hard disks and the same characteristics as the nodes, takes care of the
management of the nodes. Initially every node had 2GB of RAM-memory which was
later extended to 4GB of memory for 32 nodes. High speed communication between
the nodes is done by Myrinet [44] which uses optical fibre technology. The operating
system used is a Debian [42] distribution of Linux. PBS [41] is used as a queuing
system. Compilation of the code was done by the Intel Fortran Compiler [43]. The
second machine used was MareNostrum at the BSC [39], which was for some time
the fourth largest machine in the world, considering computational power. This
machine initially had 4812 IBM PowerPc 970FX processors of 2.2 GHz distributed
over 2406 dual nodes. All the nodes have 4 GB of RAM memory. It uses the
SUSE [45] version of Linux as an operating system. The high speed communication
between the nodes is again done by Myrinet. Compilation was done by the xlf
compiler of IBM. On this machine a maximum of 341 processors were used.

The third machine used was Magerit at the UPM [40], which had the same
characteristics as MareNostrum but initially only had 360 processors. These are
distributed over 180 JS20 blades. The three-dimensional compact finite difference
code was run on all three machines. The two-dimensional codes and the pseudo-
spectral code where only run on machines of the Fluid Mechanics department.

1.4.1 Organization of the thesis

This thesis has six chapters and three appendices.
The first chapter gives an introduction to the problems that are studied and the

methods that are used.
The second chapter discusses the near-wall region of turbulent flow. Results for

different types of wall bounded flows are presented and classified. Then a comparison
with full turbulent flows is given and Reynolds number effects are shown. Then the
temporal intermittency of the near-wall region is studied, which is related to typical
flow scales of structures found in this region.

In the third chapter the numerical code to simulate the three-dimensional in-
compressible Navier-Stokes equations is described. In this chapter the numerical
method, implementation and numerical validation is presented. Various ways to
obtain global mass conservation are given.

The fourth chapter is about the control of separation bubbles. Two and three-
dimensional simulations are presented, from which quantitative and qualitative in-
formation is obtained. Information is obtained about the optimal frequency, forcing
slot length and forcing amplitude. The flow as a result of the different forcing
parameters is detailed. Results are obtained for two different Reynolds numbers
(Reθ0

= 30, Reθ0
= 100) based on the momentum thickness at the inlet. The latter

is of the order of the Reynolds numbers found in turbines.

15



1.4. Tools used for the thesis

The fifth chapter treats the three-dimensional simulations of a separation bubble
on a flat plate. The pressure gradient applied in this simulation has industrial
relevance, and is compared with experiments provided by industry. This chapter
also contains the results for a separation bubble under the influence of incoming
wakes. The model and approximations involved in imposing the wakes, and the
pressure gradient are discussed. Then a comparison is made with laboratory data
to validate the results. Different velocity scales are used to collapse the data. Finally
the momentum balances, the Reynolds-stress balances and the energy balance are
given.

The sixth chapter ends this thesis with conclusions and recommendations. Two
appendices are given. The first appendix treats numerical details related to the
implementation of the code. The second appendix treats the solution of a Poisson
equation using multigrid accelerated line-Gauss iteration. The third appendix gives
a short summary in Spanish.
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CHAPTER

TWO

Characterization of near-wall turbulence in

terms of equilibrium and ‘bursting’

solutions

2.1 Introduction

Wall-bounded flows have been important in turbulence research ever since the fa-
mous 1883 experiments by Reynolds. This is particularly true of the immediate
near-wall layer which, because its Reynolds number is locally low, is usually con-
sidered to be a good candidate for an approximate description in terms of simple
deterministic structures.

Nonlinear equilibrium solutions of the three-dimensional Navier–Stokes equa-
tions, with characteristics which suggest that they may be useful in such a descrip-
tion, have been obtained numerically in the past few years for plane Couette flow
[82, 121], plane Poiseuille flow [114, 120, 121], and an autonomous wall flow [57]. All
those solutions look qualitatively similar [119, 59], and take the form of a wavy low-
velocity streak flanked by staggered quasi-streamwise vortices of alternating signs,
resembling the spatially-coherent objects educed from the near-wall region of true
turbulent flows [110, 48]. The mean and fluctuation intensity profiles of the equilib-
rium structures are also reminiscent of the experimental values [57, 121]. In those
cases in which their stability has been investigated, the equilibrium solutions are
unstable saddles in phase space at the Reynolds numbers at which turbulence is
observed. They are not therefore expected to be found as such in real turbulence
but, since the velocity of the system in phase space vanishes at fixed points, whether
stable or not, any turbulent flow could spend a substantial fraction of its lifetime in
their neighborhood.

Although the observed similarities suggest that all those structures are related
to each other and to self-sustaining wall turbulence, the nature of those relations is
unclear. The first goal of this paper is to clarify that point by comparing as many as
possible of the known equilibrium solutions, among themselves and with real near-
wall turbulence. This comparison will also include the time-periodic saddle orbits
identified by [60], which not only approximate the profiles of average velocity and
of the intensities of near-wall turbulence, but also part of its temporal structure.
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In fact, the second problem that we will consider is the possible relation between
temporal intermittency in the near-wall layer and such time-dependent simple so-
lutions of the Navier-Stokes equations. The term ‘burst’ was originally introduced
to describe fluid eruptions observed near the wall in the early visualizations of tur-
bulent boundary layers [61]. It was initially hypothesized that bursts were due to
the intermittent break-up of the near-wall streaks, but even the original authors
later acknowledged that their visualizations could be consistent with permanent ad-
vecting objects [86], and the term became eventually associated with the ejections
observed by stationary velocity probes. With the advent of numerical simulations,
it became apparent that the streaks were long-lived streamwise velocity structures,
and that the sweeps and ejections identified in the analysis of single-point data
were mostly due to the passing of shorter quasi-streamwise vortices, intermittent
in space but not necessarily in time [94]. The question of whether the observed
temporally-intermittent sublayer events were visualization artifacts or really existed
in the near-wall layer was bypassed by this explanation.

The well-documented mutual dependence of the near-wall streaks and vortices is
consistent both with equilibrium models sustained by steady nonlinear interactions,
such as in the structures mentioned above, and with temporal cycles in which both
types of structures periodically create each other. The difficulty of following for
long times individual structures in fully turbulent flows complicates the experimen-
tal or numerical distinction between essentially permanent objects and intrinsically
time-dependent processes with a long period, but intermittent breakdown of near-
wall turbulence is observed in minimal-flow numerical simulations for which spatial
intermittency is not an issue [54, 57]. The same is true of autonomous wall flows
in which the observation is simplified by the small wall-normal dimensions of the
simulation domain [56].

By comparing periodic solutions such those in [60], minimal simulations, and
fully-turbulent ones, we will try to clarify whether intermittent behavior, as dis-
tinguished from the vortex-passing bursts, is found in fully turbulent flows, and
whether it can be explained in terms of simple time-periodic solutions.

We will also address the question of whether the characteristics of such equilib-
rium or periodic solutions can explain the wavelength-selection properties of near-
wall turbulence, such as the well-known mean streak separation of z+ ≈ 100 or the
equally intriguing x+ ≈ 300 streamwise separation found in turbulent flows between
vortex pairs within the same streak [54].

To simplify the discussion, stationary or travelling permanent waves, and solu-
tions which can be reduced to limit cycles in some frame of reference, will be referred
to as ‘simple’ from now on. Of those, the permanent waves and the turbulent flows
whose statistics are roughly similar to them, will be denoted as ‘quiescent’. Solutions
with stronger vorticity, usually corresponding to a fast evolution in phase space, will
be called ‘excited’.

Some of the older solutions required recomputing for the purpose of this paper,
using numerical methods which are occasionally slightly different from the original
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ones. Those methods are described in section 2.2. The comparison between the
different equilibrium and periodic solutions is made in section 2.3, and their relation
with fully-developed turbulence is discussed in section 2.4. Temporal intermittency
is discussed in section 2.5, and conclusions are offered in section 2.6. A preliminary
version of part of the present manuscript appeared previously as [58].

2.2 Computational methods

2.2.1 Autonomous solutions

The permanent traveling-wave solutions described below as ‘autonomous’ are com-
puted using a slightly modified version [51] of the numerical scheme used in [56, 57].
The flow is established in a numerical domain with spatial periodicities Lx and Lz

in the streamwise and in the spanwise directions, over a wall located at y = 0.
The streamwise, wall-normal and spanwise velocity components are u, v and w.
The Navier–Stokes equations are integrated in the form of evolution equations for
the wall-normal vorticity ωy and for ∇2v, using a pseudospectral code with Fourier
expansions in the two wall-parallel directions and Chebychev polynomials in the
wall-normal direction [64]. At each time step the right-hand sides of the two evolu-
tion equations are multiplied by a damping mask 1 − ∆t F (y), where

F (y) = 0 if y ≤ δ1, F (y) = 1/θ if y ≥ δ2 = 1.5 δ1, (2.1)

and the two limits of F (y) are connected smoothly by a cubic spline. This mask can
be interpreted as a linear dissipation for each of the two evolution variables. The
decay time θ is chosen so that all the vorticity fluctuations are effectively damped
above y ≈ (δ1 + δ2)/2. The equations are not modified below the mask lower limit
δ1. Irrotational fluctuations are not affected anywhere, and the outer edge of the
Navier–Stokes layer is bounded by a potential core which prevents the formation
of viscous boundary layers at the mask boundary. No-slip, impermeable boundary
conditions are imposed at the wall.

While the flows in [56, 57] were integrated at constant mass flux in a channel,
the present computations were initially carried out at constant driving stress in a
‘semi-infinite’ domain. The velocities were matched to outer potential fluctuations
extending to infinity from the edge, y = h > δ2, of the computational domain [18].
This driving mechanism is free from the complications of a ‘second wall’ across the
potential layer, and in particular from the effect of a mean pressure gradient, and
should in principle be preferable to simulations involving two-walled channels. The
total shear stress, for example, is constant across the Navier-Stokes layer instead of
varying linearly across the channel, and the only Reynolds number in the problem
is δ+

1 . The superscript + denotes ‘wall’ variables normalized with the kinematic
viscosity ν and with the friction velocity uτ .

This driving mechanism had been successfully used to simulate autonomous wall
flows in large computational boxes [51] but, in the present case, it failed to reproduce
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L+
x L+

z δ+
1 U+

c u′+max v′+max ω′+
x,max

A1 189 180 42.0 12.6 2.71 0.616 0.116
A2 189 180 45.6 12.4 2.84 0.612 0.117
A3 168 180 38.4 13.2 2.54 0.592 0.124
A4 168 180 42.0 12.8 2.59 0.598 0.121
A5 151 180 42.0 13.2 2.51 0.578 0.123

Table 2.1: Parameters of the autonomous simulations used in the text. Lx and Lz are
the box dimensions, Uc is the phase velocity, and u′

max, v′max and ω′
x,max are the maximum

fluctuation intensities used below to characterize solutions.

the simple solutions found by [57] in a pressure-driven channel. The flow passed di-
rectly from fully-chaotic (minimal) turbulence to laminar decay upon minor changes
in the parameters.

It was therefore decided to reintroduce some pressure effects. The basic structure
of the code is maintained, and in particular the driving mechanism for the mean flow
is still a constant shear far from the wall, instead of a fixed imposed mean pressure
gradient. The mean velocity profile is linear far from the wall, rather than parabolic,
but the potential fluctuations in the masked region are required to match a no-stress
impermeable boundary at y = H > h instead of decaying at y → ∞. All the cases
presented in this paper were computed with H = 2h and with the viscosity adjusted
so that h+ = 120. This modification introduces a small fluctuating pressure gradient
which maintains the instantaneous mass flow constant across the domain (0, H).
It was found to be sufficient to restore the existence of steady travelling waves.
Their computational parameters are summarized in table 2.1. They were computed
using 48 × 49 × 48 spectral modes, before dealiasing. The resulting resolution is
∆x+ ≈ ∆z+ ≈ 4, with a maximum grid spacing ∆y+ ≈ 3 below the mask.

The significance of this observation is not clear, although it is not surprising that
the properties of constant-mass and constant-stress simulations should differ in small
computational domains. Note that the solutions discussed in this section differ from
others used in this paper in that they are obtained from an initial-value problem, and
are therefore stable with a nonzero basin of attraction. This explains their sensitivity
to the stress boundary condition, which changes their stability although not their
qualitative character. The present traveling waves do not differ visually from those
in [57], even though the codes are different. The chaotic solutions obtained from
the constant-stress boundary conditions are also indistinguishable from the chaotic
solutions obtained by raising the mask either in the present code or in [57]. They
all agree with minimal Poiseuille flows below roughly half the mask height [57, 51].
Because of the presence of a required fluctuation of the spatially-constant pressure
gradient, these flows are classified below as part of the Poiseuille family, even if the
temporal average of their mean pressure gradient is zero.
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2.2.2 Plane Couette solutions

Nagata’s steady solutions [82] for incompressible plane Couette flow were recom-
puted using a method similar to that in [27]. The flow is described by its deviation
(u∗, v, w) from the linear profile, and is obtained numerically by solving steady non-
linear equations for the streamwise velocity u0(y) = 〈u∗〉, where 〈〉 denotes averaging
over a wall-parallel plane, and for ωy and ∇2v, as in the previous section. The solu-
tions are expressed as double Fourier expansions in the two wall-parallel directions.
The wall-normal expansions are expressed in terms of the centered dimensionless
coordinate y∗ = y/h− 1, where y∗ = 0 is the mid plane of the channel, and h is half
the wall separation. They use the basis functions

(1 − y∗2)Tl(y
∗) (2.2)

for u0 and ωy, and
(1 − y∗2)2 Tl(y

∗) (2.3)

for v, where Tl(y
∗) is the lth-order Chebychev polynomial. They satisfy the bound-

ary conditions

u0 = ωy = v =
∂v

∂y
= 0 at y∗ = ±1. (2.4)

The collocation method with grid points y∗ = cos[mπ/(M + 1)], (m = 1, 2, · · · ,M)
is used to construct a system of quadratic equations for the Fourier–Chebychev–
Fourier coefficients, which is solved by the Newton–Raphson method. The arc-length
method [27] is used to track the nonlinear solutions, with the three parameters Re,
Lx and Lz being changed independently.

It is well known that a laminar plane Couette flow is linearly stable for all finite
Reynolds numbers. Nagata’s upper and lower solution branches appear subcritically
atRe = Uwh/ν ≈ 125 from a saddle–node bifurcation, where Uw is half the difference
of the two wall velocities. In general, the upper-branch (or lower-branch) solutions
generated from the bifurcation have a larger (or smaller) deviation from a laminar
state. All the solutions have two spatial symmetries [80, 81, 82]: a reflection with
respect to the plane of z = 0 plus a streamwise shift by Lx/2,

(u∗, v, w)(x, y∗, z) = (u∗, v,−w)(x+ Lx/2, y
∗,−z), (2.5)

and a rotation by π around the line x = y∗ = 0 plus a spanwise shift by Lz/2,

(u∗, v, w)(x, y∗, z) = (−u∗,−v, w)(−x,−y∗, z + Lz/2). (2.6)

The steady traveling-wave solution found by [120] for plane Poiseuille flow also has
symmetry (2.5). Figure 2.1 and table 2.2 summarize the properties and the compu-
tational parameters of the solutions used below as representative of this flow. All the
cases were computed using 16 × 16 complex Fourier coefficients in the wall-parallel
directions, and 33 Chebychev polynomials in y. This represents a resolution of at
least 15, 9 and 5 wall units respectively in the x, y and z directions, which is better
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Figure 2.1: Dimensionless wall shear rate for the solutions in table 2.2, versus the
spanwise period L+

z . ▽ , Re = 200; ⊲ , 300; △ , 400; ⊳ , 600. In all cases Lx = 2πh.
The lines are drawn from the tracking algorithm, and the points distinguished by symbols
are used later for a more detailed study. Solid symbols are classified as ‘upper branch’;
open ones as ‘lower branch’. The two circled cases are those in figure 2.7.

than most direct simulations of turbulence [64, 66]. The most marginal direction is
y, and grid convergence was tested at Re = 400 by reducing the resolution to 16
polynomials. The changes in figure 2.1 were within the size of the symbols.

Note that both the upper and the lower branches have higher dimensionless shear
rates at the wall, 1 + (h/Uw) du0/dy|y∗=±1, than the unit shear of the laminar state.
The range of existence of the solutions in figure 2.1 is always close to L+

z = 100,
as in the observed mean separation of sublayer streaks. The limits of that range,
L+

z ≈ 50 − 150, are also in good agreement with the range of streak spacings,
λ+

z ≈ 50 − 200 found in real boundary layers [104]. Two time-periodic solutions
for a plane Couette flow are taken from [60], using Re = 400, Lx = 1.755πh and
Lz = 1.2πh, which are essentially the same as those of the minimal plane Couette
turbulence studied in [32]. The latter approximately satisfies the two symmetries
(2.5) and (2.6) spontaneously [19, 32, 60], but they have been explicitly imposed on
the time-periodic solutions. Their parameters are summarized in table 2.3.

Figure 2.2 shows the wall shear rate of Nagata’s steady waves as a function of
the streamwise wavelength, and also those of the two periodic solutions. There is no
steady Nagata solution for the conditions of the periodic orbits, but the wall shear
rate of the orbit O1 is roughly the same as that of Nagata’s upper branch, while that
of the orbit O2 is closer to Nagata’s lower branch. Hereafter, the former solution
will be referred to as the ‘upper’ periodic solution, while the latter will be called
the ‘lower’ periodic solution, although there does not appear to be a continuous
connection between the two. The upper cycle exhibits a full regeneration cycle
of near-wall coherent structures, and approximates well the low-order turbulence
statistics of minimal plane Couette flow (see figure 2.3). It is interesting to note
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Re h+ L+
z u′+max v′+max ω′+

x,max

L1 200 18–18 51–61 2.59–3.19 0.29–0.40 0.12–0.12
L2 300 21–22 53–82 3.10–4.32 0.21–0.30 0.08–0.10
L3 400 24–25 53–92 3.20–5.09 0.17–0.30 0.07–0.08
L4 600 29–29 55–91 3.49–5.62 0.14–0.28 0.05–0.06
U1 200 21–22 68–85 2.26–2.42 0.61–0.70 0.15–0.16
U2 300 28–29 71–110 2.46–2.68 0.64–0.83 0.13–0.13
U3 400 35–35 76–132 2.79–3.42 0.53–0.89 0.11–0.13
U4 600 44–48 87–151 3.15–3.61 0.61–0.94 0.09–0.11

Table 2.2: Approximate parameter ranges for the ‘lower-branch’ (L) and ‘upper-branch’
(U) Nagata solutions used in the paper. h+ is half the wall separation in wall units. All
the cases use Lx = 2πh.

L+
x L+

z h+ T+
p u′+max v′+max ω′+

x,max

O1 190 130 34.4 188 3.18 0.741 0.125
O2 154 105 27.9 299 4.62 0.231 0.084

Table 2.3: Parameters of the two periodic solutions in [60]. T+
p is the temporal period

of the solution, and the turbulence properties are averaged over each cycle. Both cycles
are traversed clockwise in the representation in figures 2.5 and 2.11, and counterclockwise
in the representation in figure 2.14.

that both the upper and lower branches of Nagata steady waves have minimum
streamwise wavelengths which are relatively independent of the Reynolds number. In
the case of the upper branch this minimum length is approximately consistent with
the wavelength, λ+

x ≈ 250 − 300, below which wall turbulence cannot be sustained
[54, 56].

The solution loci in figure 2.2 are open towards long wavelengths. Given the
number of modes that can be used in practice by our continuation algorithm, wave-
lengths longer than those in the figure would be numerically inaccurate. Solution
curves closed towards large Lx were found in [15], and closed solutions (not shown)
were also found by us for narrower boxes (Lx = 0.8π). It may very well be that the
curves in figure 2.2 close at some longer wavelength.

2.3 Classification of solutions

In this section, we look at the similarities and differences among the simple solutions
available in the literature for Couette and Poiseuille flows, including the equilibrium
and periodic solutions described in the preceding section. Figure 2.3 shows the
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Figure 2.2: Wall shear rate for the Nagata solutions versus the streamwise wavelength
L+

x . , Re = 400. Lz = 1.2πh; , Re = 600. Lz = πh. The upper-long
(lower-short) vertical thick segment represents the wall shear variation of the time-periodic
solution O1 (O2) in table 2.3.

streamwise and wall-normal r.m.s. velocity profiles, u′ and v′, for the upper-branch
Nagata equilibrium solutions, for the upper cycle of [60], and for the autonomous
steady waves. The figure also includes the statistics of a fully-turbulent minimal
Couette simulation. Figure 2.4 does the same for the lower-branch Nagata solu-
tions and for the lower cycle. All the profiles in figure 2.3 agree roughly among
themselves, as do those in figure 2.4, but the two families are very different from
each other. The upper-branch solutions are very close to minimal near-wall turbu-
lence, which is included in figure 2.3, and are characterized by a relatively strong
wall-normal velocities, and by weaker streamwise fluctuations. The lower solutions
have much weaker wall-normal velocities and stronger streamwise fluctuations. Since
near-wall turbulence is known to be dominated by streamwise-velocity streaks and
by quasi-streamwise vortices [94], and since the latter are responsible for most of the
generation of wall-normal velocity, the relative magnitudes of v′ and of u′ can re-
spectively be used as indicators of the strength of the vortices and of the streaks [51].
We will therefore characterize the upper-branch solutions as ‘vortex-dominated’, and
the lower-branch ones as ‘streak-dominated’.

The characteristics of the fluctuation profiles of the different solutions are sum-
marized in figure 2.5, where each solution is represented by a single point whose
coordinates are the maximum values, u′max and v′max, of its intensity profiles. Most
solutions fall into one of the two classes discussed above. In the upper-left corner of
the plot we have the vortex-dominated solutions, and in the lower-right corner the
streak-dominated ones. In the former class we find the three upper-branch families
discussed above, and in the latter the two lower-branch Couette solutions. The un-
stable permanent wave obtained by [114] in a Poiseuille flow, and the heteroclinic
connection identified by the same authors [115] are streak-dominated solutions. The
figure also includes the two permanent-wave solutions given by [121] for Poiseuille
flow, which are classified as lower- or upper-branch according to the original refer-
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Figure 2.3: R.m.s. velocity profiles for: , the autonomous solutions from table 2.1;
, upper-branch solutions of case U3 in table 2.2; • , ‘upper’ cycle O1 in table 2.3.

The heavy solid line is the minimal Couette simulation C1 in table 2.4. (a) Streamwise
component. (b) Wall-normal component.

ence, although they are too close to the turning point to differ too much from each
other. All that can be said about them is that they are ordered in the right way in
this representation with respect to the classification used for the other solutions.

It is remarkable that two families are enough to classify all the solutions discussed
here, which include Poiseuille, autonomous, and Couette flows, and steady, traveling-
wave, and temporally-periodic solutions computed by a variety of techniques. The
homogeneity within each class is indeed only approximate. It is clear from figure 2.3
that, while the maxima of u′ is almost the same in the autonomous and in the
Couette flows, the peaks are located farther from the wall in the former than in
the latter. It is also clear in figure 2.5 that v′ tends to be stronger in Couette
flows than either in the autonomous or in the Poiseuille solutions. The classification
into two families is on the other hand relatively independent of the parameters of
the solutions. Figure 2.6 shows several Nagata equilibrium solutions obtained by
varying Lz for a fixed Lx, using different Reynolds numbers. The separation into
two families persists even when the Reynolds number is increased by a factor of
three, and a similar result (not shown) is obtained when the box length is increased
by 50%.

Similar classifications can be obtained using other variables, but not all of them
are as clear as the previous one. Consider for example the substitution of v′max by
the maximum ω′

x,max of the intensity profile of the streamwise vorticity, which could
be considered a more direct indicator of the strength of the streamwise vortices. The
maximum of interest for us is the one around y+ ≈ 15−20, which in fully-developed
turbulence corresponds to the quasi-streamwise vortices [64]. There is usually a
second maximum of ω′

x at the wall itself, which is related to the interactions of the
vortices with the transverse no-slip condition, and sometimes one more near the cen-
ter of the flow, which is associated with the outer structures. Occasionally, specially
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Figure 2.4: R.m.s. velocity profiles for: , lower-branch solutions of case L3 in
table 2.2; ‘lower’ cycle O2 in table 2.3. (a) Streamwise component. (b) Wall-normal
component.

at very low Reynolds numbers, some of those maxima merge, and it is impossible to
define a maximum associated with the streamwise vortices. The vorticity maxima
for the Nagata solutions are displayed in figure 2.6(b). It is seen for example that,
while the maxima of u′ and v′ increase with Reynolds number for the upper Nagata
solutions, those of ω′

x decrease. By studying individual profiles it is seen that the
reason is that the vortex and wall peaks tend to merge at very low Reynolds num-
bers, but the consequence is that the classification in terms of ω′

x is less informative
than that in terms v′. Moreover, even if the vortices are the primary reason for
the wall-normal velocity, it is the velocity itself that is dynamically significant, by
advecting the mean shear to generate the streaks. From now on the variable pair
(u′max − v′max) will be our primary tool for comparing flows, although v′max will still
be occasionally referred to as the ‘vortex intensity’.

2.3.1 The structure of the flow field

Besides the statistical differences just discussed between the upper and lower branches,
there are significant differences in their spatial structures. Consider the two flow
fields in figure 2.7, which correspond to lower and upper Nagata solutions at com-
parable Reynolds numbers and dimensions. They differ mainly in the location of
the streamwise vorticity, which is concentrated in the form of sheets in the case
of the lower branch, but which also has two concentrated tubular vortices in each
flank of the streak in the case of the upper branch. In both cases the vorticity
structures are staggered streamwise, and the streak itself is deformed sinusoidally.
Three-dimensional representations of these flows, specially of the upper branch, can
be found in the original papers describing these solutions [57, 60, 121].

It has been noted elsewhere that the lower-branch solutions are very similar to
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Figure 2.5: Classification into upper and lower solutions in terms of the maximum
streamwise and wall-normal r.m.s. velocities, u′

max and v′max. The solid large and small
loops represent the upper and the lower periodic solutions O1 and O2 in table 2.3. △ ,
Nagata steady solution L3–U3 from table 2.2. Solid symbols are classified as upper-
branch, and open ones as lower-branch; � , autonomous solutions from table 2.1. Other
traveling-wave solutions for plane Poiseuille flow are also shown for comparison; • , Waleffe
[121] upper-branch solution for Q/ν = 1303, where Q is the volume flux per unit span.
L+

x × L+
z × h+ = 387 × 149 × 123; Waleffe [121] lower-branch solution for Q/ν = 1390,

L+
x ×L+

z ×h+ = 379×146×121; 2 , Toh and Itano [114] asymmetric wave for Q/ν = 4000,
Lx = π and Lz = 0.4π. The dotted loop is the periodic-like solution in [115].

the linearly unstable eigenfunctions of the sinusoidal mode of a straight streak [59].
This makes sense because the lower-branch saddle in [114] was found by tracing
its stable manifold from some unstable streaky flow. Those eigenfunctions contain
little streamwise vorticity in the flanks of the streak, and do not include vortices
with circular cores, which are typically only formed later by the nonlinear rollup of
vortex sheets.

The origin of the instability and of the streamwise vorticity can be understood
by considering its evolution equation,

(
D

Dt
− ν∇2

)
ωx = ∂xv ∂zu− ∂xw ∂yu+ ωx ∂xu. (2.7)

For a straight streak without streamwise vorticity both ∂x and ωx vanish, and so do
the three source terms in the right-hand side of (2.7). The first two source terms
are linear in ∂x. If the streak is kinked slightly, they create streamwise vorticity
by reorienting the shear around the streak into an streamwise vortex sheet. In a
sinusoidal mode, this streamwise vorticity changes sign along x and further deforms
the streak by creating a spanwise velocity which varies with x. This is the feedback
mechanism of the sinuous instability responsible for the lower branch.
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Figure 2.6: Peak intensities for all the Nagata solutions in table 2.2. (a) u′
max − v′max.

(b) u′
max −ω′

x,max. Symbols are as in figure 2.1. The lines are drawn to aid the eye. Only
the symbols correspond to actual data.

It is tempting to blame the third term in the right-hand side of (2.7) for the
collapse of the vortex sheets into tubes as the intensity of the kinking increases. This
term is bilinear in ∂x and ωx, and represents the stretching of ωx by the streamwise
variation of u. The strain ∂xu is positive whenever the kinked low-velocity streak
follows higher-velocity fluid, and is highest towards the middle of its vertical walls.
It is here that the initial streamwise vortex sheet is strained most, and where it
can collapse into tubular vortices [83]. On the other hand it is known that two-
dimensional vortex sheets, which are not stretched, roll into circular cores in times
of the order of the inverse of their vorticity, which are in general shorter in wall-
bounded flows than the time needed for them to build a streak [88]. The criterion
for rollup is that the internal Reynolds number of the streak should be large enough
for advection to overcome viscous diffusion. The upper branch would then appear
as an equilibrium solution in which the sheets of streamwise vorticity created by
the instability have become intense enough to roll into cores. Stretching helps to
localize them along the streak.

We have seen that both types of solutions exist, with and without collapsed
vortices, arising from a saddle-node bifurcation at some onset Reynolds number. It
is however clear that both configurations are unstable. The x-dependent ωx distri-
bution kinks the streak, which generates further streamwise vorticity, and further
kinking. This eventually weakens the streak by mixing the velocity gradient along
its flanks, and consequently the vortices created by that gradient.

Note that there is no one-to-one correspondence between the strength of the vor-
tices and that of the streak. The latter is the consequence of the action of the vortices
over a period of time, and this time scale is as important in determining the streak
intensity as the vortex strength. There is little doubt that, in the absence of viscos-
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Figure 2.7: Projection of the ωx and velocity fields on the cross-plane (z − y), for the
solutions in table 2.2. Re = 400, Lx×Lz = 2πh×0.9πh. The thick solid lines are different
sections of the surface u = 0. Arrows are the cross-plane velocities at x = 0, which is
defined so that the first streamwise harmonic of u is proportional to cos(2πx/Lx). The
arrows are uniformly scaled in wall units, and the longest arrows in (b) are roughly 1.9uτ .
The dark- and light-gray objects are isosurfaces ω+

x = ±0.155. The two solutions used
here are circled in figures 2.1 and 2.6. (a) Lower branch, L+

z = 67. (b) Upper branch,
L+

z = 99.

ity or of other limiting factor, a permanent vortex will eventually pump the mean
velocity profile into uniform streamwise regions in which the streamwise velocity is
that of one or of the other wall. Viscosity or instability limit that distortion, and the
simplest explanation of the weaker streaks measured for the upper-branch solutions
is that the flank vortices shorten the effective time scale of the pumping by provid-
ing an effective eddy viscosity that homogenizes the streamwise-velocity profile. An
equivalent explanation closer to the language of turbulence is that the ‘overhangs’
of the streak in figure 2.7(b) are first- and third-quadrant events [122, 127] which
substract from the production of turbulent energy.

2.4 Comparison with turbulent flows

2.4.1 Flow type and Reynolds-number effects

We will compare in this section the previously-discussed simple solutions to the
Navier–Stokes equations with fully-developed turbulence in large computational
boxes, but some discussion is first needed on what is being compared, and of the
differences between different flows and between different Reynolds numbers.

It should be clear that we may only expect the solutions in the previous section
to be related to structures in the buffer and viscous sublayers of fully turbulent
flows, but it is also true that not all the near-wall structures can be modelled in
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Figure 2.8: Premultiplied spectra of the streamwise velocity component kxkzEuu as
a function of the spanwise and streamwise wavelengths λ = 2π/k. y+ = 16. Shaded,
autonomous flow in a large box [51], masked above δ+

1 = 60; , full channel [22] at
h+ = 550; , full channel [23] at h+ = 950. The dotted rectangle is the first zero of
the transfer function for a convolution box of size b+

x × b+
z = 400 × 100.

this way. Consider the spectra of the streamwise velocity displayed in figure 2.8,
which includes an autonomous flow with ‘no’ outer layer [51], and two full channels
at different Reynolds numbers [22, 23]. The spectra are scaled in wall units and
have three regions. In the lower-left corner, corresponding to ‘minimal’ structures of
sizes comparable to the solutions discussed above, the spectra agree well. Farther to
the right, at scales which are too long and too wide to be compared with the simple
solutions, there are spectral ‘tails’ which also agree among themselves, although with
different maximum lengths. It was shown in [51] that these tails are passive in the
sense that they can be removed without disturbing the minimal scales, and that they
can be explained as wakes of the smaller structures. The last part of the spectrum
is the upper-right corner, which differs among the three flows. Those structures
scale in outer units, contain no Reynolds stresses at this wall distance, and extend
deep into the outer flow [22]. The only spectral range that can be compared to the
simple solutions discussed above is therefore the lower-left corner, but that range is
specially important because it contains the structures that are both active in the
sense of participating in the generation of turbulent energy in the buffer layer, and
autonomous in the sense of requiring neither larger or taller scales to survive. They
form the ‘nonlinear core’ of buffer-layer turbulence.

The behavior of the turbulence statistics with the Reynolds number is connected
with this spectral classification. The total energy u′2 of the streamwise velocity
fluctuations is the integral of the spectrum, and it follows from figure 2.8 that, if
we consider all the structures in the buffer layer, u′ should depend on h+ through
the dependence of the spectrum [21]. If on the other hand we only consider struc-
tures within the minimal dotted box in the figure, the partial u′ should become
independent of the Reynolds number, This is a particular case of the dependence of
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Figure 2.9: (a) Maximum of u′. Open symbols are either full simulations or experiments.
Solid symbols are computed over averaging boxes of size 400×100. Poiseuille [22, 23]; ▽ ,
boundary layers [21]; 2 , Couette [112, 7]. (b) Comparison between the joint p.d.f.s of the
maximum fluctuation intensities in the minimal Poiseuille flow P4 in table 2.4, depending
on the width of the averaging box. , b+

z = 110; , b+
z = 220. The probability

contours contain 30, 50, 70 and 90% of the data. The solid squares are the permanent
waves from table 2.1, and the left and right heavy solid lines are respectively cycles O1
and O2 from table 2.3.

the turbulence statistics on the size of the averaging box, which means that boxes
of different sizes cannot be directly compared, even within the same flow, because
individual small boxes are not statistically ‘converged’. In particular the fluctuation
profiles of the simple solutions are not comparable to the intensity profiles compiled
in experiments or in computations. To allow the comparison in our case, each wall
of the large boxes is divided into sub-boxes of minimal size b+x × b+z ≈ 380 × 110,
and the statistics are compiled over them. In addition, each wall is treated inde-
pendently, and the intensity profiles are compiled only from the wall to the central
plane. Each sub-box is characterized by its maximum r.m.s. intensities, and the
values for different sub-boxes are summarized as a joint probability density function
of the two quantities, compiled over all the sub-boxes and over time. Each flow is
therefore not characterized by a single point, but by the probability distribution of
the possible states of a sub-box of a given size. Although the effect of this proce-
dure on the spectral space is not straightforward, its main effect is to subtract from
the velocity its local average, and can be approximated as windowing the spectrum
with one minus the Fourier transform of the averaging box, which decreases rapidly
above λ = 2b. This spectral window is represented by dotted lines in figure 2.8, and
contains all the active autonomous scales discussed above.

The effect of this local averaging procedure is shown in figure 2.9(a), which
displays the maximum of the r.m.s. velocity fluctuations for several turbulent flows
as a function of the Reynolds number. As predicted above, u′max increases with
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Figure 2.10: Production profiles from full-size simulations. , Couette flow [7] at
h+ = 82; , Poiseuille [64], h+ = 180; , Poiseuille [23], h+ = 1880; asymptotic
infinite-Reynolds number distribution from the logarithmic profile with Kármán constant
κ = 0.4.

h+, but when the same flows are analyzed over boxes of minimal size, as in the
closed symbols in the figure, that effect disappears. Another example is shown in
figure 2.9(b), which shows the probability distributions of the maximum intensities
for two identical minimal flows, compiled over boxes which are approximately twice
wider in one case than in the other. The statistics in the wider box are more
concentrated than those in the narrower one, and most of the ‘wings’ of the latter
are missing in the former. The next question is whether different flows can be
compared to one another. There are well-documented differences between the near-
wall behavior of Poiseuille and Couette turbulent flows at low Reynolds numbers
[7], which are presumably related to the discrepancies between the corresponding
elementary solutions, but they disappear near the wall as the Reynolds number
increases. The u′ maxima in figure 2.9(a), which are in the near-wall region, fall in
the same line for all the flows included. Another example is the wall-normal velocity
of the autonomous simulations, which is lower than in Poiseuille flow, because v′

peaks away from the wall and is damped by the numerical mask. Even in that case,
when v′ is measured at a given y+ near the wall, the fluctuations of both flows agree
well [57, 51]. The wall-normal velocities of Poiseuille flow also vary at low Reynolds
numbers [123, 66], and v′+max increases from approximately 0.85 to 1.08 when h+

increases from 180 to 1000. [56] found the same effect in minimal channels with
h+ . 600, but experiments in boundary layers at much higher Reynolds numbers [21]
suggest that the growth of the wall-normal-velocity peak saturates when h+ & 1000.
There is no comparable effect for Couette flow, except perhaps at very low Reynolds
numbers, and the few available Couette experiments at moderate to high Reynolds
numbers [112, 68] show that v′+max ≈ 1 in the range h+ = 50 − 800. The spectra
of v′ is essentially contained within the minimal box of figure 2.8, and lacks both
the Reynolds-number dependent wakes, or the outer structures of Euu [22]. All the
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Re L+
x L+

z h+ b+x b+z

P1 1170 410 180 85 410 110
P2 1800 385 220 123 385 110
P3 2925 450 125 181 450 125
P4 2925 375 220 197 375 110
P5 30500 440 110 850 440 110
P6 77200 450 110 1720 450 110
C1 400 188 128 34 188 100
C2 2000 337 101 107 337 101
C3 3000 440 106 140 440 106

Table 2.4: Parameters of the minimal Poiseuille (P) and Couette (C) flows used in the
figures in sections 2.4 and 2.5. Lx and Lz are the dimensions of the computational box,
while bx and bz are the dimensions of the sub-boxes over which statistics are compiled. Re
for the Poiseuille cases is based in the bulk velocity and the half-height. For the Couette
case it is based on half the velocity difference and the half height.

available evidence suggests that the structure of the near-wall layer is approximately
universal when the Reynolds number is large enough.

The main reason for the differences of low-Reynolds number behavior of Poiseuille
and Couette flows is probably their different mean velocity profiles, which is mono-
tonic in the later but not in the former. The production of turbulent kinetic energy
is proportional to the gradient of the mean velocity, and the fluctuations in Poiseuille
flow begin to be damped as soon as they cross into the opposite side of the channel.
The same is true for the autonomous flows, in which the eddies which move into
the numerical mask are immediately damped, but not in the Couette case, in which
the monotonic velocity profile means that an eddy can cross almost to the opposite
wall without being damped. This is clearly seen in figure 2.10, which shows profiles
of the turbulent energy production, Π = −〈ũṽ〉∂yU , where ũ and ṽ are fluctuations
with respect to the long-term mean velocity profile U , for a fully-developed Cou-
ette flow at h+ = 82, and for two Poiseuille flows at substantially higher Reynolds
numbers. If we assume [56] that the near-wall structures are governed by the region
below y+ . 60 − 100, it is clear from the figure that the production in that layer is
closer to the infinite-Reynolds-number limit for the low-Reynolds-number Couette
flow than for any of the Poiseuille flows. The near-wall layer of Couette flows can
then be ‘fully developed’ at Reynolds numbers as low as h+ = 50−80, in agreement
with the experimental evidence mentioned above.

2.4.2 Comparisons with full turbulence

Consider first the solutions in the Poiseuille family. As explained above, to compare
the simple solutions with large turbulent channels [22, 23], which have computational
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Figure 2.11: Comparison between the joint p.d.f.s of the maximum fluctuation intensities
(u′

max − v′max) in minimal and full turbulent flows and in simple solutions. Probability
isolines contain 90% of data. The heavy solid lines are as in figure 2.9(b). The dashed
lines with open and solid circles are Nagata’s Couette solutions, as in figure 2.6(a). (a)
Turbulent Poiseuille flows. Statistics are computed over boxes b+

x × b+
z ≈ 380 × 110, and

only those boxes for which the maximum is below y+ = 50 are used. Open symbols are
large-box simulations [22, 23]. △ , h+ = 1880; 3 , 950; ▽ , 550; 2 , 180. Lines are
minimal-box Poiseuille simulations from table 2.4. , P4, h+ = 197; , P2,
h+ = 123; , P1, h+ = 85. (b) Turbulent Couette flows. Simulations were run in
boxes L+

x × L+
z ≈ 380 × 180, but the statistics were computed over b+

x × b+
z ≈ 380 × 100,

over the full half-height of the flow. Open symbols are minimal-box Couette simulations
from table 2.4. △ , C1, h+ = 34; 2 , C2, h+ = 107; 3 , C3, h+ = 140. , Full
Poiseuille simulation at h+ = 950, from (a), included to facilitate comparison.

boxes of the order of L+
x × L+

z ≈ 10, 000 × 5, 000, we compile for the latter the
probability distributions of u′max and v′max computed over ‘minimal’ sub-boxes of
the same wall-parallel dimensions as the computational boxes of the former. Figure
2.11(a) shows probability isolines containing 90% of the samples for each of the
large flows, compared with the single points characterizing the instantaneous values
of some of the simple solutions. The figure also includes p.d.f.s from fully-turbulent
minimal Poiseuille flows, which were computed for the present paper and which
are summarized in table 2.4. They include one case at h+ ≈ 190 which should be
similar to the full channel with the lowest-Reynolds number. The statistics for these
minimal flows are computed in the same way as for the full channels, using sub-boxes
of the size given in the table, independently of the size of their computational box.
The numerical code used for the minimal Poiseuille simulations is the one in [54],
and that used for the minimal Couette cases discussed below is the one from [47].

The p.d.f.s of the turbulent flows converge towards those of the upper-branch
simple waves as the Reynolds number decreases. This is significant because the
lowest Reynolds numbers used for the Poiseuille and Couette flows in figures 2.11(a)
and 2.11(b), are very close to the minimum value for which turbulence can be
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sustained.

There is a trend for v′max to strengthen as the Reynolds number increases, but
it saturates at large Reynolds numbers, as previously discussed. Note in particular
that there is so little difference between the p.d.f.s at h+ = 950 and h+ = 1880 in
figure 2.11(a) that it is difficult to tell them apart. It is also significant that the
lower limits of all the p.d.f.s reach down to the location of the permanent solutions,
suggesting that the latter represent quiescent turbulent structures common to all
Reynolds numbers, while the higher parts of the p.d.f. contain their ‘excited’ states.

The difference between the minimal and the full channels in figure 2.11(a) is in-
teresting, because their statistics are compiled over identical averaging boxes. Com-
paring the two cases with h+ ≈ 190, it is clear that the minimal channel varies more,
specially in the streak intensity u′max. The same ‘wings’ of the p.d.f. are found in all
the minimal boxes, but not in the full ones. The left-hand wing represents occasions
in which both the streaks and the vortices are weak, and the flow is close to local
laminarization. Transient laminarization of one wall in minimal flows was already
observed in [54], and inspection of the temporal histories of the present minimal
simulations (not shown) shows that the left-hand wings of the p.d.f.s correspond to
events of this type.

The right-hand wings of the p.d.f.s represent strong streaks with weak vortices,
and are conceptually similar to the lower-branch solutions discussed above, although
figure 2.11(a) makes clear that the minimal Poiseuille flows always have stronger vor-
tices than the equilibrium states belonging to that branch. [60] found that minimal
Couette flow occasionally visits lower-branch solutions in which the streak grows for
a while to very high intensities before breaking into a strong turbulent burst. We
will refer to these strong streaks from now on as ‘metastable’, because the evidence
in the above reference suggests that the flow is not able to sustain such strong streak
intensities for long times. The wider boxes in the present simulations do not visit
this lower-branch cycle often enough to show in the p.d,f.s, but it is tempting to
interpret their right-hand wings as parts of the same process.

Neither of those two processes seems to happen in the full flows, although the
tilt of their p.d.f.s towards the lower-left corner of figure 2.11(a) suggests that some
local laminarization occasionally occurs. The simplest interpretation is that the
perturbations induced by the rest of the flow are enough to prevent individual streaks
from either dying completely or from growing to metastable strengths.

We can also interpret in this light the differences between the two p.d.f.s in
figure 2.9(b), in which the left-hand wing is missing from the wider box. Since we
know from the p.d.f. computed over the narrower box that local laminarization
occurs in this flow, its absence from the wider statistics shows that the two streaks
that exist in the computational box never laminarize at the same time. This may
be important in maintaining the flow, since the active streak can act as a trigger
to revive the decaying one, and it is probably the reason why it was found in [57]
that minimal turbulence at very low Reynolds numbers (h+ . 100) could only be
sustained in comparatively wide boxes of the order of L+

z ≈ 200. Narrower boxes
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at such low Reynolds numbers sustain turbulence for fairly long times, but they
eventually laminarize and do not recover. At somewhat higher Reynolds numbers
both walls interact loosely, and one wall re-triggers the other, but that mechanism
eventually also fails. At very high Reynolds numbers the two walls interact little,
and narrow boxes also occasionally die. Several of the boxes in table 2.4 had to
be restarted at some point from slightly different initial conditions after they died,
in some cases after running for t+ ≈ 5 × 104. In wider boxes one of the streaks in
each wall can revive the whole flow, and extreme examples of this mutual triggering
are the large autonomous boxes [56, 51], in which essentially normal turbulence
is maintained even when the wall-normal dimension of the flow is made as low as
δ+
1 ≈ 40.

In Couette flows there are few large-box turbulent simulations to use as compar-
isons, but three minimal boxes were run for the present paper. Their parameters are
given in table 2.4, and their p.d.f.s are shown in figure 2.11(b). The lowest Reynolds
number agrees very well with the statistics of the upper-branch Nagata solutions,
as we had already seen in figure 2.3. Since those solutions correspond to the same
flow at similar Reynolds numbers, it is not surprising that their agreement should
be better than with the Poiseuille flows. As the Reynolds number increases, the
Couette and Poiseuille statistics converge to one another, as discussed in the previ-
ous section. Note that both in figure 2.11(a) and in figure 2.11(b) the lower-branch
Nagata solutions are in a region of the parameter plane that is very different from
the turbulent statistics. The Couette flows also have short ‘laminar’ tails towards
its lower-left-hand corner, and local excursions towards local laminarization can be
seen in its history, but the effect is weaker than in the Poiseuille case. In contrast,
its right-hand tail is stronger than in channels, and approaches more closely the
lower-branch cycle of metastable strong streaks. That lower orbit was originally
identified from a minimal Couette simulation similar to this one [60] but, as in the
Poiseuille case, the effect is absent from the higher Reynolds-numbers.

The Couette boxes with h+ = 114 and h+ = 140 are very similar to each other,
although their right-hand tails move steadily away from the lower cycle as the
Reynolds number increases, and they are comparable to the full Poiseuille chan-
nel at h+ ≈ 1000. Couette flows at these Reynolds numbers are already essentially
asymptotic, in agreement with our previous discussion of the experimental evidence.

2.5 Bursting

While the results just discussed suggest that full-fledged turbulence contains quies-
cent structures which are essentially identical to the simple solutions of section 2.3, it
is clear from the p.d.f.s that it also contains stronger ones, specially as the Reynolds
number increases. It is impractical to continue the search for simple solutions to
much higher Reynolds numbers than the ones in section 2.3, but it is unlikely that
such solutions, if they exist, would turn out to be much stronger than those at the
Reynolds numbers presented here. Even simple solutions should eventually scale
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Figure 2.12: (a) Premultiplied frequency spectra of the time evolution of the plane-
averaged wall shear plotted against the period, for different minimal Poiseuille flows from
table 2.4. , P1; , P3; , P5; , P6. (b) Weighted average periods for
all the minimal flows in table 2.4. , Poiseuille; , Couette.

approximately in wall units. This, and the already-mentioned fact that the turbu-
lent p.d.f.s stretch upwards as the Reynolds number increases, but keep a constant
lower bound, raises naturally the question of whether the Reynolds number effects
seen in figure 2.11 might be due to unsteady effects.

We already mentioned in the introduction that the question of whether the gen-
eration of turbulence in the near-wall layer is best described by permanent coherent
structures or by temporally intermittent processes has been discussed often. Near-
wall turbulence is clearly not steady, but the question is whether it is closer to a
system moving in phase space within the immediate neighborhood of an unstable
coherent state [117], or to a sequence of intermittent nonlinear excursions far from
a saddle point along homoclinic or heteroclinic orbits [5, 114, 115].

The modern tendency has been to emphasize the first of those views, but evidence
for time-dependent bursting has been increasingly difficult to ignore. It is well
known that streaks are unstable to sinuous perturbations [118, 97, 59], and lateral
oscillations have been implicated in the breakdown of the streaks in simulations of
autonomous [56], minimal Poiseuille [54], and minimal Couette [32] flows. [97] have
been specially insistent in urging the reconsideration of the case for time-dependent
bursting. There is no question that minimal flows burst intermittently with fairly
well-defined periods [54]. Frequency spectra of the time histories of their integrated
wall shear, 〈ωz〉(y = 0), are shown in figure 2.12(a) and, since there is only one
structure in the computational box of minimal simulations, those spectra reflect a
temporal evolution.

The mean value of the burst period, T = 2π/ω, can be defined as the weighted
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Figure 2.13: (a) Evolution velocity and definition of the production–dissipation quad-
rants. (b) Streak-vortex parameter plane. Minimal flow P3, below y+ = 50.

logarithmic average of the periods in the temporal frequency spectrum,

log(Tb) =

∫
log(T )E(ω) dω (2.8)

For the Poiseuille flows in figure 2.12(a), the length of the ‘burst’ decreases from
T+

b ≈ 1000 at low Reynolds numbers to T+
b ≈ 400 at high h+. The longer period is

close to the one observed visually in [54] and [57], and the shorter one is close to the
‘torus’ period in [57]. This shorter value is probably asymptotic for high-Reynolds-
number flows, because it changes little between the two highest Reynolds numbers
in the figure. Preliminary results for an even higher-Reynolds-number minimal
Poiseuille simulation at h+ ≈ 3500 give the same period (private communication
from J.C. del Álamo).

The evolution of the mean burst period for Poiseuille and Couette flows is pre-
sented in figure 2.12(b). In the Couette case it increases from T+

b ≈ 300 at the
lower Reynolds number, to the same value as in Poiseuille flows at the higher ones,
T+

b ≈ 400. The shorter period is not too far from that of the ‘vortex’ orbit in [60].
The convergence of the Poiseuille and Couette flow at high Reynolds numbers recalls
the similar one discussed above for the intensity of the fluctuations, and the fact
the two flows approach their asymptotes from opposite directions may be related
to the similar way in which the production behaves in figure 2.10. As the minimal
flows evolve, their properties generate probability clouds similar to those studied in
the previous section. A useful representation, closely related to the one used in [60],
is to describe the state of the flow by its instantaneous integrated production and
dissipation rates over some chosen integration height χ,

P = −
∫ χ

0

〈ũṽ〉 ∂yU dy, (2.9)
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and

D = ν

∫ χ

0

〈|∇ũ|2〉 dy. (2.10)

The balance of those two quantities determines how energy accumulates or drains
from the perturbations.

The joint p.d.f. of those two quantities is shown in figure 2.13(a) for a minimal
Poiseuille flow. The arrows in the figure represent the evolution velocity of the sys-
tem in parameter space, (dP/dt, dD/dt). The p.d.f. is compiled as a histogram over
25 × 25 bins, and the arrows represent the mean evolution velocity of all the states
within a particular bin. Note that the velocities computed in this way are in general
lower than the true evolution velocities of the systems within the bin, because of the
effect of the vector averaging, but the mean values in the bins near the periphery
of the distributions in figure 2.13 are of the same order as their measured standard
deviations, and they are therefore probably representative of the true values.

To study the behavior of the flow as it evolves, we divide the (P −D) space into
quadrants defined by the principal axes of the probability cloud, as in figure 2.13(a).
Note that these are not the quadrants of the more usual (u′−v′) analysis [122, 127].
The present definition essentially guarantees that all the quadrants contain roughly
the same number of points, and the sub-boxes over which our statistics are computed
are chosen to be large enough that each of them contains one full sweep and one full
ejection. The mean wall-normal velocity over each sub-box is always very close to
zero. It is clear from the figure that the flow visits the four quadrants consecutively
in the mean, accumulating energy as it moves from III to IV, where P > D, and
releasing it from I to II.

The residence times of the system in each quadrant can be estimated from its
evolution velocity, at least at the periphery of the cloud. The result is that the
system crosses quadrant I in about T+

I ≈ 80, and the other three quadrants in
T+

II ≈ 140, T+
III ≈ 150, and T+

IV ≈ 70. The total from these estimates agrees well
with the periods in figure 2.12, and the implication of the partial crossing times is
that the system spends most (2/3) of its time at the lower-left of the distribution,
which is where the simple solutions sit (see figure 2.14a), with somewhat shorter
excursions into the tail at the right-hand side of the distribution.

A similar evolution analysis can be done for other parameter pairs, such as the
(u′max − v′max) plane used in the previous section and shown in figure 2.13(b). Its
sense of rotation is also counterclockwise. There is no one-to-one correspondence
between areas near the centers of this and of the (P − D) distribution, but the
evolution of their peripheries can be correlated well. Starting from top-center in
figure 2.13(b), the system moves consecutively through the (P − D) quadrants I
to IV, which are now located approximately as indicated in the figure. Note that
quadrants II and IV roughly correspond to the left and right wings of the p.d.f.s in
figure 2.11.

The general picture that can be derived from plots of this type is consistent with
the visual studies of bursting in minimal channels by previous investigators [54, 32,
97]. The flow stays for relatively long times in the dense region of the p.d.f., where it
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looks like a simple equilibrium state (see figure 2.14a). We saw in section 2.3.1 that
this equilibrium is a balance between the creation of the streaks by the wall-normal
velocity of the vortices and their damping by the spanwise velocity. Occasionally
the equilibrium is broken and the streaks enter various parts of the bursting cycle.
For example, if the vortices grow weaker and the system moves towards the lower
edge of figure 2.13(b), the streaks straighten and begin to strengthen, as in the
lower-branch solutions, and the system drifts from quadrants III to IV. It follows
from the previously-cited visual studies that this corresponds to relatively straight
streaks with weak vortices which do not grow during this phase of the evolution, as
shown by the horizontal motion of the system in figure 2.13(b). This may be the
algebraic-growth phase identified in [97], and it eventually results in streaks that
are strong enough to be unstable to the previously-mentioned exponential sinuous
instability. This limit was identified in [97] as u′+max ≈ 3− 4 in the present notation,
and is consistent with the position of the right-hand edge of the distributions in
figure 2.11. This new instability results in vortex growth (IV) and in the eventual
destruction of the streak through lateral deformation (I). This in the dissipation-
dominated part of the cycle, which results in the final decay of the vortices (II)
once their feeding streaks have been destroyed. Note that the vortex decay times
found in [56] by artificially shutting down their vortex production term are of the
same order, T+ ≈ 200, as those found above for quadrants I–II. Similar initiation
scenarios can be postulated starting from other locations along the cycle. While this
correspondence with previous studies of minimal flows is reassuring, the emphasis
in this paper should be on the similarities between the minimal channels, the simple
structures, and the full turbulent flows. As in the previous section, the statistics
used for the minimal boxes can be defined over minimal sub-boxes of full-scale
simulations. The production and dissipation distributions of a minimal and of a
full simulation at similar Reynolds numbers are compared in figure 2.14(a) below
χ+ = 35, which is a depth of the order of those of the simple solutions. They
agree well, as was the case for the (u′max − v′max) representation in the previous
section, and similar results are found for all the variable pairs that have been tried.
Although temporal evolution information is not available for the full simulations,
that agreement strongly suggests that the full channel is also bursting. Figure 2.14(a)
also includes data from the autonomous solutions in table 2.1 and from the vortex-
dominated orbit O1 in table 2.3. They are in the ‘quiescent’ core of the distribution,
and it is interesting that the periodic orbit is also traversed counterclockwise by the
flow. In fact, the periodic orbit can be considered as a ‘miniature’ bursting cycle in
the limit of very low Reynolds numbers, and shares many of the characteristics of
higher-Reynolds-number cases. For example, the orbit can be divided into (P −D)
quadrants, and 60% of its time is also spent within the two left-hand ‘quiescent’
ones.

Note that most of the flows in the figure are not in energy equilibrium over
the near-wall layer being considered, which is known to generate a net excess of
turbulent energy in real flows [56]. In particular note that the autonomous solutions

40



2.5. Bursting

0 4 8
0

4

P+

D
+

(a)

0 20 40 60 80 100
0

0.4

0.8

1.2

y+

−
〈u

v〉
/τ

to
t

(b)

Figure 2.14: (a) Joint probability distribution of the production and dissipation. ,
minimal Poiseuille flow P3; , full Poiseuille flow, both with h+ ≈ 180; the heavy
solid line is the Couette cycle O1 in table 2.3; � , autonomous permanent waves in table
2.1. The production and dissipation of all these flows are computed below χ+ ≈ 35. The
dotted diagonal is the energy equilibrium P = D. (b) Reynolds-stress profiles conditioned
for each (P −D) phase, normalized with the total shear stress. , ‘Dissipation’ phase.
Quadrants I and II; , ‘production’ phase. Quadrants III and IV. Simple lines are
minimal Poiseuille flow P3, and lines with heavy dots are a large-box Poiseuille flow, both
at h+ = 180; 2 , average of the five autonomous solutions in table 2.1; △ , average of the
cycle O1 when P > D; N , O1 for P < D.

lie near the production branch of the periodic orbit.

The comparison among the different systems can be done in more detail using
flow profiles conditioned on the different phases of the bursting cycle. Many of
those comparisons are equivalent to the correspondence of the joint p.d.f.s discussed
up to now, but one which is difficult to do in that way is figure 2.14(b), which
displays the distribution of Reynolds stress in the production and in the dissipation
phases of the cycle. The figure also contains data from the ‘vortex-dominated’
periodic Couette orbit and from the autonomous permanent waves. To facilitate
their comparison the Reynolds stress has been normalized with the total stress,
i.e., with u2

τ in the autonomous and Couette cases, and with u2
τ (1 − y/h) in the

Poiseuille flows. The minimal and the full Poiseuille flows also agree well in this
representation, and both show a clear distinction between the production and the
dissipation phases. Given the differences in Reynolds numbers, the agreement of
the other solutions is also good. In particular the autonomous permanent waves are
again near the production branch. One surprise is that the Reynolds stress near the
wall is predominantly generated during the quiescent and streak-growth production
phase, while the vortex-dominated states in quadrants I and II carry much less stress
in that region. This is clearly because the temporal burst destroys the coherence of
the near-wall structures, but it goes against the often-quoted rule that the Reynolds
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stress is carried by the bursts.
Other plots such as this one also suggest that the activity during the dissipation

phase of the cycle moves away from the wall, which brings to mind the large-scale
structures identified by different investigators in the logarithmic layer [92, 34, 49,
65, 23]. It has been suggested that those structures could be self-propelled coherent
packets of hairpins vortices [1], and it is tempting to speculate that the bursts
identified here could be the initial triggers for such packets.

There are not at the moment enough data on the distance between vortex packets
to test this assumption, and the packets themselves, being predominantly above the
buffer layer, are outside the scope of the present paper, but it is interesting to
note that the temporal information obtained from the minimal simulations can be
related to the length of the buffer-layer structures of the full flows. If we assume
that the advection velocity of features in this part of the flow [62] is c+ ≈ 10, a
bursting period of T+

p = 400 corresponds to a length of λ+
x ≈ 4000, which is in

good agreement with the observed length of ‘composite’ streaks in the buffer layer
[51]. Such streaks can be expected to contain several vortex systems, on average
one every λ+

x ≈ 400, but not all of them are ‘excited’. If we for example define
as excited systems those in quadrants I and IV in figure 2.13(a), the fraction of
excited boxes would be proportional to (TI + TIV )/Tp ≈ 0.33, The implied distance
between consecutive excited vortex systems along a streak is λ+

x ≈ 1200, which is
also in good agreement with the measured length of the coherent part of each streak
[51]. Note that these lengths imply that, if the bursts are really the triggers for
the logarithmic-layer vortex packets, the mean distance between such packets would
turn out to be of the order of λ+

x × λ+
z ≈ 1200 × 300, and some interaction among

neighboring packets should be expected once they grow to approximately such size.

2.6 Conclusions

We have shown that several known ‘simple’ solutions to the Navier-Stokes equations,
particularly those which correspond to permanent waves and to limit cycles in au-
tonomous and Couette flows, can be classified into upper- and lower-branch families
which agree fairly well with the corresponding branches of the Couette waves found
by [82]. The velocity statistics within each branch are reasonably similar to each
other, even though the base flows are quite different. The upper branch consists of
weak streaks with strong vortices, and the lower one has much stronger streaks and
weaker vortices.

Turbulence in minimal Poiseuille or Couette flows stays close to the vortex-
dominated upper solutions, and fully-turbulent simulations in large boxes, when
analyzed over sub-boxes of minimal size, have statistics which are also consistent
with those solutions. In particular, the range of spanwise wavelengths for which
the steady solutions exist is in the near λ+

z ≈ 100 for all the Reynolds numbers
investigated, and the streamwise wavelengths for upper-branch solutions is bounded
below by λ+

x ≈ 250, both in agreement with comparable length scales of fully devel-
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oped wall turbulence. We have argued that the structures of real turbulence which
are represented by these solutions are the active nonlinear scales of the viscous and
buffer region, which constitute the autonomous self-regenerating ‘core’ of this part
of the flow.

[60] found that minimal Couette turbulence at very low Reynolds numbers in-
termittently visits the lower-branch solutions, but the same is not true in flows at
somewhat higher Reynolds numbers or in larger boxes. What remains of this be-
havior is a tendency of minimal simulations to make occasional extreme excursions
either towards lower-branch solutions or towards laminar states, but even those are
much less common in turbulence in large boxes.

We have interpreted this to mean that the lower branch, which has been linked
to bypass transition to full turbulence [114, 47, 60], represents a metastable state
which minimal turbulence can reach before retransitioning, but that these events are
not allowed at higher Reynolds numbers, or in larger boxes, because of the higher
level of ambient perturbations.

There is a general tendency for the statistics of minimal or full flows to extend
to intensities which are higher than those of the simple solutions as the Reynolds
number increases, but this trend saturates for h+ & 1000 in Poiseuille flow, and
much sooner in the Couette case. The limiting state is the same for both types of
flows.

We have given evidence that this higher intensities are associated with intermit-
tent temporal ‘bursting’ both in minimal and in full flows, with periods which tend
to T+

b ≈ 400 at high Reynolds numbers. This phenomenon is different from the
passing of individual coherent structures, which are well described by the simple
solutions mentioned above. The temporal bursting involves the destabilization of
those structures, probably by two different processes. The streaks initially grow in
intensity without a corresponding strengthening of the vortices, and later undergo
a faster instability in which stronger vortices are created, move away from the wall,
and eventually destroy the streak. We have presented statistics of both minimal and
full flows conditioned on different parts of the cycle. Contrary to the often-quoted
belief, these temporal bursts carry relatively little Reynolds stress near the wall.
The stress in the buffer layer is predominantly carried by the ‘steady’ structures.
The periodic orbit identified in [60] has been shown to be a weaker version of the
bursting cycle, sharing with it many of its characteristics.

The temporal information obtained from the minimal flows can be used to predict
the spatial scales of the streaks in the buffer layer of full flows, which agrees well
with observed values. It is speculated that the burst could act as triggers for the
large-scale vortex packets that have been described elsewhere in the logarithmic
layer, and it is shown that this would lead to specific predictions regarding their
spacing and their eventual evolution.
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CHAPTER

THREE

A numerical code to simulate turbulent

boundary layers

3.1 Introduction

Direct numerical simulation of incompressible turbulent boundary layer flow is com-
plicated, with respect to boundary conditions and computational requirements. A
wide range of different choices for the formulation of the Navier-Stokes equations
and the discretization schemes to integrate the equations have been used. This is in
sharp contrast to the direct numerical simulations of plane channel flow with smooth
walls. The majority of the milestone simulations of this geometry have been done
using a formulation and discretization presented in [64].

Periodic boundary conditions and pseudo-spectral methods have been used in
[108, 3, 103] to simulate turbulent boundary layers. This is somewhat artificial
considering the inherent non-periodicity in the streamwise direction. Furthermore
it is not clear how incoming wakes could be imposed using this type of method. It is
preferable to use numerical methods, that allow for the streamwise development of
the boundary layer, as has been used to do the simulations in [74, 78, 70, 131, 93].

Various formulations of the Navier-Stokes equations in three dimensions have
been used. In [74, 93] a vorticity-velocity formulation has been chosen. Such a for-
mulation avoids the issues related to pressure and mass conservation, but requires
at least 50% more memory than a primitive-variable formulation. This is proba-
bly the reason that most simulations have been done using the primitive variable
formulation, see for example [78, 70, 131], and it was also used here.

Mass conservation is assured and the pressure is calculated using a fractional
step method. The fractional step method was introduced in [13] and was first used
for turbulent flow simulations in [63]. Although it is still an area of investigation
and some controversy [11], most of the problems surrounding this formulation in
the past [63] have now been solved [90, 26, 87, 4]. This allows to use the fractional
step method and to obtain at least second-order accuracy in time for the velocity
components.

A large number of boundary layer simulations have been done using finite differ-
ence schemes [74, 70, 131, 93, 70, 78]. Second-order central difference schemes were
used in [131, 78, 70]. These schemes conserve momentum, energy and mass, but
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their important drawback is their relatively low order. High-order finite difference
schemes are desirable as they reduce the amount of necessary grid points and thus
memory requirements. Moreover, in general the use of high-order finite difference
schemes also reduces the overall computational cost. An obvious choice within the
class of higher order finite difference schemes are compact finite difference schemes
as proposed by [71] and used in [74, 93]. In [79] they were derived for staggered grids
[33]. It is possible to use high-order finite element methods or B-spline methods.
However, some complexities compared with high-order (compact) finite difference
schemes exist [69] and they were discarded for the present code.

Among the high order compact finite difference schemes the fourth-order ones
on a staggered grid were shown to be robust [79]. An advantage of these schemes is
that close to the boundary only one boundary closure scheme is necessary. However,
these schemes do not conserve energy in the inviscid limit when they are applied
to the Navier-Stokes equations. This is no problem as the code is developed for
DNS and all relevant energy containing scales of the flow should be resolved. This
means that the grid sizes should be of the order of the viscous Kolmogorov length-
scale. However, in chapter 5 it is shown that even if the grid size is larger than the
Kolmogorov length-scale, the code is still robust and gives reasonable results.

This chapter is divided in several sections. First the fractional step method to
solve numerically the incompressible Navier-Stokes equations is described. Then in
section 3.3 the spatial discretization is outlined. The details of the spatial discretiza-
tion are given in Appendix A. Special attention is then given in section 3.3.1 to the
difficulties discretizing the Poisson equation. Section 3.4 gives a detailed descrip-
tion of the various methods to assure global mass conservation and its relation with
boundary conditions. The verification of the code is given in 3.5, and the chapter is
ended by the conclusions.

3.2 Problem Formulation

The equations solved are the incompressible Navier-Stokes equations,

∇ · u = 0, (3.1)

∂tu + ∇u · u = −∇p+
1

Re
∇2u. (3.2)

The streamwise, x, spanwise, z, and wall-normal, y, directions have corresponding
velocities given by u, w and v, respectively. The boundary conditions may vary, as
the code is capable of simulating various different spatial developing flows with only
minor changes. However the outflow boundary condition will always be estimated
by

∂tu + Uc∂xu = 0, (3.3)

where Uc is a convective velocity typically chosen as Uc = U∞. The estimated exit-
velocity is sometimes adjusted to be able to conserve mass, which will be discussed
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later in this chapter. The incompressible Navier-Stokes equations satisfy

∫

Ω

∇ · udΩ =

∫

S

u · ndS =

∫

S

∂p

∂n
dS = 0, (3.4)

where Ω is the control volume and S its surface. These relations play an important
role in later discussions.

A fractional step, such as described in [26] and [90], is used to assure mass
conservation and efficiently solve the pressure. The principal idea is to write the
Eqs. (3.1, 3.2) in semi-discrete form

Dun+1 = 0, (3.5)

un+1 − ∆t

Re
Lun+1 = un + ∆t

(
−Gpn+1 −Nun · un +

1

Re
Lun

)
. (3.6)

The matrices D, G, L and N contain the finite difference approximations to the
divergence, gradient, viscous and nonlinear terms respectively. This system can be
written in matrix form [90]

[
A ∆tG
D 0

](
un+1

pn+1

)
=

(
rn

0

)
+

(
b.c.′s
b.c.′s

)
, A = I − ∆tL

Re
, (3.7)

where

rn = un + ∆t

(
−Nun · un +

1

Re
Lun

)
, (3.8)

contains the explicit terms. Note that the boundary conditions are imposed at this
point as indicated by b.c.′s.

It was pointed out in [90] that LU-decomposition can be used to factorize this
system. Before the LU-decomposition the equations are rewritten, for reasons that
are explained later, as follows

[
A ∆tG
D 0

](
un+1

∆pn+1

)
=

(
rn
m

0

)
+

(
b.c.′s
b.c.′s

)
. (3.9)

In this case rn
m = rn −∆tGpn, and ∆pn+1 = pn+1 −pn. This system is now factored

using LU decomposition to obtain

[
A 0
D −∆tDA−1G

](
u∗

∆pn+1

)
=

(
rn
m

0

)
+

(
b.c.′s
b.c.′s

)
, (3.10)

[
I ∆tA−1G
0 I

](
un+1

∆pn+1

)
=

(
u∗

∆pn+1

)
. (3.11)

These equations are exact and can be solved without further modification. Only
in the case of explicit time integration, for which A = I, solving this system is
computationally efficient. On the contrary, when implicit time integration is used,
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A−1 is a full matrix and obtaining the solution becomes very expensive. Implicit time
integration and the fractional step method can only be used efficiently, if instead of
using A−1, the first order approximation A−1 = I + O(∆t) is used. This results in

[
A 0
D −∆tDG

](
u∗

∆pn+1

)
=

(
rn
m

0

)
+

(
b.c.′s
b.c.′s

)
, (3.12)

[
I ∆tG
0 I

](
un+1

∆pn+1

)
=

(
u∗

∆pn+1

)
. (3.13)

The reason to write ∆pn+1 instead of pn+1 can now be discussed. The error made
by neglecting the viscous part of A when it is inverted is (∆t/Re)L∆pn+1. As
∆pn+1 ∼ O(∆t), the error due to the approximation of A is O((∆t)2). Instead, if
pn+1 is used, a scheme with a first order error in time is obtained. The order of the
scheme is thus increased by one by using ∆pn+1.

The advantage of this interpretation of the fractional step method above other
ones is that the boundary conditions are imposed before the LU-decomposition is
applied to Eq. (3.9). In other words matrices like A, D etc. do not include the
discrete boundary equations anymore. The pressure correction ∆pn+1 is solved from
the discretized equation −∆tDG. It then follows that it is incorrect to impose
pressure boundary conditions if velocity boundary conditions were imposed on D.
In chronological order the following is done

Au∗ = rn
m + b.c.′s, (3.14)

∆tDG∆pn+1 = Du∗ − b.c.′s, (3.15)

un+1 = u∗ − ∆tG∆pn+1, (3.16)

pn+1 = ∆pn+1 + pn. (3.17)

Until this point the equations are given, as if Euler time integration was used.
Instead a three step Runge-Kutta scheme is applied. The coefficients, that are often
used for time-integration in fractional step methods, are given by [87]

ζ1 = 8/15, ζ2 = 5/12, ζ3 = 3/4,
γ1 = 0, γ2 = −17/60, γ3 = −5/12,

α1 = β1 = 4/15, α2 = β2 = 1/15, α3 = β3 = 1/6,
(3.18)

The equations to be solved then become

(
I − βl∆tL

Re

)
ul+1

∗ = (3.19)

− (αl + βl)Gp
l − γlNul · ul − ζlNul−1 · ul−1 + αlLul + b.c.′s,

(αl + βl) ∆tDG∆pl+1 = Dul+1
∗ − b.c.′s, (3.20)

ul+1 = ul+1
∗ − (αl + βl) ∆tG∆pl+1, (3.21)

pl+1 = ∆pl+1 + pl, l = n+ k/3 with k = [0, 3]. (3.22)
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3.2. Problem Formulation

It remains to be determined if it is necessary to time-integrate all viscous terms
implicitly, with the added computational complexity, or if some or all of them could
be treated explicitly. Previous studies have been performed in [2], that indicated
the possibility to treat some terms explicitly.

Historically, the viscous terms in all three directions were treated implicitly,
because in the explicit case a stable simulation requires that

∆t < min

((
α∆x2

ν
,

β∆x

max |u|)

)
,

(
α∆z2

ν
,
β∆z

max |w|

)
,

(
α∆y2

ν
,
β∆y

max |v|

))
, (3.23)

where α, β are constants which are determined in Appendix A, and ∆x,∆y,∆z are
the grid sizes. In boundary layer flows one can approximate Eq. (3.23) by

∆t < min

((
α∆x2

ν
,
β∆x

max |u|

)
,
α∆z2

ν
,
α∆y2

ν

)
, (3.24)

because the convective timestep restrictions in the y and z-directions are not impor-
tant due to the relatively small spanwise and wall-normal velocities compared with
the streamwise velocity.

There may be cases that the convective restrictions in the y-direction and/or
z-direction are important, but this does not change the argument that follows. The
squared grid sizes, ∆x2,∆y2,∆z2, could give severe timestep restrictions compared
with the timestep related to the grid sizes. To study these possible restrictions
in more detail the two limits are compared to see if the timestep related to the
convective terms is smaller than the viscous timestep,

∆xβ

U∞
≤ α

ν
min

(
∆x2,∆y2,∆z2

)
with max |u| ∼ U∞. (3.25)

If this inequality can be shown to be true the viscous terms can be done explicitly.
After multiplying both sides by u2

τ/(νβ) the inequality becomes

uτ

U∞
∆x+ ≤ α

β
min

(
(∆x+)2, (∆y+)2, (∆z+)2)

)
∆x+ =

∆xuτ

ν
. (3.26)

The friction velocity uτ is often used in scaling quantities in boundary layer flows.
The grid sizes normally assumed necessary to resolve the turbulent flow correctly
are

∆x+ ≈ 8, ∆z+ ≈ 4, ∆y+ ≈ 0.3. (3.27)

The relations uτ/U∞ < 1 and α/β ∼ 1 indicate that only in the y-direction the
viscous timestep limit is severe and, because of that, its time-integration is done
implicitly. In the x and z-directions the viscous terms are time-integrated explicitly,
because the convective limit is smaller than the viscous one.

At this point the method to integrate the Navier-Stokes equations in time has
been determined. The schemes to discretize the equations in space are discussed
next.
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3.3. The spatial discretization

ui−1/2,j,k ui+1/2,j,k

vi,j−1/2,k

vi,j+1/2,k

pi,j,kpi,j,k

wi,j,k

Figure 3.1: The staggered grid configuration used in the code. Ghost points are used to
impose boundary conditions.

3.3 The spatial discretization

The grid cell sketched in Fig. 3.1 gives detailed information about the position of
u, v, w, p in the numerical domain. Note that a staggered arrangement is used in the
x− y plane only, and that no staggering is used in the z-direction. The convective
and viscous terms in the x and y-directions are calculated using compact finite
difference schemes of fourth-order accuracy. The z-direction is assumed periodic
and the velocity components and the pressure are expanded in Fourier series along
this direction. Using this expansion gives for a certain variable f

f(x, y, z) =

N/2−1∑

kz=−N/2

f̂(x, y, kz) exp(ikzz). (3.28)

The computation of the convective terms is done using a pseudo-spectral method.
This method consists in calculating all products like uiuj in physical space after
which they are transformed back to Fourier space to calculate the derivatives. To
prevent aliasing errors the Fourier series of the variables are truncated using the 2/3
rule.

The derivatives in the x and y-directions are obtained for non-uniform grids, as
well as the interpolation in these two directions. The fourth-order compact schemes
can be written in a general form as

αI
j f̄j−1 + f̄j + βI

j f̄j+1 = aI
jfj+1/2 + bIjfj−1/2, (3.29)

αFD
j f

′

j−1/2 + f
′

j+1/2 + βFD
j f

′

j+3/2 = aFD
j f̄j + bFD

j f̄j−1, (3.30)

αSD
j f

′′

j−1/2 + f
′′

j+1/2 + βSD
j f

′′

j+3/2 = aSD
j fj−1/2 + cSD

j fj+1/2 + bSD
j fj+3/2.(3.31)

Here f
′

, f
′′

and f̄ are the first and second derivative and the interpolation, respec-
tively of a certain variable f . For uniform grids, the coefficients in Eqs. (3.29-3.31)
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3.3. The spatial discretization

are the ones found in [79]. The coefficients for non-uniform grids are obtained using
Taylor series expansions, and can be found in Appendix A. It is important to note
that, on a staggered, non-uniform grid, the coefficients are not the same for u, v
and w. The relation between the different velocity components and the coefficients
is given in Table 3.1.

coeff. I1
x I2

x FD1
x FD2

x I1
y I2

y FD1
y FD2

y SD1
x SD2

x SD1
y SD2

y

vel. v u uu uv u v vv uv u v v u
comp. w u uw uv w v vw uv w v w u

Table 3.1: The relation between the velocity components and the numerical coefficients.
I, FD and SD stand for the interpolation, first derivative and second derivative coeffi-
cients. The lower subscript indicates the direction in which an operation is performed.
The superscript relates the analytical description of the coefficients given in Appendix A
to the symbolic description here.

3.3.1 Fourth-order schemes and the DG matrix

Various ways to construct the matrix DG have been studied. The most obvious
choice is to use compact finite difference schemes as in Eq. (3.30). In this case the
divergence is calculated using

ADu
′

= BDu, (3.32)

and the gradient of the pressure is calculated using

AGp
′

= BGp, (3.33)

where AG, AD, BD, BG contain the compact finite difference operators. The dis-
cretized Poisson equation then becomes

A−1
D BDA

−1
G BGp = A−1

D BDu → BDA
−1
G BGp = BDu. (3.34)

As A−1
G is a full matrix, the matrix BDA

−1
G BG is full as well, and discretizing DG

in this manner is computationally too expensive. Note that this problem has simi-
larities with the fractional step method. The only efficient solution is to assure that
A−1

G is not a full matrix.
A possibility to solve this problem is by using a combination of a compact finite

difference scheme and an explicit finite difference scheme. To obtain a system that
can efficiently be solved the divergence is calculated as in Eq. (3.32), while the
gradient is calculated using a fourth-order explicit scheme as in Eq. (3.33) with
AG = I.

Such a combination was implemented using a multigrid solver that is described
in detail in Appendix B. Although the multigrid worked reasonably well, the re-
sults of the implementation in the Navier-Stokes solver was unsatisfactory as the
computational cost was too high. This solution was therefore discarded.

Two other solutions exist, that are:
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3.3. The spatial discretization

• setting AG = AD = I, leading to an explicit scheme that in principle conserves
energy,

• setting AG = AD = I and using second-order variants of the matrices BG, BD.

Both these solutions have disadvantages compared to using compact finite difference
schemes. In the case where normal explicit schemes are used, one loses resolution,
and in the case of a second-order scheme, order and resolution are reduced. How-
ever, as these two solutions are the only possibilities left, the importance of their
disadvantages is now discussed.

First, a trivial one-dimensional problem is considered in Fourier space assuming
periodic boundary conditions. In this case u(x) =

∑
u(k) exp(ikx) and the deriva-

tive du∗/dx becomes iku∗ with i =
√

( − 1). The pressure is obtained from the so-
lution of the Poisson equation p = −1/k2iku∗ and the correction un+1 = u∗− dp/dx
becomes un+1 = u∗ + ikx1/k

2ikxu
∗ = u∗ − u∗ = 0. This solution is exact and the

first important conclusion to be drawn is that, to obtain a consistent result for finite
difference schemes D and G cannot be chosen independently [29]. They actually
should have the same modified wave-number. For example, this is not the case if a
compact finite difference scheme and an explicit scheme are combined.

In three dimensions a similar analysis can be done. Here

Du∗ = ik · u∗ with k = (kx, ky, kz), and u(x) =
∑

u(k) exp(ik · x) (3.35)

where k is the wave-number vector. The pressure can be solved to obtain

p = − ik · u∗

k2
x + k2

y + k2
z

, (3.36)

and the velocity corrections become

un+1 = u∗ − kxk · u∗

k2
x + k2

y + k2
z

, vn+1 = v∗ − kyk · u∗

k2
x + k2

y + k2
z

, wn+1 = w∗ − kzk · u∗

k2
x + k2

y + k2
z

.

(3.37)
This finally is

un+1 = u∗ − 1

|k|2




k2
x kxky kxkz

kykx k2
y kykz

kzkx kzky k2
z






u∗

v∗

w∗


 . (3.38)

Equation (3.38) would be the exact solution in Fourier space. However finite dif-
ference schemes are used that will modify kx, ky. The use of finite difference
schemes means that the resolution characteristics will deteriorate, and that fewer
wave-numbers are correctly resolved. Note that the same does not happen in the
z-direction, because in this direction a spectral method is used.

However, it is not clear what the influence of different finite difference schemes
is on the solution of Eq. (3.36, 3.38). It might be possible to use finite difference

52



3.3. The spatial discretization

schemes with relative low resolution, without deteriorating the overall resolution of
the method. As kz is the exact Fourier wave-number, the resolution characteristics
of Eq. (3.36, 3.38) do not depend on it. Therefore and to facilitate this study it is
assumed that kz = 0.

The derivatives ∂u/∂x and ∂v/∂y are calculated using a finite difference scheme,
that in its most general form is given as

αf
′

j−1 + f
′

j + αf
′

j+1 = a(fj+1/2 + fj−1/2) + b(fj+3/2 + fj−3/2). (3.39)

The variable f can be u, v or p and f
′

is understood to be either ∂f/∂x or ∂f/∂y.
The coefficients a, b, α depend on the finite difference scheme that is being used.
In the case a fourth-order compact scheme is used b = 0; α = 0 when an explicit
fourth-order code is used, and b = α = 0 and a = 1 when a second-order scheme is
used.

The modified wave-numbers are then obtained by substituting in Eq. 3.39

f(x, y) = exp(ijk · ∆h), with ∆h = (∆x,∆y). (3.40)

The modified wave-numbers then become

(
kmod,x

kmod,y

)
=




2a sin(kx∆x/2)+ 3

2
b sin( 3

2
kx∆x)

∆x(1+2α cos(kx∆x))
2a sin(ky∆y/2)+ 3

2
b sin( 3

2
ky∆y)

∆y(1+2α cos(ky∆y))


 (3.41)

The modified wave-number vector for the first derivative kmod and the second
derivative k2

mod,x are plotted in Fig. 3.2(a,b) after scaling with kmax = π/∆h. Here
∆h is ∆x or ∆y depending on the modified wavenumber. Although the resolution is
reduced when using lower order or explicit finite difference schemes, the deterioration
is not dramatic. One could even consider the difference between the two fourth-order
schemes to be insignificant. In the first place, this small difference demonstrates
that Eqs. (3.36, 3.38) can be solved using a fourth-order explicit scheme without
significant drawbacks. Secondly, it seems that the use of the second-order scheme
cannot be justified if the original resolution or the fourth-order convergence is to
be conserved. Based on these two observations the best option would be to use the
fourth-order explicit schemes.

However, the previous analysis only studied the one-dimensional wave-numbers
for the individual derivatives. The influence that the schemes have on the resolution
capacity of Eq. (3.38) has not been discussed, and it will be done now. To facilitate
this, the vector k is written in two-dimensions as (kx, ky) = kx cos(θk), ky sin(θk)
where k is the magnitude of k and θk the angle with the kx-axis. Equation (3.38)
then becomes

un+1 = u∗ +

(
− cos2(θk) − cos(θk) sin(θk)

− cos(θk) sin(θk) − sin2(θk)

)(
u∗

v∗

)
, (3.42)
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Figure 3.2: (a) The resolution characteristics for the first derivative D and G. Lines
• and H are given for comparison only. (b) The modified wavenumber of the

matrix DG, with different difference schemes. The wavenumbers k∗
mod,x,y and k∗ are the

wavenumbers scaled with kmax = π/∆h. For both figures: ▽ : staggered second-order
scheme, 2 : fourth-order explicit scheme, ◦ : fourth-order compact scheme.

• : fourth-order compact derivation combined with interpolation (Eq. A.11) as used
to calculate the convective terms in the code. H : second-order derivation combined
with interpolation. : Fourier.

for exact Fourier discretization. The modified wave-numbers in this case are not
given analytically, but the error compared with the exact one, defined as

ǫP = max

(
| cos2(θk) −

k2
mod,x

k2
mod,x + k2

mod,y

|
)
, (3.43)

for one of the components of the tensor is given in Fig. 3.3(a). Similar errors can be
formulated for the other two components of the tensor in Eq. (3.42). The maxima
of these errors are given in Fig. 3.3(b). The conclusions from Fig. 3.3 are similar
to the ones obtained from the one-dimensional information.

Comparison between different discretization errors

The conclusions from the individual error evaluation is that second-order discretiza-
tion should not be used to discretize the matrix DG. This conclusion is unfortunate
as it will later be argued that second-order discretization is the only discretization
that allows efficient solution of the Poisson equation.

However, from Fig. 3.3(b) it can be seen that the error made using second-
order discretization is low over the whole wavenumber range. On the contrary Fig.
3.2(a) shows that the compact fourth-order staggered scheme (the combination of
interpolation and derivation) has a large error for k∗ > 0.7. The error between exact
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Figure 3.3: (a) Contours of the error given by Eq. (3.43) with the contour levels given by
0 : 0.005 : 0.05, for θk ∈ 0 . . . 2π. From top to bottom: fourth-order compact, fourth-order
explicit, second-order difference schemes. (b) The maximal error. The errors obtained
comparing the exact Fourier terms on the diagonal of the tensor with the finite difference
approximations are equal, while the off-diagonal terms give the smallest maximal error.
The symbols represent the same as in Fig. 3.2.

Fourier derivation and finite difference schemes for the advection term is given as

ǫad = |k∗ − kmod|. (3.44)

This error and the one for the mass conservation procedure as given by Eq. (3.43),
are plotted in Fig. 3.4. This figure shows that for k∗ > 0.3 the overall largest error
is caused by the advection step, and not by the pressure correction step. It means
that if the grid is designed to represent waves with k∗ = π/2, the largest error
comes from the advection step and not from the use of the second-order update for
the velocities. It is important to remark that the individual D and G operators
have very good resolution properties as can be seen in Fig. 3.2(a). Another way
of interpreting this figure, is that it is not useful to improve the resolution of the
pressure update, as long as the convective terms are calculated with fourth-order
compact finite difference schemes.

Therefore the divergence of the velocity is calculated

Dûi,j,kz
=
ûi+1/2,j,kz

− ûi−1/2,j,kz

∆x
+
v̂i,j+1/2,kz

− v̂i,j−1/2,kz

∆y
+ ikzŵi,j,kz

, (3.45)

with kz the wave-number, while (̂·) is used to indicate that the variables are in
spectral space in the z-direction. The pressure gradients are given as

Gxp̂i−1/2,j,kz
=
p̂i,j,kz

− p̂i−1,j,kz

∆x
, Gyp̂i,j−1/2,kz

=
p̂i,j,kz

− p̂i,j−1,kz

∆y
, (3.46)

Gzp̂i,j,kz
= ikzp̂i,j,kz

.
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Figure 3.4: The errors ǫad and ǫP plotted as a function of the wavenumber. : ǫad

for a second-order staggered scheme. : ǫad for a compact fourth-order staggered
scheme. Staggered is understood again as the combination of interpolation and derivation
to calculate the convective terms. ◦ : ǫP as given by Eq. 3.43. The vertical dashed
line is k∗ = π/2.

Now it will be shown why it is desirable to use these schemes to discretize the
divergence and gradient operators.

The methods to solve the Poisson equation

The choice for the discretization of D and G is also closely linked to the solution
procedure to solve the Poisson equation. To solve the system, a multigrid method
and a direct method based on the Fourier decomposition of DG [63], have been
studied.

The direct method depends on the decomposition of the x-direction from the
y-direction. The decomposition is achieved by using cosine series to expand both
Du∗ and the pressure in the x-direction. The variables in the z-direction are in
spectral space already, and the following type of system is obtained

(∂yy − k2)p̂ = D̂u∗, (3.47)

that can easily be solved using a band-diagonal matrix solver.
However an important disadvantage of this method is the inability to treat cor-

rectly higher order schemes on a non-periodic domain. The reason is that on a non-
periodic domain using high order schemes, boundary schemes are necessary. These
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3.4. Pressure, mass conservation and boundary conditions

schemes in general have a different modified wave-number than the interior scheme
and no unique modified wave-number can be determined. A second disadvantage is
that only uniform grids can be used in the x-direction.

The numerical equation that is solved by the multigrid method is given as

(∂xx + ∂yy − k2
z)p̂ = D̂u∗. (3.48)

where kz is the wave-number in the z-direction. The multigrid method can be used
for high-order discretization and non-uniform grids in both x and y. The multigrid
solver was designed using a V-cycle and applying Line-Gauss iteration in the y-
direction, where a non-uniform grid is applied. Around ten V-cycles were necessary
to converge to round-off precision. In every V-cycle the full matrix is iterated twice;
one for the down-stroke and one for the upstroke. A detailed description and test
results are given in Appendix B. The multigrid was developed in an early stage of
the development process of the code and it showed to be relatively slow compared
to the Fourier decomposition method.

This result agrees with the following crude estimation of the necessary operations
for the Fourier decomposition method and the multigrid solver. For example, if
the operation count to solve the banded matrix is assumed to be of O(Ny), the
iterations at coarser grids as well as the interpolation and restriction operations are
neglected, an approximate operation count of around 20NxNyNz is obtained. The
Fourier decomposition has an operation count of around NxNyNz(1 + logNx), and
this is less than the multigrid operation count as long as Nx < 1024. Furthermore
the publicly available Fourier programs are very well programmed. The publicly
available multigrid codes were inappropriate for the code developed here, and it
had to be developed from scratch. This almost certainly causes the code to be less
optimal than it could be.

It was decided to use the direct method to solve the Poisson equation. The high
computational cost of the multigrid compared with the direct method and a lack
of time to proceed developing multigrid were the reasons to make that choice. As
Fourier decomposition methods cannot be used for high-order schemes, the second-
order discretization is used as given in Eqs. (3.45, 3.47). This effectively causes the
code to be second-order, although the overall resolution is good as is shown in Fig.
3.4.

3.4 Pressure, mass conservation and boundary con-

ditions

The important relation between the pressure, the conservation of mass and the
boundary conditions are discussed in this section

Velocity and pressure boundary conditions can, in principle, be correctly en-
forced. However, in the literature velocity boundary conditions are predominantly
enforced, and simulations in which the pressure is imposed have not been found.
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3.4. Pressure, mass conservation and boundary conditions

Desired pressure distributions are normally obtained by enforcing certain velocity
boundary conditions, as was for example done in [3] and [78]. However, these ar-
bitrary mass fluxes over the boundaries have to satisfy the global conservation of
mass as expressed in Eq. (3.4). The literature does not describe clearly how this is
done. For example, in [131] global mass conservation was assured by adjusting the
velocities in the exit plane of the numerical domain, but they did not explain how
they achieved this.

It is actually more natural to impose the desired pressure directly, and the treat-
ment of the fractional step method [90, 26] allows this. This was not the case in
earlier descriptions [63], because they did not in-cooperate pressure in their frac-
tional step method, as was the case in Eq. (3.20).

The important problem is that imposing velocity boundary conditions causes
the matrix DG to be singular. In [63], the singularity is due to the enforcement of
Neumann pressure boundary conditions, in particular ∂p/∂n = 0. The same singular
matrix is obtained using the method described in Sec. 3.2, but not because Neumann
pressure boundary conditions are imposed. A singular matrix is obtained, because
velocity boundary conditions can only be imposed if ∂p/∂n = 0 at the boundaries.

In [63] velocity boundary conditions were imposed. In their formulation they
needed pressure boundary conditions and then the only possibility is to impose
∂p/∂n = 0. Note that imposing these boundary conditions the solution is not
uniquely determined but only up to a constant. This constant is normally chosen
to be zero, and in any case is not important, because only the pressure gradient is
used.

The method described in Sec. 3.2 naturally leads to a singular matrix without
imposing ∂p/∂n = 0. The system Ax = b withA a singular matrix can only be solved
if the right-hand side b lies within the range of matrix A. If this is true the inner-
product of the vector spanning the nullspace, vT , with b, is zero (vT ·b = vT ·Ax = 0).
The vector vT can be calculated as vTA = 0 or ATv = 0.

Similarly Eq. (3.15) only has a solution if D · u ⊥ vT . In the case of a uniform
grid vT = 1 and it follows that D ·u ⊥ vT is simply the numerical equivalent of Eq.
(3.4), describing global mass conservation. This gives that if D ·u ⊥ vT 6= 0, global
mass is not conserved and Eq. (3.15) does not have a solution.

On a basic physical level D · u ⊥ vT 6= 0 indicates that the total mass flow over
the boundaries is not zero. Only if the pressure is allowed to accelerate or decelerate
the flow over the boundaries global mass can be conserved. However, as ∂p/∂n = 0
this is not possible and a different solution is necessary. It is important to indicate
that if Dirichlet boundary conditions on the pressure were allowed this problem
would not exist. The solution, when velocity boundary conditions are imposed, is
to allow ∂p/∂n 6= 0 or equivalently to adjust the velocity boundary conditions.

The various ways to globally conserve mass are now discussed. The basic idea
is that if D · u ⊥ vT 6= 0, it should be forced to be zero. A detailed description on
how to do this, is now given for the case a Fourier decomposition method is used.
In this case DG in Eq. (3.15) is decomposed in the x-direction using cosine-Fourier-
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transformation, to obtain

(
−k2

mod − k2
z +

∂2

∂y2

)
∆p̂1kx,y,kz

= D̂u∗ − b.c.′s, (3.49)

where kmod is the modified wave-number of the finite difference scheme used. The

(̂·) indicates transforms in x, while the variables are understood to be always in
Fourier space in the z-direction. The solution to this equation can be determined
up to a constant, which is imposed as ∆p̂1(0, Ly, 0) = 0. It is logical to do so for
kx = kz = 0, because

δyy∆p̂10,y,0
= D̂u∗ − b.c.′s, (3.50)

is singular. Here, δyy denotes the numerical approximation to the derivative ∂2/∂yy.
Imposing a constant for this equation makes it easy to solve using a traditional
direct method. The constant can be imposed for kx 6= kz 6= 0, but then a more
sophisticated method, like singular value decomposition, is necessary to solve the
system for kx = kz = 0. Imposing a constant leads to similar changes in the matrix
δyy as imposing a Dirichlet boundary condition, which means that the matrix δyy

is not singular anymore. If a Dirichlet boundary condition is imposed, and global
mass is conserved it implies that ∂y∆p̂1(0, Ly, 0) = 0. If this is not the case

d∆p̂1

dy
(0, Ly, 0) 6= 0, (3.51)

for kx = kz = 0, which cannot be allowed, as the velocity at the top boundary
has been fixed. This problem is solved by adding a particular solution p2(x, y) =
ac(x

2 − y2) to ∆p1, where a is determined as to force Eq. (3.51) to be zero. The
boundary conditions on p2 are

p2(x = Lx, y) = 0, p2(x, Ly) = 0,
dp2

dx
(x = 0, y) = 0,

dp2

dy
(x, y = 0) = 0. (3.52)

The derivative in Eq. (3.51) can then be forced to zero in two steps. First ac is
determined as

ac = − 1

2Ly

d∆p̂1

dy
(0, Ly, 0), (3.53)

and secondly the final solution for the pressure correction ∆p is obtained as

∆p(x, y, 0) = ∆p1(x, y, 0) + p2(x, y), (3.54)

∆p(x, y, kz) = ∆p1(x, y, kz) for kz > 0. (3.55)

This approach implies that a pressure gradient dp/dx is generated as long as ac 6= 0,
that is accelerating or decelerating the u component of velocity. In boundary layer
simulations the obvious place to permit this pressure gradient to change the velocity
boundary conditions is the exit of the numerical domain. This means that in the
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3.4. Pressure, mass conservation and boundary conditions

velocity update step the zero mode of the streamwise velocity in the last plane has
to be updated as well. For the last plane the following is then obtained

ul+1
nx,j,kz=0 = u∗nx,j,kz=0 − (αl + βl)∆t2acLx, (3.56)

where u∗nx,j,kz=0 is approximated by Eq. (3.3) It is possible to use more general
solutions of the Laplace equations like

p2(x, y, kz) = a1 exp(
√

(k2
z + k2

mod)y) + a2 exp(−
√

(k2
z + k2

mod)y), (3.57)

with a1 and a2 constants. However, these more general solutions were not necessary
and therefore not used for the performed simulations.

The vector vT can also be used to obtain global mass conservation as

C ≡ vT ·Du∗ = vTDG∆pn+1 = 0, (3.58)

which is the numerical equivalent of Eq. (3.4). This also indicates that vT is the
set of weights for each grid point in the volume integral

∫
dΩ. If the mass flux across

the boundaries is abruptly changed C 6= 0. As before a perturbation is added to
the exit plane that depends on the amount of mass C. To obtain the velocity that
should be added at the exit, assume that

(Du∗)new
i,j,0 = 0 for i < nx but if i = Nx (Du∗)new

Nx,j,0 6= 0. (3.59)

It is also assumed that (∂yv)
new = (∂zw)new = 0 and uN−x,j,0 = up 6= 0 while

u∀i\Nx,j,∀k\0 = 0. Then

vT · (Di,x(ui,j,k + up,j) +Dj,yvi,j,k +Dk,zwi,j,k = 0) → up,j = − C

DNx,xvT
Nx,j · 1

,

(3.60)
where DNx,x is the discretization coefficient, which in the case of second-order dis-
cretization is given asDNx,x = 1/∆x. The velocity in the outflow plane then becomes
uNx,j,kz

= uNx,j,kz
+ up,j. The up,j is the velocity perturbation that was previously

obtained by adding a correct pressure gradient over the outflow plane. After the
solution of the Poisson equation and updating the velocities, the addition of the
perturbation velocity will of course change all upstream velocities.

In general it has been shown that arbitrary mass fluxes can only be imposed
when allowing at least that ∂p/∂n 6= 0 at one boundary. Two methods have been
proposed to create an adequate pressure gradient (both cases in x) that is also
physically correct. Examples will be shown in Sec. 3.5. Without the modifications
such as those discussed above it is even impossible to calculate a Blasius profile with
the correct vertical velocity.

It has already been said that imposing pressure boundary conditions is another
possibility. An important advantage is that by imposing pressure it is much easier
to reproduce experiments. Note that in this case the matrix DG is not singular

60



3.5. Code verification

anymore, and mass conservation follows from the solution of the Poisson equation.
It is important that now the vertical velocity at y = Ly is not imposed, but follows
directly from the pressure gradient ∂p/∂y 6= 0 in y = Ly. As mass is conserved with-
out adding pressure gradients in the x-direction, it is expected that this boundary
condition will reduce the amount of potential perturbations in the free-stream. Tests
have been done imposing Dirichlet conditions of the form p(x, Ly, z) = f(x). More
elaborate tests using boundary conditions of the form αp(x, y) + β∂p/∂y = f(x)
should be done in the future.

3.5 Code verification

3.5.1 Individual discretization

In this section the spatial discretization of the individual viscous and convective
terms in the x and y direction are tested. These tests are merely intended to check
the correct coding of the finite difference schemes. The test functions used are given
by

u(x, y) = v(x, y) = sin(AAx) sin(AAy), AA = 4, (3.61)

and are discretized on a domain of size Lx × Ly = π × π. Uniform and non-
uniform distributions of grid points are tested. The two following non-uniform grid
distributions are tested

xi, yj = π(((i, j) − 1)/(Nx,y − 1))3, (3.62)

and

xi, yj = π(1 − ((Nx,y − (i, j))/(Nx,y − 1))3), (3.63)

where Nx,y are the number of points in the x-direction and y-direction respectively,
and i, j = [0, Nx,y +1] the node-index. The errors are determined using the L2 norm

L2 =
1

AA

√∑
i,j(analytic sol. − numer. sol.)2

(NxNy)
, (3.64)

where AA is the wavenumber of the analytic solution.
The results for the convective terms are shown in Fig. 3.5(a-d), which are as ex-

pected for uniform grids. However, in Fig. 3.5(b,c) it is shown that for non-uniform
grids unexpected behavior occurs. For example, in two cases the discretization error
using the grid in Eq. (3.63) is sometimes smaller than in the case of uniform grids.
Then if the grid in Eq. (3.62) is used the error is always bigger than in the uniform
case.

This unexpected behavior is due to the boundary schemes used, as is illustrated
by Fig. 3.5(d). The maximal error is here shown as a function of x. If the grid is
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Figure 3.5: The test results for the accuracy in the approximation of the nonlinear terms:
� : (ūv̄)y, • : (v̄v̄)y, H : (ūū)x, � : (ūv̄)x. For figures (a,b,c): : dx4 (dx = dy).
(a) Uniform grid. (b) Non-uniform grid given by Eq. (3.62). (c) Non-uniform grid given
by Eq. (3.63). (d) The maximal error between the analytic solution and the numerical
derivation as a function of x for (ūū)x, : Eq. (3.62), : uniform grid, :
Eq. (3.63).

uniform the error at the boundaries is approximately equal to 10−4. For the non-
uniform grid in Eq. (3.62), the grid size is smallest at the x = 0, where the local
error becomes 10−13. The local error at the exit boundary, where the grid size is
largest, is only a little larger than for the uniform grid.

For the grid in Eq. (3.63) is used, the coarsest spacing is found at x = 0 and
indeed the error is quite large, larger than for the uniform grid. Due to the global
nature of the schemes the error at the boundaries has an effect on the whole domain.
These results show that the boundary scheme at the exit has better properties than
the one at the inlet, since the former always causes small errors.

This difference is found because at the inlet an extrapolating derivative scheme
of the form

∂x(ūū)i=1 = a(ūū)i=3/2 + b(ūū)i=5/2 + c(ūū)i=7/2, (3.65)

is used, where a, b, c are coefficients. At the exit a scheme is used that uses one point
upstream and three points downstream of the point for which the derivative has to
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Figure 3.6: (a) The test results for the accuracy in the approximation of the viscous
terms as a function of the number of grid points. (b) The same results but as a function of
maximal grid size. For both figures: • : uyy, H : vyy, � : uxx, � : vxx. : non-uniform
grid given by Eq. 3.62, : uniform grid, : dx4 (dx = dy).

be calculated.
The convergence results for the viscous terms are shown in Fig. 3.6(a-b). The

obtained convergence is satisfactory for both the uniform and non-uniform case. The
large absolute error, between the results for the uniform grid and the non-uniform
grid, is caused by the very large grid sizes present in the case of non-uniform grids.
For example, if 32 points are used in the non-uniform case the largest grid size is
comparable to an uniform grid of 16 points.

Figure 3.6(b) shows results plotted as a function of the maximal grid size. It
illustrates that the magnitude of the error is largely determined by the largest grid
size both in the uniform as in the non-uniform case. The viscous terms have the
same boundary schemes at all boundaries, which is the reason that no unexpected
results are found as in the case of the convective terms.

3.5.2 Time-dependent flows

In this section two different time dependent flows are tested. The grid is uniform in
all the cases, with the same number of points Nx,y in x and y. The errors for both
tests are determined using the L2 norm. The first test is the decay of an analytical
vortex given by

u(x, y, t) = − cos(x) sin(y)e−
2t
Re

v(x, y, t) = sin(x) cos(y)e−
2t
Re (3.66)

p(x, y, t) = −1

4
(cos(2x) + cos(2y))e−

4t
Re

The Reynolds number is chosen to be Re = 1000. The numerical domain has a size
of Lx × Ly = π × π. The spatial convergence tests have been run with a constant
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Figure 3.7: For both figures: � : u, • : v, H : p. (a) : dx2 (dx = dy). (b) :
dt2 with Nx,y = 97.

CFL = 0.0025. The total dimensionless time that all simulations ran is 0.3Re.
Initial and Dirichlet boundary conditions on u and v are imposed according to Eq.
(3.67), and boundary conditions on the pressure are not necessary. This test is
performed to check if the second-order accuracy in space and time is obtained.

The numerical solutions were compared with the analytical solution to test the
convergence in space. To determine the temporal order the numerical solutions
were compared with a numerical solution with CFL = 0.0029. The norm is scaled
using the number of grid points and the timestep in the spatial and temporal case
respectively.

Figure 3.7 confirms the expected spatial and temporal order of the code. The
pressure is second-order in space and time, although the spatial convergence is not
as convincing as it is for the velocities.

The second test is the simulation of 2-D inviscid Stuart vortices. The stream
function describing them is [111]

Ψ(x, y, t) = cy + ln(a cosh(y − y0) + b cos(x− ct)), (3.67)

where b =
√

(a2 − 1). From the stream function the velocity components are
obtained as

u(x, y, t) = c− a sinh(y0 − y)

a cosh(y0 − y) + b cos(x− ct)
, (3.68)

v(x, y, t) =
b sin(x− ct)

a cosh(y0 − y) + b cos(x− ct)
. (3.69)

The simulations are done choosing a Re = 1 · 1018 to make the double precision
calculations effectively inviscid. The numerical domain is chosen to be Lx × Ly =

4π × 4π, while c = 1, a =
√

(5/4), and y0 = 2π.
From Fig. 3.8(a,b) it can be seen that the simulations do not converge. The

reason for this behavior is a combination of two circumstances. First Re = 1018,
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Figure 3.8: (a) The evolution of the energy as a function of time for three different grid
sizes. 2 : Nx = Ny = 17, ▽ : Nx = Ny = 65, 3 : Nx = Ny = 257. The energy plotted
here is given as E(t) =

∑
i,j u2

i,j,t + v2
i,j,t. (b) Time sequence of the development of the

flow.

which means that perturbations are not damped. Secondly, it is well known that
boundaries or general discontinuities introduce spurious solutions to the discretized
equations. In the case discussed here this also occurs due to two different reasons.
First the boundary conditions are imposed with round-off error accuracy while the
velocities at the interior of the domain have a larger truncation error. This mismatch
introduces a small discontinuity, which will trigger the spurious solution. Then if
this solution is not damped, because Re = 1018, it will grow unbounded until the
simulation diverges.

3.5.3 Blasius profile

The Blasius boundary layer is a simple problem, but it constitutes a good test-case
for a code written in primitive variables. This test is primarily done to obtain more
results on the convergence of the code, and to check the two previously discussed
methods to obtain global mass conservation. In both cases the Blasius profile is
imposed at the inlet [95]

u(0, y, z) = U∞f
′(η), v(0, y, z) =

1

2

(
νU∞

x

) 1

2

(ηf ′ − f), (3.70)

were f is solved from the well known boundary layer equation describing laminar
flow [95]

1

2
ff ′′ + f ′′′ = 0, η =

(
U∞

νx

) 1

2

y. (3.71)

The semi-analytical results for the velocity profiles and integral quantities are
obtained by solving the boundary layer equations using a shooting method. The
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integration was done using a standard fourth-order Runge-Kutta scheme with a
step size of 0.0125η, where η =

√
U∞/νxy. The shooting iterates until properly

defined errors reached double precision round off.
The outflow boundary condition is given by Eq. (3.3). The velocity boundary

conditions at the top and bottom boundaries are

u(x, Ly, z) = U∞, v∞(x, Ly, z) = 0.8604U∞

√
ν

xU∞

, (3.72)

u(x, 0, z) = v(x, 0, z) = 0. (3.73)

In the second case

∂u(x, Ly, z)

∂y
= 0, p(x, Ly, z) = 0, u(x, 0, z) = v(x, 0, z) = 0, (3.74)

are imposed to test the Dirichlet boundary condition on the pressure. The numerical
domain is discretized using uniform grids on a domain of size Lx/Lref × Ly/Lref =
π× 1/10π. The Reynolds number is Re = 10000 based on Lref and U∞. The initial
condition is given by u(x, y, z, 0) = u(0, y, z), and v(x, y, z, 0) = p(x, y, z, 0) = 0.

To be able to compare the results it is important to correctly determine the
distance between the actual origin and the virtual origin, x0, of the boundary layer.
This distance is calculated by comparing the actual momentum thickness at the
inlet (θ0) with the theoretical value obtained by the shooting method

θ = 0.6639

√
νx

U∞
, (3.75)

to obtain

x0 =
U∞

ν

(
θ0

0.6639

)2

. (3.76)

The computational results are thus compared with the shear stress

Cf =
0.3321

Re

√
ν

U∞(x+ x0)
, δ∗ = 1.721

√
ν(x+ x0)

U∞
, (3.77)

and the displacement thickness, obtained by the shooting method.
The convergence, obtained with velocity boundary conditions, is shown in Fig.

3.9(a), and is satisfactory. The somewhat lower convergence obtained for Cf when
high many grid points are used is due to small differences between the numerically
obtained velocity profile and the theoretical one. The most important difference is
that the former never reaches a streamwise velocity which is constant in the free-
stream.

The results obtained with pressure boundary conditions are shown in Fig. 3.9(b),
were the imposed v∞ is compared with the one obtained imposing p = 0. The overlap
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Figure 3.9: (a) The convergence of: � : δ∗, H : Cf , : ∆x2. (b) Vertical
velocity at y = Ly. (c) Comparison between numerical Cf and the analytical result. :
Cf from Eq. (3.77). For both figures (b) and (c) Boundary conditions : Eqs. (3.72,
3.73), : Eqs. (3.74).

between the two is satisfactory, and indicates that the actual Blasius solution is
obtained. The comparison of Cf between the semi-analytical, and the two numerical
solutions is shown in Fig. 3.9(c). They almost coincide, and deviation from the
theory is only found close to the exit. This is probably due to the fact that unsteady
outflow boundary conditions were imposed, designed for unsteady flow.

3.5.4 Three-dimensional turbulent separated boundary layer

Three-dimensional simulations have been done of a laminar flow that separates under
the influence of a pressure gradient, transitions and reattaches to form a turbulent
boundary layer over a flat plate. At the inlet, the u component of velocity is given
by

u(x = 0, y, z) = Blasius profile (Ub(y)) + Apbφ(y)(sin(βpbkz) + sinαpbkz), (3.78)

while w(0, y, z) = v(0, y, z) = 0 are imposed to be zero and Apb/U∞ = 0.0125. The
arbitrarily chosen function φ(y) is given by

φ(y) = Ub(y)

(
1

2
tanh

(
−0.2

(
j − Ny

17

))
+

1

2

)
, (3.79)

where j is the grid index in the wall normal direction.
No-slip boundary conditions are imposed at the bottom wall, while imperme-

ability is assumed for the v component of velocity along most of the bottom wall.
The exception is a small region in which a periodic zero-mass flux forcing is imposed
given by v(x, 0, z, t) = Vf sin(2πft).

The u, w velocities at the upper wall are modeled using vorticity-free condi-
tions ∂yu(x, Ly, z, t) = ∂xv(x, Ly, z, t), and ∂yw(x, Ly, z, t) = 0. Adverse pressure
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Figure 3.10: The mean velocity obtained with the present code compared with data
from [106]:• at Reθ = 670.

gradients are obtained by imposing a suction profile given by Vsuct(x, Ly, z, t) =
as exp(−bs(x − cs)

2), which was also used in [3]. Note that imposing Vsuct means
that at some point the flow is under the influence of a favorable pressure gradi-
ent. The net-mass flux over the boundaries is assured to be zero using the method
described in Sect. 3.4.

The Reynolds number based on the inlet momentum thickness, θ0, the viscosity,
ν, and the free stream velocity U∞, is Reθ0

≈ 97. The amplitude and the frequency
of the forcing are given as Vf/U∞ = 0.001 and St = fθ0/U∞ = 0.0076, respectively,
while as/U∞ = 0.27, bsθ

2
0 = 3.6 · 10−4, and cs/θ0 = 200.

The numerical domain has a size of Lx×Ly ×Lz = (1080×173×151)θ0, which is
discretized using Nx ×Ny ×Nz = 512× 130× 256 collocation points. The resulting
grid size is ∆x+ ≈ 10, ∆z+ ≈ 9, ∆y+ ≈ 1 close to the wall and ∆y+ ≈ 12 at y = Ly.
This grid is quite coarse and is not expected to resolve correctly all turbulent scales.
However, in [131] grid sizes of around ∆x+ = 18.3 and ∆z+ = 8.4 were used, in
combination with a second-order code. They show that at least large scale features
and first order statistics agree well with experiment. Furthermore, it shows that the
code is quite robust, although the code is not energy conserving. The timestep is
determined using CFL = 0.6.

In Figs. 3.10, 3.11 the results of the present numerical simulation are compared
with other numerical results first presented in [106] and [22]. The latter simulations
are done in a channel at Reτ = 180. They are expected to compare well with the
present results only close the wall, because of the difference in geometry. This is of
course not ideal, but to our knowledge there is no publicly available boundary layer
data, that include data of the vorticity.

A comparison is made between mean velocity, rms-velocities and rms-vorticities.
The mean velocity compares quite well, although it seems that, in the outer region,
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the effects of the separation bubble are still present.
The near-wall peaks of u

′

compares quite well indicating that the code is solving
correctly the turbulent near-wall flow. This is confirmed by the results for the
turbulent intensities of the vorticity. The results show a satisfactory agreement
between the reference data and the present data.

The turbulent simulation and the tests presented above, confirm the correct
working of the code. The theoretical second-order of accuracy was obtained in
practice in space and time.

3.6 Conclusions

A numerical code was developed from scratch to perform boundary layer simulations
with arbitrary pressure gradients.

Fourth-order compact finite difference schemes were used on a staggered grid for
the convective and viscous terms. The divergence of the velocity and the gradient
of the pressure were discretized using a standard second-order scheme. Therefore,
the code is formally second-order in space. However, it was shown that for the
shortest wavenumbers that can be solved on a given grid the error is determined by
the treatment of the convective terms. Therefore, the resolution of the code is not
negatively influenced by the use of second-order schemes.

The Pressure-Poisson equation is solved using a direct method in combination
with Fourier-decomposition. This treatment reduces considerably the computational
cost when compared with multigrid iteration as is shown in Appendix B. A concise
way to impose arbitrary mass fluxes over the domain boundaries and to conserve
mass globally was presented. Pressure boundary conditions were imposed in a nat-
ural way and without difficulty, due to the interpretation of the fractional step
methods presented in [90] and [26].

Test were done to determine the correct implementation and the convergence of
the code. These tests showed that the implementation of the viscous and convective
terms is correct. The overall order of the code was shown to be second-order in space
and time. The former was related to the second-order treatment of the Poisson
equation and the latter to the fractional step method. The code was shown not
to conserve energy as expected. A laminar separation bubbles that transitions to
turbulence was simulated. The results obtained were satisfactory.

The code was run on IBM supercomputers, and on Intel machines, and should
be easy portable to other architectures.
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Figure 3.11: (a,b,c) The lines represent present results for the velocity fluctuations
compared with data at Reθ = 670 presented in [106] indicated by the symbols. (d,e,f)
The lines represent present results for the vorticity fluctuations compared with data taken
from [37] indicated by the symbols.
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CHAPTER

FOUR

The control of laminar separation bubbles

4.1 Introduction

The control of separation is important from an industrial viewpoint, and it is a chal-
lenging physical problem. A review of the present literature reveals that the control
of separation bubbles has been studied on a wide range of different geometries. A
distinction can be made between geometries that induce localized adverse pressure
gradients and geometries that induce global adverse pressure gradients, that act
along the whole length of a geometry. Examples of the former are the blunt face
of a circular cylinder [100, 67], a fence [46], or a backward facing step [14], while
examples of the latter are found on airfoils. In the case of airfoils a difference can be
identified between controlling separation bubbles, for example [133] or open separa-
tion, i.e. the separated zone is present until the trailing edge. On airfoils another
difference exists between the control of open separation close to stall conditions, and
the control of (deep) post-stall open separation [129].

A further important characterization can be made based on whether the flow is
turbulent or laminar upstream of separation. For example the flow along airfoils
in civil aviation is turbulent upon separating during take-off, while the flow around
turbine blades in low pressure turbines is laminar upon separating.

Results that were obtained in [46] indicate that for low amplitude (Vf) forcing,
compared to the free-stream velocity (U∞), the Kelvin-Helmholtz instability was
useful in reducing the length of the separation bubble. However, they also found
that with high amplitude forcing (Vf ∼ U∞) a large vortex formed, responsible for
the bubble reduction. The optimum frequency in [46] for Vf ∼ 0.1U∞ is fθ/U∞ =
0.02, which is close to the Kelvin-Helmholtz instability, based on a suitable chosen
momentum thickness θ.

Time periodic Lorenz forcing was used in [124] to control the flow around a airfoil.
It was found that for low angles of attack triggering boundary layer transition is
effectively enhancing the lift. For higher angles of attack a well defined maximum
for the lift at a well defined frequency that is related to the instability of the shear
layer was found. Interestingly, it was found that with a weak forcing the excitation
of the mixing layer dominates the flow. A stronger forcing was able to reattach the
flow completely, but the physical mechanism was not identified.

For low Reynolds numbers (Rec = 4×104−1.4×105) based on the chord length
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c the control of separation for a wide range of angles of attack was studied in [133].
At low angles of attack they found that the control effectiveness is related to the
instability of the separating shear layer, with fc/U∞ ≤ 5. Post-stall occurring at
high angles of attack was more effectively forced using high-amplitude forcing with
fc/U∞ = 4 − 25. The control always decreased drag, but at one angle of attack
lift was not increased. At this angle of attack and when unforced, large vortices
were formed, which effectively energized the boundary layer, but also increased the
drag. If forcing is applied these large vortices are absent and the boundary layer is
de-energized.

In [99] active and passive controls were applied to high Reynolds number flow
(Rec = 2.4 × 106 − 26 × 106) that was turbulent upon separating. They found that
suction upstream of separation is as effective as periodic excitation, while steady
blowing is not as effective. They related an upper limit of the effective frequencies
to a kind of Kelvin-Helmholtz instability, while a lower limit was related to the
natural shedding frequency of their configuration. The optimal frequencies were
found in the range fxsep/U∞ = 0.2 − 2.0.

The control of separation over a flat plate, with Rec = 4×104 was studied in [85].
They found that for low amplitude forcing the growth of disturbances was governed
by an inviscid instability. High amplitude and relatively low amplitude forcing were
found to force the formation of large vortices that were effective in controlling the
separation.

In the present chapter numerical techniques is used to get a better understanding
of how to control effectively laminar separation bubbles with the aid of zero-net-
mass-flux blowing and suction. In particular the effect of high amplitude forcing
is scrutinized. Attention is dedicated to low-amplitude forcing in trying to find
a correct scaling for the most effective frequencies. The effectiveness of periodic
suction is compared with periodic zero-net-mass-flux blowing and suction. This
comparison is made using a numerical technique and a geometry described in section
4.2. The results for a wide range of parameters is presented in section 4.3. Section
4.4.1 treats the scaling of the frequencies for high and low amplitude forcing. A
comparison with results for suction is given in section 4.4.3 and the conclusions are
given in section 4.5.

4.2 Numerical techniques and unperturbed flows

The present study was performed doing numerical simulations in two dimensions of
incompressible flow. This flow is described by the Navier-Stokes equations

∂tu + u · ∇u = −∇p + ν∇2u. (4.1)

∇ · u = 0, (4.2)

These equations are discretized using second-order central finite difference schemes
on a staggered grid. Time integration is done using a low-storage third-order Runge-
Kutta scheme [107] for the convective terms, while all the viscous terms are treated
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implicitly. A fractional-step method based on [87] is employed to assure the con-
servation of mass, and to obtain the pressure in an efficient manner. The code was
parallelized in the wall-normal, y, direction using the MPI libraries.

The geometry that is modeled in the present numerical simulations is the flow
over a flat plate (Fig. 4.1(a)). At the inlet, the streamwise component, u, of the
Blasius profile is imposed. The component perpendicular to the wall, v, is imposed
to be zero. No-slip boundary conditions are imposed at the bottom wall, while
impermeability is assumed for v along most of the bottom wall. The exception is a
small segment in which a periodic zero-mass-flux forcing is imposed, given by

v(x, y = 0, t) = Vf sin(ωt), (4.3)

where Vf is the forcing amplitude and ω is the forcing frequency. The forcing acts
over a length Lf , and the trailing edge of the forcing slot is separated from the
separation point by a length Lfb. The u velocity at the upper wall is modeled using
a vorticity-free condition ∂yu(x, y = Ly, t) = ∂xv(x, y = Ly, t). Adverse pressure
gradients (APGs) are obtained by imposing a suction profile

Vsuct(x, y = Ly, t) = as exp(−bs(x− cs)
2), (4.4)

similar to that used in [3]. The resulting pressure distribution is not typical of
airfoils or experiments. However, the primary interest is to obtain a large range of
separation bubbles and the parameters as, bs and cs allow for this. The treatment
of arbitrary mass fluxes over the boundaries has been discussed in chapter 3 and
will not be repeated here.

Most experiments are done by varying as, while keeping cs/Lx ≈ 0.19 and bsL
2
x ≈

−395 constant when scaled using the streamwise length of the plate Lx. Note that
when Vsuct = 0 the boundary layer is under the influence of a small favorable pressure
gradient. The influence of as on the length of the unforced separation bubble is
shown in Fig. 4.1(b). When as is increased the APG increases and the separation
bubble becomes longer, see Fig. 4.1(b), and higher (not shown). Moreover, the
results in Fig. 4.1(b) validate, to some extent the numerical code, as the values for
the non-dimensional pressure, m, for which the flow separates are in the range of
accepted values (−0.171 < m < −0.068).

The Reynolds number of most simulations, based on the inlet momentum thick-
ness θ0, is Reθ0

= 30, while at separation it is Reθs
≈ 110. The length of the

numerical domain, non-dimensionalized with θ0, is Lx × Ly = 1047 × 133, and is
discretized using Nx ×Ny = 256 × 128 points. The time step is determined using a
constant CFL = 0.6, sufficient to discretize even the shortest periods. At Reθ0

= 30
all the separation bubbles that are used in the forcing experiments were stable and
reattached due to viscous diffusion. Two-dimensional simulations at higher Reynolds
numbers are also done, to compare with the information obtained for Reθ0

= 30.
These simulations will be described in the text when appropriate.
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Figure 4.1: (a) The numerical domain used throughout the study. : initial sep-
aration bubble. : ωz contours given by [-0.12:0.03:-0.03] U∞/θ0. (b) The non-

dimensional pressure m = θ2
s

νU∞

dP (x,Ly)
dx gives the influence of the variation in the ampli-

tude as, in Eq. (4.4), on the length of the separated region, and the point of separation.
: attached flow, : separated flow. as/U∞ is ◦ : 0.275, 2 : 0.325, ▽ : 0.375,

3 : 0.425.

4.2.1 Problem description

Flow separation is complicated to study as it involves a wide range of parameters.
Separation control is even more complicated as it is determined by a broader range
of parameters than the steady case. Applying a dimensional analysis to the problem
as shown in Fig. 4.1(a) results in the following non-dimensional parameters

Lb

θ0
= f

(
U∞θ0
ν

,
Vsuct

U∞
,
Lv

θ0
,
Lf

θ0
,
Lfb

θ0
,
Vf

U∞
,
fθb

U∞

)
, (4.5)

that may have a possible influence on the bubble length. Experimental investigation
of the complete parameter space is a formidable task. Instead, the variables that
were chosen to be studied are the Strouhal number St = fθb/U∞ based on θb and the
free-stream velocity, Vf , Lfb and Lf . The forcing amplitude can be scaled in different
ways. For time dependent forcings a commonly used non-dimensional parameter is
the oscillatory momentum coefficient

Cµ =
< Vf >

2 Lf

U2
∞θ0

, < Vf >=

∫ 2π/ω

0

Vf sin(ωt)dt. (4.6)

Other ways to characterize the forcing are Vf/U∞ or the mass coefficient VfLf/U∞θ0.
All of these three parameters are used depending on what parameter is more con-
venient to describe the results.

The experiments are done by varying the frequency of the forcing, while keeping
the rest of the parameters constant. The effectiveness of certain parameters is
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determined by the average reduction in the bubble length. The bubble length is
determined by subtraction of the first point along the plate where ∂yu = 0 at the
wall, from the last point where ∂yu = 0. For high forcing levels (Vf/U∞ = 0.1), it was
sometimes observed that the application of the forcing resulted in longer separation
bubbles instead of shorter ones. In those cases it is found that an average separated
region is created above the forcing slot, upstream of the unforced separation point.

The averaging time, tav, over which statistics are gathered is obtained by taking
the maximum of the approximate wash-out time-scale two = Lx/U∞,0 and the forcing
frequency time-scale tf = 2π/ω. In general tav = 17tf is chosen because two > tf .
However, for the lowest frequencies two < tf and then tav = 9two is chosen. The
estimate of two neglects the deceleration due to the APG, and checks had to be
made to assure that the average had converged.

For low-amplitude experiments, the statistics are obtained after an initial start-
up of at least one wash out or three periods. However, for high-amplitude, high-
frequency forcing, a very long start-up was found necessary before the flow became
periodic. In those cases, statistics were obtained after an initial start-up of ten wash
outs.

4.3 The influence of Cµ, forcing frequency, Reynolds

number and APG on flow development
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Figure 4.2: (a) The bubble length as a function of the non-dimensional pressure pa-

rameter m = − θ2
s

U∞

∂2u
∂y2 [89]. (b) The maximum rms-energy max(u2 + v2) as a function of

the non-dimensional pressure parameter m. Three different Reynolds numbers are shown,
: Reθ0

= 30, : Reθ0
= 100; Nx × Ny = 512 × 128; Lx × Ly = (1047 × 84)θ0,

: Reθ0
= 300; Nx × Ny = 1024 × 256; Lx × Ly = (818 × 52)θ0.

In this section, a general overview on the influence of various parameters is
presented. After that, a survey of the influence of the forcing frequency and Cµ is

75



4.3. The influence of Cµ, forcing frequency, Reynolds number and APG on flow
development

given. It was already mentioned that most experiments are done at Reθ0
= 30 with

separated flows that reattach due to viscous diffusion. The influence the choice of
the Reynolds number and the APG have on the flow is shown in Figs. 4.2(a,b).

The longest bubbles are obtained with the lowest Reynolds numbers, while for
higher Reynolds numbers the maximum bubble lengths obtained are lower. After
the maximum length is reached, the length decreases upon increasing the APG. This
behavior occurs because at higher Reynolds numbers or higher APGs the bubbles
become unstable as is shown in Fig. 4.2(b). This figure shows that the perturbations
in the flow grow when the Reynolds number or the APG are large. For low Reynolds
numbers or low APGs the growth rates are lower or zero. Higher APGs cause a larger
growth rate of the perturbation as the flow separates further from the wall and
consequently resembles more closely a mixing layer. These perturbations are round-
off errors, disctretization errors, or small reflections from the outflow boundary. In
any case perturbations are always present in laboratory experiments as well. This
observation suggests that the instability found in the present numerical experiments
will occur in laboratory experiments as well, when the Reynolds number or the APG
are increased.

The difference between the present two-dimensional-numerical experiments and
laboratory or three-dimensional numerical experiments is that the former cannot
capture the complete transition to turbulence. However, the initial shear layer
instability and its effect shortening the separation bubble is well captured by the
two-dimensional simulations.

4.3.1 Influence of Cµ and forcing frequency on flow devel-
opment

The shortening of the separation bubble caused by instabilities that are triggered
upon increasing the APG or the Reynolds number is not always sufficient. Further-
more, the amplitude and the frequency of the perturbations is random and unknown,
and it is not sure if they are optimal in controlling the separation bubble. Therefore,
experiments were done in which the amplitude and frequency are controlled. The
present section describes these experiments and its results.

A survey of the influence of the forcing frequency and Vf/U∞ is shown in Figs.
4.3(a,b). For low values of Vf/U∞ one obtains a well and uniquely defined minimum.
This minimum is found for frequencies close to the most unstable Kelvin-Helmholtz
frequency, scaled with the free-stream velocity and the shear layer momentum thick-
ness (θb).

For the maximal Vf/U∞, different minima can be distinguished as shown in Fig.
4.3(b). The forcing with the highest Vf/U∞ and the longest forcing slot eradicates
the bubble for very low frequencies. This region will be described as the low fre-
quency regime. Forcing with the highest Vf/U∞ but with the two intermediate
values of Lf , is very effective over a long range of frequencies. In these cases the
minimal values are found for higher frequencies than the low frequency regime. If

76



4.3. The influence of Cµ, forcing frequency, Reynolds number and APG on flow
development

0 0.01 0.02 0.03 0.04
0

20

40

60

80

100

120

Lb

θb

fθb

U∞,0

(a)

0 0.01 0.02 0.03 0.04
0

20

40

60

80

100

120

140

Lb

θb

fθb

U∞,0

(b)

Figure 4.3: Bubble length as a function of the non-dimensional frequency. (a) 3 :
Vf/U∞ = 10−3, 2 : Vf/U∞ = 10−2. (b) All lines Vf/U∞ = 10−1, ▽ : Lf/θ0 ≈
123, + : Lf/θ0 = 63, ◦ : Lf/θ0 = 32.

the forcing amplitude is lowered to Vf/U∞ = 0.01, the minimum bubble length is
found for about the same frequencies as for the higher amplitude Vf/U∞ = 0.1.
However, for this lower amplitude the minimal bubble length is higher than in the
Vf/U∞ = 0.1 case.

In Fig. 4.4 it is shown that for the lowest Cµ a wide range of minimum lengths
is obtained. It is also shown, that for low Cµ the forcing efficiency is minimum
for the shortest bubble, while for longer bubbles, that are formed by longer almost
parallel shear layers, the forcing reduces the bubble length with around 50%. These
results for the lowest Cµ are consistent with the idea that a shear layer instability
is responsible for the reduction in bubble length, and that for short, curved shear
layers this instability is not effective. In other words this means that longer bubbles,
with longer shear layers, are more sensitive to shear-layer instabilities. As the Cµ

increases the same is not true, as the forcing is now more effective for short bubbles.

Figures 4.5(a,b) show flow sequences for one forcing period for two different
forcing amplitudes. These figures show that for the highest Vf/U∞ the forcing results
in a completely different flow than in the case of low amplitude forcing. In the case
of small Cµ (or in this case Vf/U∞) the original bubble is only slightly perturbed
leading to a convective instability downstream. As a result a vortex is formed, which
moves low speed fluid away from the wall and high-speed fluid towards it, which is
the reason that the bubble gets shorter.

For high Cµ the situation is completely different. No trace is left of the initial
separation bubble. Therefore the effectiveness of this forcing cannot be related to an
instability of the initial unperturbed separation bubble. The high forcing amplitude
lifts up the boundary layer, creating an instantaneous separated region. This region
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Figure 4.4: The minimal bubble length obtained by forcing scaled with the initial bubble
length, as function of Cµ. Large closed symbols: indicate the result the forcing has on the
shortest initial uncontrolled bubble. Large open symbols: indicate the result the forcing
has on the longest initial uncontrolled bubble. △ : Vf/U∞ = 10−3, 3 : Vf/U∞ = 10−2,
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Figure 4.5: Both figures show negative vorticity sequences over one forcing period.
For both figures: : V velocity at the wall, multiplied by a large factor to make
visualization possible, indicating the sign of the forcing. Vertical : Adverse pressure
gradient region (Vsuct > 0). : Initial separation bubble. Note that the entire
numerical domain is not shown here. (a) Low amplitude forcing (Vf/U∞ = 10−3) resulting
in a shear layer instability. (b) High amplitude forcing (Vf/U∞ = 10−1) creating large
vortices before separation.
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is not in equilibrium and part of it rolls-up into a vortex. This vortex convects
down the plate, while another, less intense vortex is generated which entrains the
remaining shear layer and the separation bubble induced by the forcing. In between
the negative vortices a small strip of positive vorticity exists (not shown), which is
formed by the interaction of the first vortex with the wall. During the convection
along the wall the two vortices separate slowly from each other.

The large differences between Fig. 4.5(a) and Fig. 4.5(b) indicate that two
different forcing regimes exist. In the first case, low amplitude forcing is effective
due to an instability. This is concluded from Fig. 4.3(a) where the minimum bubble
length is obtained for a well defined frequency, but also from Fig. 4.5(a). In the
second case, high amplitude forcing is effective due to the formation of large vortices.
These large vortices form before the APG region and are effective, because they mix
fluid along the whole APG region. In contrast an instability of the shear layer only
becomes effective after a certain initial growth of the perturbation.

Apart from the importance of the vortices just described, it is seen from the last
three frames of Fig. 4.5(b) that the suction phase of the forcing is important for
two reasons. First, it removes all the remaining instantaneous bubble that has not
been entrained by the second vortex. Secondly, due to the suction the boundary
layer thickness is greatly reduced, which delays separation.

In the case of very high Cµ similar results are obtained, but the vortex roll-up is
more violent, showing similarities with dynamic separation as shown on page 597 of
[25]. Furthermore, in these cases, after the first big vortex has formed the remaining
shear layer becomes unstable showing a typical Kelvin-Helmholtz instability. This
is discussed in more detail in the next section.

Comparison between Cµ ≈ 1.23 and Cµ ≈ 0.33

The differences between large Cµ’s are observed in Figs. 4.6(a-d). These figures show
the x − t diagrams of the negative U -velocity above the wall for various different
Cµ’s. The negative U -velocity indicates when the flow is separated, but it also gives
the path vortices follow, because the flow below a vortex is locally separated. Cases
are shown for two different Cµ and two different frequencies. At some point the
forcing is abruptly halted to be able to see the recovery to the unforced, stationary,
separated flow. As was already observed in Fig. 4.3(a) forcing with Cµ ≈ 0.33
gives the shortest bubbles for the higher frequencies, while the contrary happens for
Cµ ≈ 1.23.

The reduced effectiveness, as shown by the longer average bubble length, for
Cµ ≈ 1.23 and high frequencies can be explained by comparing figures 4.6(a) and
4.6(c). If Cµ ≈ 1.23, an instantaneous separation bubble is created during the
blowing phase of the forcing cycle. It endures quite some time and the average
bubble length is seen to coincide almost with it. Furthermore, the average separation
point does not coincide with the separation point of the unperturbed flow, giving
more evidence that the average separation bubble is due to the blowing phase of the
forcing.

80



4.3. The influence of Cµ, forcing frequency, Reynolds number and APG on flow
development

5.5 6 6.5 7 7.5 8 8.5 9 9.5 10
0

0.2

0.4

0.6

0.8

−0.3

−0.2

−0.1

5.5 6 6.5 7 7.5 8 8.5 9 9.5 10
0

0.2

0.4

0.6

0.8

−0.3

−0.2

−0.1

x
Lx

tU∞

Lx

(a)

(c)

26 28 30 32 34 36 38
0

0.2

0.4

0.6

0.8

−0.3

−0.2

−0.1

26 28 30 32 34 36 38
0

0.2

0.4

0.6

0.8

−0.3

−0.2

−0.1

x
Lx

tU∞

Lx

(d)

(b)

Figure 4.6: x-t diagrams showing u < 0 velocity at y/θ0 = 0.41 indicating the difference
between high and low frequency forcing, with an amplitude of Vf/U∞,0 = 0.1. In Fig.
4.6 (a), (b) the forcing slot, indicated by the rectangular areas, has a length Lf/θ0 ≈ 123
and in 4.6 (c), (d) Lf/θ0 ≈ 29. : Average separation and reattachment point. For
comparison it is shown what happens if the flow is not forced.

The effect of forcing with a high Cµ, as discussed earlier, is to lift up the bound-
ary layer during the blowing phase of the forcing. This creates an instantaneous
separation bubble that becomes unstable and rolls up (partially) to form a vortex.
In the case of the lower Cµ the roll up occurs approximately when the blowing
velocity reaches a maximum.

After the vortex has formed no fluid with negative velocity is left downstream
of it. In the case of the high Cµ a vortex is formed much later, almost when a
new blowing phase starts. A separation bubble formed by the forcing therefore
resides just downstream of the forcing slot almost all the time, forming the average
separation bubble as shown in Fig. 4.6(a). It is also important to note that in Fig.
4.6(c) the separation point of the forced separation bubble does not coincide with
the unforced separation point. This adds support to the conclusion that in the case
of forcing with the high Cµ no trace is left of the initial separation bubble, and
therefore an instability related to it cannot be used to explain the effectiveness of
this forcing.

Compared to Figs. 4.6(a,c), the Figs. 4.6(b,d) have a complicated structure.
In Fig. 4.6(d) the average separation bubble has a separation point that coincides
with the initial separation point of the unforced flow. During the suction phase of
the forcing the flow separates, while it is erased during the blowing phase. Note
the large negative velocity patches formed in between the separation point and the
forcing slot during the blowing phase.

Figure 4.6(b) does not preserve any average separation bubble. From this figure
it is not obvious how it is possible to eradicate the entire separation bubble. A
first impression would be that the blowing phase and the vortices generated are
responsible for the control. However, this is only part of the story. Later it will be
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shown that the most important influence comes from the suction phase of the forcing.
The suction reduces the boundary layer thickness and the risk of separation. The
average separation bubble in the case of low Cµ and low frequency is thus understood
to be caused by the reduced amount of suction and the forcing slot position. In the
case of low Cµ the forcing slot is located farther from the separation point, than
in the high Cµ case. This means that the boundary layer grows during the suction
phase before entering the APG region. This growth is not observed when the flow
is forced with a high Cµ.

Two hypothesis were formulated to explain the differences between forcing at
high Cµ and intermediate frequencies, and the highest Cµ at very low frequencies.
The explanation for the effectiveness of the forcing at high Cµ is that large vortices
are created, which enhance the mixing of low speed fluid close to the wall with high
speed fluid from the free-stream. Creating these large vortices upstream of the point
of separation is more effective than forming vortices downstream of this point by the
Kelvin-Helmholtz instabilities. This idea is not completely new and similar ideas
have been presented in [129, 8, 9]. Suction explains the effectiveness of the forcing
at the highest Cµ. Suction is known to reduce the boundary layer thickness in so
that separation does not take place. In the intermediate cases both the creation of
large vortices and the suction phase of the forcing are important.

4.4 Frequency selection criteria

The rest of this chapter is devoted to deduce relations that can be used to estimate
the most effective frequency for low (Cµ ≪ 1), high (Cµ ≈ 0.3) and very high
(Cµ ∼ 1) forcing amplitudes. First, a relation for low amplitude forcing is given,
secondly the high amplitude forcing is considered, and thirdly suction is shortly
discussed.

4.4.1 Kelvin-Helmholtz instability

The low-amplitude (Vf/U∞ = 10−3) forcing is expected to trigger the instability
of the shear layer formed by separation. Therefore, it is expected that the most
effective forcing frequency lies around Stθ = fθb/U∞ = 0.018 [76], which has been
obtained for parallel shear layers. However, it was shown that Stθ = 0.018 is also the
most unstable frequency for non-parallel shear layers obtained in separated flow [46].
Here, the momentum thickness θb has been measured at the position of maximum
negative velocity inside the bubble. It was proposed in [99] that triggering shear
layer instabilities could be useful in reducing the separation bubble, but they did
not scale their results with a suitable momentum thickness. Instead, the length of
the initial separation bubble, Lb, was used if the flow reattaches before the trailing
edge, while in the case the flow stalls, the length of the airfoil was used. This scaling
results in a most unstable frequency of around StF = fLb/U∞ ≈ 1.
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Figure 4.7: (a) Scaling of the optimal frequency with θb (b) and with Lb0. With cs/Lx ≈
0.19: � : Reθ0

= 30; H : Reθ0
= 100, with Lx/θ0 × Ly/θ0 ≈ 785 × 84 and Nx = 512,

Ny = 128; • : Reθ0
= 21, with Lx/θ0 × Ly/θ0 ≈ 2094 × 133 and Nx = 512, Ny = 128 � :

Reθ0
= 30, cs/Lx ≈ 0.38. In all cases Vf/U∞ = 0.001. Gray indicates short bubbles, black

long bubbles.

In Figs. 4.7(a,b) the most effective Strouhal number as a function of the min-
imum bubble length is shown. The two different scalings based on θb (Fig. 4.7a),
and Lb (Fig. 4.7b) have been used. One observes that when the frequencies are
scaled with θb an asymptotic value is obtained for the most effective frequency. The
deviation from 0.018 is presumably due to the presence of the wall and to the shear
layer not being parallel.

In the case the results are scaled with the initial length of the separation bubble
no effective frequency can be obtained. Furthermore, it seems that there is a linear
relation between the most effective frequency and the bubble reduction. Therefore,
the scaling based on Lb0 is not useful to predict the most effective forcing frequency.

The physical reasoning behind StF ≈ 1 was discussed in [30], still in terms of
the shear layer instability. Recently, however, the same group [20] related StF ≈
1 to stalled flows in which the important length scales are the wake width and
the wavelength of the periodic vortex roll-up. The separated flows for which it is
obtained that the Kelvin-Helmholtz instability is the most effective forcing frequency
are not stalled. The differences between stalled flows and closed separation bubbles
might explain the different scaling laws obtained. In the latter, the most effective
frequency would be Stθ ≈ 0.018, while StF ≈ 1 may be appropriate in the former.

4.4.2 Vortex creation due to high amplitude forcing

The high amplitude forcing lifts up the boundary layer. If the amplitude is high
enough the instantaneous separation bubble becomes unstable and rolls up into a
vortex. This only occurs if the Reynolds number Reθf

= U∞θf/ν ≫ 1, is sufficiently
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high. Otherwise, the perturbation caused by the forcing is damped. In normal cases
Reθf

=≫ 1 and the perturbations are not damped.
Roll up does not produce either if the boundary layer is not lifted up sufficiently.

In other words if the lift up of the boundary layer during a certain time is smaller
than a characteristic boundary layer thickness no vortex is formed.

This criterion can be written, assuming solid body translation, as Vf tlu ≫ θf ,
where tlu is the time over which lift up takes place. The time available to lift up the
boundary layer is the time the boundary resides above the forcing slot, tlu = Lf/U∞.
Then the following criterion

VfLf

U∞θf

≫ 1, (4.7)

needs to be satisfied by the forcing to produce a vortex. This criterion is satisfied
for the case in Fig. 4.5 (b) (VfLf/U∞θf ≫ 1), but not in the case shown in Fig. 4.5
(a) with VfLf/U∞θf ≪ 1.

For a case not shown with VfLf/U∞θf ∼ 1 a similar results is obtained as is
shown in Fig. 4.5 (a). Although, the vortices that are formed are larger they are
still caused by the instability of the shear layer. These instabilities are stronger,
as the forcing amplitude is higher than in the case of Fig. 4.5 (a), but the initial
separated shear layer stays intact in contrast to the case shown in Fig. 4.5 (b).

In [67] the separation bubble is absent for high amplitude forcing (Vf/U∞ = 0.2).
Figure 8 in that paper illustrates the formation of a large vortex with VfLf/U∞θf ≈
18, while no vortex was observed for a twice lower amplitude and a slightly different
frequency. In [100] (figure 6), the creation of large vortices for high amplitude was
also observed although VfLf/U∞θf could not be determined. This experimental
results together with the numerical results support the importance of Eq. 4.7 when
zero-oscillatory mass blowing at high amplitudes is used.

If criterion Eq. (4.7) is satisfied, vortices are formed by a spiral roll-up. The
roll-up is difficult to describe in detail, but the principal idea is that the vortex
size is determined by the mass that it entrains. The characteristic thickness of the
boundary layer above the forcing slot is approximated by θb. The area of the vortex
is given by πr2

ω = tsU∞θb, with tsU∞θb being the fluid the vortex entrains during
a time ts. A second length scale Ds, defined to first order as the shear layer lift-
up Vf/f , determines the shedding frequency, fsDs/U∞ ∼ 0.2, assuming that the
process is similar to the vortex shedding behind an obstacle. Substituting ts = 1/fs

in rω gives

rω

θb
∼
√

5
Vf

πfθb
. (4.8)

The estimated radius is used to approximate the circulation Γω using Γω =
∫
ωdAω.

A constant estimate for ω = −U∞/θb and Aω = πr2
ω are used. These approximations

result in an estimate for Γω

Γω

U∞θb

= −5Vf

fθb

. (4.9)
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Vortex detection

The agreement between the estimates and the results from the numerical experi-
ments is tested by detecting the vortices and measuring the estimated quantities.
The vortices are detected using the criterion deduced in [125]. That criterion states
that for S < Smin ≤ 0, vortices exists, where S = u2

x + vxuy, and Smin is a threshold
value. The inequality S < Smin ≤ 0 used to detect vortices, is valid as long as the
velocity gradient tensor is slowly varying with respect to the vorticity gradient, as
was shown in [6].

It has been deduced in [6] that in regions where this is true, the determinant of
the Jacobian of the pressure gradient is greater than or equal to zero

∂xxp∂yyp− (∂xyp)
2 ≥ 0. (4.10)

This is not always satisfied in the case studied here, and it complicates the detection
of vortices and the choice of Smin.

For example, Fig. (4.8) shows what occurs when Smin = 0 is chosen. Discrete
vortices are detected, that are elongated in the direction of the wall, as well as vor-
tices that have positive vorticity. Another problem are the round-off errors that
cause vorticity to be detected in the free-stream. The elongated vortices are found,
because relation Eq. (4.10) is not satisfied. The vortices that have positive vortic-
ity, although correctly detected, will only disturb the statistics as they are not of
importance in the control of the flow.

A first choice for the threshold was made based on trial and error, to be suffi-
ciently high to prevent detecting vortices in the free-stream. The elongated vortices
and the patches of positive vorticity are prevented from being detected, using an
additional threshold, that limits the vortices detected to only the vortex patches
within the limit ωzθ/U∞ < −0.03 (see Fig. 4.8(a)). Although, with this thresh-
old the vortices are correctly detected this trial and error method is not optimal,
especially because of the adhoc choice of the threshold on vorticity.

Another approach has therefore been used based on the rms value of S, namely
s′. Typical measured results obtained for s′ are shown in Fig. 4.8(b) as a function
of frequency. These results are obtained by taking the average of the maximum of
s′ between 410 < x/θ0 < 923 along the streamwise direction. The variation of s′

along x is not larger than a factor of four. It is interesting to remark that max(s′)
varies as a function of the pressure gradient, frequency, and also as a function of
Lf (not shown). However, these variations are small and it was decided to take the

threshold as Smin = max(s′).
The procedure to calculate the characteristics of the vortices is the one followed

in [53], and only a short description is given here. The vortices detected are assumed
to be elliptic and Gaussian, as described by

ωt(x, y) = ω0 exp
(
−x2/a2

ω − y2/b2ω
)
, aω ≥ bω. (4.11)

This assumption is acceptable, although the vortices are limited in their development
to infinity, because they are relatively close to the wall compared to their sizes. This
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Figure 4.8: (a) The illustration of the vortex detection algorithm. : The inner circle
is the contour for which Eq. (4.10) is zero and S < 0. The outer dashed line is the contour
for S < 0 only. : The contour for which S < −0.25 and ωzθ/U∞,0 < −0.03. Only
negative vorticity is shown, note the unrealistic elongation of the vortices in the direction
of the wall if only the threshold S < 0 is applied. (b) The max(s′) as a function of the
Strouhal number. : as/U∞,0 = 0.3, : as/U∞,0 = 0.375, : as/U∞,0 = 0.375.
For these three cases Lf/θ0 = 63.

limited development only influences the estimate of the radius (rω) however, while
Γω and ω0 can be measured correctly. The detected vortices are compared with Eq.
(4.11), and an error is defined as

ǫω =

√∑
Aω

(ω − ωt)2

∑
Aω

(ωt)2
, (4.12)

where Aω is the surface of the vortex. Only vortices with ǫω < 0.5 are retained. The
other restrictions on the vortices are related to their size (rω ≥ 4dx), their position
328 ≤ xg/θ0 ≥ 923, and their ellipticity (aω/bω > 1.1). The restriction on the x-
coordinate of the center of gravity xg assures that the measurements are sufficiently
downstream of the the forcing slot, and upstream of the exit of the numerical do-
main. Measuring sufficiently downstream of the forcing slot is important to prevent
detecting debris and the forming vortices.

The statistics have been gathered over 4 periods or 3 wash outs. In the latter,
34 fields have been used, while 64 have been used in the former. The results are
shown for the case with the highest adverse pressure gradient and longest forcing
slot only, but similar results are obtained in the other cases.

The results for the measured radius and circulation are shown in Figs. 4.9(a,b).
Considering the crude approximations involved, the agreement between the experi-
ment and the model is certainly satisfactory.
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Figure 4.9: Contour plots of the histograms of the measured radii and circulation: (a)
Histogram of rω. : Eq. (4.8). (b) Histogram of the measured Γω. : Eq. (4.9).
The contours are given by: [1 : 0.5 : 45].

In [101], the estimation for the radius was

rω

θb
∼
√(

1.75θbU∞ + VfLf

f(θb)2

)
= 1.3

√
(1 + 0.57K)

√
U∞

fθb
, (4.13)

with K = VfLf/U∞δ
∗
f , based on mass conservation. It was shown that Eq. (4.13)

only collapses with the data when multiplied with some small factor. The approx-
imation in Eq. (4.13) was obtained by assuming that the vortex entrains all mass
added during the blowing phase of the forcing. A more accurate estimation can be
obtained if one assumes that mass is only entrained during time ts. An estimation
for the radius based on mass conservation can then be deduced from

πr2
ω = ts (U∞θb + VfLf) , (4.14)

which after some algebra leads to

rω

θb
=

√
5
Vf

fθb

(
1 +

VfLf

U∞θb

)
. (4.15)

The second term on the right-hand side of this equation is normally not small, so
the coincidence with Eq. (4.8) is only partial. Using the estimation Eq. (4.8) much
better agreement is obtained with the measurements. Therefore, the assumption
made in [101] that all mass added by the forcing is entrained by the vortex is wrong.
The correct assumption is that the only mass added to the vortex is the mass in the
boundary layer.

The control parameters for vortex control

The correct estimation of the vortices, as a function of the forcing parameters is only
useful if it can be related to the effectiveness in controlling the separation bubble.
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Figure 4.10: (a) Relation between measured vortex radius and their effectiveness ex-
pressed in bubble reduction Lb/Lb0. Gray (high frequency) to black (low frequency) shad-
ing is used to distinguish between frequencies. ◦ : as/U∞ = 0.3, 2 : as/U∞ = 0.375,
△ : as/U∞ = 0.45. (b) The reduction in bubble length as a function of a measure of
the pressure gradient and the non-dimensional frequency. The bubble length Lb/Lb0 is
indicated by shaded contours with levels given by (0:0.1:1). • : fLfb/Vf = 2.5;

: fLfb/Vf = 20Lfb/25πθb. : 0.018
U∞Lfb

Vf θb
. From top to bottom: Lfb/θ0 ≈

62, 103, 144, 226.

Two assumptions have been made to obtain this relation. The first one is that the
vortex should form before it reaches the separation bubble to be effective. The time
that the forming vortex needs to arrive at the separation bubble is Lfb/Uc, where
Uc ≈ U∞/2 is the convective velocity of the vortex. This should be larger than the
time ts that the vortex needs to form, giving

Lfb

Uc

≥ 5Vf

fU∞

, or
fLfb

Vf

≥ 5
Uc

U∞

∼ 2.5. (4.16)

The second assumption is that the radius of the vortex, r/θb, is larger than some
number, that is fitted empirically to 2.5 from Fig. 4.10(a). Only then the vortex
can effectively mix fluid from the separation zone with the free stream. Using the
estimation for the radius, Eq. (4.8), the following frequency selection criteria

fθb

Vf
≤ 25π

20
after multiplying by

Lfb

θb
, gives

fLfb

Vf
≤ 20Lfb

25πθb
, (4.17)

is obtained Figure 4.10(b) tests the limits in Eqs. (4.16, 4.17), which are given
by the gray circles and the dashed lines. In general, the agreement is reasonable
considering the approximations made. The limits Eqs. (4.16, 4.17) effectively mark
the most efficient forcing frequencies. The reason that, in band four, the forcing
for high frequencies within the limits marked by (4.16) and (4.17) is less effective
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Figure 4.11: The reduction in bubble length as a function of as and non-dimensional
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U∞Lfb

Vf θb
.

From top to bottom: Lfb/θ0 ≈ 62, 62, 62, 144, 144. Band 2 and 5 are forced using Eq.
(4.3) while band 1, 3, 4 are forced using Eq. (4.19). The forcing slot lengths are as follows
bands 1, 2 have Lf/θ0 = 123, while bands 3, 4, 5 have Lf/θ0 = 32.

is related to viscous effects. At higher frequencies the radius of the vortices gets
smaller than the radius at low frequencies. The circulation contained in them is
also smaller and they decay due to viscosity before reaching the separation bubble.
Forcing at higher frequencies is therefore less efficient as can be observed in Fig.
4.10. The bubble reduction seen in band one, completely outside the limits of Eq.
(4.16) and Eq. (4.17), is related to the positive effect of suction. The influence of
suction is further discussed in section 4.4.3.

The assumption used to derive Eq. (4.17) has been tested in Fig. 4.10(a), and
indeed it is seen that 2.5 ≤ r/θb ≤ 3.5 for maximum efficiency. The data does not
collapse because θb increases with the pressure gradient. Furthermore, it is seen that
vortices exist with r/θb ≫ 3, that are not being effective. These large vortices need
a long time to develop and thus violate the lower limit in Eq. (4.16). This figure
also shows that, for higher pressure gradients, r/θb ≤ 3, providing explanation for
the decrease in efficiency observed in Fig. 4.10(b).

4.4.3 Influence of suction

The results in Fig. 4.10(b) suggest that the suction phase of the forcing can be
important, especially if Lfb is small. Suction is important as it reduces the boundary
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layer thickness, which is related to separation by [95]

λbl =
δ2

ν

dU

dx
, (4.18)

for laminar flow. If λbl > −12 then no separation occurs. The question is if rela-
tively low amplitude suction can achieve a sufficient reduction in the boundary layer
thickness to prevent or reduce separation. A test has been done using the following
forcing

Vf sin(ωt) = 0, if sin(ωt) ≥ 0,

Vf sin(ωt), if sin(ωt) ≤ 0. (4.19)

Essentially, suction is applied in a periodic sense. Figure 4.11 shows that this forcing
is an effective way of reattaching the flow. Between the suction phases the flow
separates slightly, but the average effect is negligible. Comparing band 1 and band
2 shows that it is more effective to force using Eq. (4.19) for nearly all frequencies and
pressure gradients. Only for the higher pressure gradients tested here, a beneficial
effect is found by applying Eq. (4.3) at very low frequencies. In those cases, the
pressure gradient is strong and the time between the suction phases is long enough
for the flow to separate on average. This average separation does not occur if the
blowing phase is also used, because by blowing large vortices are generated that
prevent the flow from separating.

The comparison of bands 3 and 4 in Fig. 4.11 shows that the length Lfb is
fundamental. The forcing slot should be close to the separation bubble to obtain
the optimal effect. If this is not the case, comparison of bands 4 and 5 shows, that
it is much more effective to force with Eq. (4.3). In summary if the forcing slot is
close to the separation point Eq. (4.19) is the most effective, if not, the generation
of vortices combined with suction using Eq. (4.3) is more successful.

4.5 Conclusions

Two-dimensional numerical experiments were done on a flat plate with various
APGs, that force the formation of separation bubbles. The Reynolds number was
varied and it was shown that an increase of the Reynolds number or the APG,
increased the receptivity to small random perturbations of the separated flow. To
distinguish between this effect and the effect of periodic forcing, the numerical ex-
periments were done using the lowest Reynolds number (Reθ0

= 30) with a range of
APGs that did not cause instability of the flow. If in those cases the flow reattached
after separating, it was due to viscosity. To reduce the size of the separation bubble
the boundary layer was perturbed at the wall with zero-oscillatory mass blowing.
The flow was forced by a wide range of frequencies, amplitudes and forcing slot
lengths. Three ways were obtained to effectively reduce the size of the laminar
separation bubble.
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Using weak intensities the effectiveness of the forcing has been shown to depend
on the instability of the shear layer. The most unstable frequency is obtained when
scaled with the appropriate momentum thickness. Scaling based on the initial length
of the separation bubble does not give a well-defined unstable frequency. Global,
two-dimensional instability calculations have been performed, giving a wealth of
information about instabilities that are related to the entire bubble. However, shear
layer instabilities have much higher growth rates compared to those instabilities,
and they are always the first ones to be triggered [116]. They are therefore the most
probable candidates for effective control.

A second possibility to reduce separation bubbles is the creation of large vortices
by strong forcing at a position upstream of the separation bubble. The large vortex
enhances mixing along the whole APG region. The instability invoked by the weak-
forcing experiments causes vortices to be formed downstream of the separation point,
and is therefore less effective. A rough model for the process of vortex formation
has given results in satisfactory agreement with the numerical experiments. They
relate the forcing parameters with the vortex size, and this in turn gives the most
effective frequency range. The range also includes the Kelvin-Helmholtz instability,
but this is fortuitous, as the model is not related to an instability mechanism of the
initial unperturbed separation bubble. Large vortices were also observed in [100]
and [67], but the explanation given here, of their formation is different from theirs.
Four forcing regimes are proposed in [100], and the one related to the creation of
large vortices is a shedding instability of the separation bubble, analogous with the
Kármán vortex shedding. Here a shedding type instability was also invoked, but it
was related to the instantaneous separation bubble created by the forcing.

A third control method is to use periodic suction to reduce the separation bubble.
Tests showed that suction is extremely effective if the forcing slot is close to the
separation bubble. If the forcing slot is moved upstream of the separation bubble,
the effectiveness decreases and the creation of large vortices by blowing and suction
is more effective. A disadvantage related to the second and third control methods
is that these methods require relatively high forcing amplitudes.
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CHAPTER

FIVE

The study of a boundary layer under the

influence of strong Adverse Pressure

Gradients and wakes

5.1 Introduction

Adverse pressure gradient (APG) turbulent boundary layers are of great industrial
interest. This type of flow is found in almost all industrially relevant vehicles like
airplanes, automobiles and ships. Energy converters like gas, wind or steam turbines
have also parts on which the flow is under the influence of APGs. The same goes
for compressors and pumps.

Another flow closely related to the APG turbulent boundary layers is the flow
that is studied in this chapter. Namely, a laminar flow that separates creating a
laminar separation bubble, which transitions to a turbulent flow and reattaches.
This flow is found in, for example, low pressure turbines.

A basic distinction has to be made. A lot of experiments have been done on flows
that are under the influence of an APG during a certain length, but after reattaching
they are under the influence of a favorable or zero pressure gradient. Flows over,
for example, backward facing steps, [70, 78], or bumps, [105], can normally be
categorized as such. The numerical experiment described in chapter 4 is another
example. After reattaching, these flows are radically different from the flows which
are under a continuous pressure gradient, as found in most industrial applications.
Therefore, the data from these experiments will not be discussed here.

The APG turbulent boundary layer has been studied extensively from an indus-
trial viewpoint. One of the important contributions to this study has probably been
the 1968 Stanford conference [16] on the computation of turbulent boundary layers.
The proceedings of this conference contain a large part of the, at that point known,
trusted data on turbulent boundary layers. These data were mainly made up of
mean profiles and integral quantities.

Since then, zero pressure gradient (ZPG) boundary layer flows have been studied
extensively in laboratory experiments, also from a purely physical viewpoint. How-
ever, turbulent boundary layers under the influence of a strong continuous APG,
seem to have been studied less. Some important contributions are [102, 28] and
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with a lower pressure gradient [73].

Since the late eighties, accurate numerical simulation of turbulent flows has be-
come feasible, which has increased considerably the knowledge of turbulent flows.
However, most numerical simulations done on wall bounded flows are channel or
pipe flows which are periodic in two directions. Some important general exceptions
are described in [106, 108, 103]. Although a lot of the results obtained in channel
flows may be applicable to ZPG turbulent boundary layers, the same is almost cer-
tainly not true when considering turbulent boundary layers in strong APGs. For
example, in strong APGs turbulent boundary layers, uτ → 0 and it might be that
∂x(·) ∼ ∂y(·). This invalidates much of the standard theory.

More fundamental research in APG flows is certainly necessary. Most seriously,
there is still no consensus on what the relevant velocity scale is to scale the mean
and rms-velocities. In contrast, there is a large agreement that uτ is the relevant
velocity scale in channel, pipe and ZPG boundary layer flow. Needless to say that
in APG boundary layer flows, there is no agreement on what a first order analytical
description of the mean velocity profile would look like. In chapter 1 the different
velocity scales that are used have been introduced.

The difficulty in the study of turbulent boundary layers is the wide range of
parameters that have to be considered. The upstream history, the adverse pressure
gradient, its functional form, and if the flow should be in equilibrium or not, are all
important parameters.

A whole other area in boundary layer research is the influence of large perturba-
tions. In particular, a lot of research is done on the influence that turbulent/laminar
wakes have when they impinge on the suction side of the turbine rotor blade. On
this subject a lot more laboratory and numerical experiments have been done, and
a good overview can be found in [36]. The most important numerical work can be
found in [128, 131].

This chapter has four goals. First, the numerical results are compared to the
experimental, APG boundary layer results in [134], to further validate the quality of
the code. Second, the results are compared with results from other experiments on
APG turbulent boundary layers. The goal here is to check the code and to compare
the different velocity scalings that are available. The third goal is to provide informa-
tion on the influence incoming wakes have on a laminar separation bubble. Finally,
the momentum balances for the average velocities, the Reynolds stress budgets and
the turbulent kinetic energy budget are given for one particular case.

This chapter has been subdivided in several sections. The first section 5.2 treats
the numerical translation of the experimental geometry to the numerical geometry.
The treatment of the wakes is also discussed here. This section deals with the
quality of the simulation, discussing the size of the numerical domain, the spatial
and temporal resolution and the time the simulation has run. The second section
5.3 gives the results and an extensive discussion. This chapter then finishes with
conclusions.
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Figure 5.1: The geometry that was used in the experiment described in [134]. The black
rectangular box approximately indicates the domain size of the numerical experiment.

5.2 Numerical method, geometry and boundary

conditions

The numerical method has been described in detail in chapter 3, and only a short
description is given here.

The incompressible Navier-Stokes equations written in primitive variable form
are discretized on a staggered grid. A fractional step method [90, 26] is used to solve
for the pressure and conserve mass efficiently. The time integration is explicit for all
terms, except for the viscous terms in the wall-normal direction, which are treated
implicitly using a third order Runge-Kutta scheme [106]. The convective and viscous
terms in the streamwise x, and wall-normal y direction, are discretized using fourth-
order, compact finite difference schemes as described in [79]. The spanwise direction,
z, is assumed periodic, and a pseudo-spectral method is used to approximate the
z-derivatives.

The Poisson equation has to be obtained as a product of a divergence and a
gradient operator to be consistent with the analytical procedure to obtain the Pois-
son equation. This requirement makes it expensive to use compact finite difference
schemes. Instead, standard, second-order discretization for the divergence of the
velocity and the gradient of pressure is used, in the x and y direction. The code is
therefore second order, but as shown in chapter 3 the global resolution obtained, is
not limited by this treatment of the pressure. Global mass conservation is assured
using the methods described in section 3.4 of chapter 3.

The experimental set-up that is simulated here is given in Fig. 5.1. The region
that is numerically simulated is also indicated. The numerically simulated region is
longer than the experimental one, to obtain information about the turbulent bound-
ary layer after reattachment. The boundary conditions that model the experimental
set-up in the numerical simulation will now be discussed.

No-slip boundary conditions are used at the bottom wall, for the streamwise, u,
and spanwise, w, velocities, while the wall perpendicular component, v, is obtained
using the impermeability condition. The laminar Hiemenz profile is imposed at the
inlet and determines the u and v component of velocity, while w = 0. These inlet
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Figure 5.2: (a) The inflow velocities: : UH , and : VH as a function of y (b)
The colormap gives the inflow perturbation velocity up as in Eq. (5.1) as a function of z
and y.

velocity profiles are shown in Fig. 5.2(a). The Hiemenz profile is chosen, because it
is profile that is most similar to the experimental laminar profile.

The Reynolds number at the inlet is Reθ0
≈ 114, which is practically the same for

the cases with incoming wakes. The velocity of the free-stream at the inlet is U∞,0 =
6.3ms−1, while θ0 ≈ 0.3mm and the kinematic viscosity is ν = 1.534 × 10−5m2s−1.

The pseudo-spectral discretization does not introduce any numerical perturba-
tion at higher wavenumbers. Then, if no perturbations are imposed the flow will
not become turbulent as no energy transfer from the zero wavenumber to the higher
wavenumbers will take place. Therefore, perturbations in the z-direction are im-
posed by adding a stationary perturbation on the u-velocity given as

upb(y, z) = Apbφ(y)(sin(αpbz) + sin(βpbz) + cos(βpbz) + sin(γpbz) + cos(γpbz)), (5.1)

where Apb/U∞,0 = 4.8·10−4 is the amplitude, while αpb, βpb and γpb are the wavenum-
bers. The function

φ(y) =
1

2
U0(y) tanh

(
1

4

(
y − 2

25
Ly

)
+

1

2

)
, (5.2)

is designed to assure that the rms of the imposed perturbation coincides with the
experimental root mean square u velocity (Fig. 5.2(b)).

The incoming wakes have been modeled by imposing the mean turbulent wake-
velocity-profiles. Fluctuations were not imposed, because detailed measurements of
the incoming wakes were not readily available. In [95], two mean turbulent wake
velocity-profiles are given that give almost identical agreement with experiments.
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Figure 5.3: The V -velocity profile at the upper boundary, which causes the APG, plotted
as a function of x.

Here the Gaussian profile given as

uwake(η) = U∞,0
1

4
√
π

√
U∞,0cddw

ǫ0

(
xw

cddw

)− 1

2

exp

(
−1

4
η2

)
,

ǫ0
U∞,0cddw

= 0.0222,

(5.3)
with

η = (y − Uwt)

√
U∞,0

ǫ0xw
, t = time (5.4)

has been used. Here dw/θ0 = 28.2, cd ≈ 1 is the drag coefficient for circular cylin-
ders at Red ≈ 3204 and xw is the distance to the plate. The wake moves past
the plate with a velocity Uw = 0.83U∞,0, which gives a wake passing frequency of
f = 0.83U∞,0/Ly ≈ 84Hz. The Strouhal number, based on the plate length, is
given by fLx/U∞,0 = 0.83Lx/Ly ≈ 5.9. These values are approximately ten times
higher than the experimental values, which allows to obtain statistics in a reasonable
computational time. Finally, the boundary conditions at the inlet become

u(x = 0, y, z) = UH + upb(y, z) + uwake cos(Uw/U∞,0), (5.5)

v(x = 0, y, z) = VH + uwake sin(Uw/U∞,0), (5.6)

w(x = 0, y, z) = 0, (5.7)

where UH and VH denote the components of the Hiemenz profile. If no wakes are
imposed, uwake = 0.

An almost constant v velocity at the upper boundary was imposed as given in
Fig. 5.3 to obtain the desired linear APG, which is the APG that makes the flow
separate at the same streamwise position as in the experiment. This APG can be
calculated by assuming that the free-stream velocity at infinity is given as

U∞(x) = aAPGx+ U∞(0), aAPG =
U∞(Lx) − U∞,0

Lx
≈ −8.0, (5.8)
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5.2. Numerical method, geometry and boundary conditions

where aAPG is an approximation based on experimental values in [134]. The vertical
velocity is estimated as

∂yv = −∂xu = −aAPG,→ V∞(x) =

∫ Ly

0

−aAPGdy = −aAPGLy. (5.9)

This estimation is a crude approximation. The imposition of this boundary condition
as a Dirichlet condition, combined with a low domain height, will result in a APG
that is different from what is desired.

The velocity V∞ is adjusted at the inlet to match with the inlet profile. Fur-
thermore, V∞ < 0 over the last three percent of the numerical domain. This creates
a FPG that accelerates the flow and aids in removing large vortices from the flow
domain. The imposed FPG empirically showed to increase the robustness of the
simulation. To increase robustness even more the viscosity was increased over the
last three percent of the numerical domain as well. The ratio between the higher
viscosity imposed in the exit and the lower viscosity in the largest part of the domain
is 10.

At the upper boundary the u and w velocity components are determined by
imposing ∂yu = 0 and ∂yw = 0. Over most of the domain these conditions are
equivalent to zero-vorticity boundary conditions as v is constant. These boundary
conditions are also used when the wakes are imposed. Although, less desirable these
boundary conditions only perturb the wake close to the upper boundary, while
leaving the rest undisturbed. In [131] the same boundary conditions were used,
although they also imposed wakes. Therefore, the zero-vorticity boundary conditions
are considered acceptable.

The characteristic (flow) quantities of the simulations are given in Table 5.1. The
numerical domain is discretized using Nx ×Ny ×Nz = 769 × 256 × 512 collocation
points giving a total of around 100 million grid collocation points. In this sense
this simulation is one of the largest simulations of a boundary layer that has been
done. These simulations were run on 80 processors on the Magerit supercomputer
introduced in chapter 1. In this case the time needed for one time-step was 30s.

A few notes have to be made about the data in Table 5.1. In the third case β
was difficult to determine. This is because τw has not converged completely, after
the separation bubble, causing it to vary along the plate. Its values are very close
to zero and sometimes become negative, which causes large jumps in the values for
β. Therefore, β was obtained after averaging over a distance along the plate. As
Ly/δ99 ∼ 1 the height of the numerical domain at the end of the domain is quite
marginal to assure a proper potential outer flow region, at least in the third case.
The principal problem is the large growth rate of the boundary layer thickness when
an APG is applied.

The distance xw given in Table 5.1 is insufficient to have a wake that is inde-
pendent of the geometrical shape that creates the wake [95]. To obtain on the plate
a wake that is independent of the geometry xw = 50d, at least. This is hardly
achieved in case five. However, this xw value was the one experimentally imposed
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5.2. Numerical method, geometry and boundary conditions

case (Lx×Ly×Lz)
δ99(Lx,s)

β = δ∗

τw

dP
dx
|(x=Lx,s) maxReθ = max

(
θU∞

ν

)
Vs

U∞,0
Wakes

1 3 15.2 × 2.2 × 4.8 9 1155 0.064 no
2 ◦ 13.3 × 1.9 × 4.2 14 1344 0.071 no
3 2 7.8 × 1.1 × 2.5 256 2336 0.095 no
4 △ 9.6 × 1.3 × 3 5 1616 0.095 yes
5 ✩ 10.8 × 1.5 × 3.4 29 1038 0.095 yes

Table 5.1: Summary of parameters used in the numerical simulations. The difference
between case four and five is just that xw/Lx = 0.23 in case four and xw/Lx = 1.06 in
case five. In case five xw is the same as in the experiment [134]. The numerical results
for the last ten percent of the plate are not trusted and Lx,s = 0.9Lx. The symbols in the
first column are used throughout this chapter, unless otherwise stated.

and therefore it is imposed here. Furthermore, the differences between the results
obtained in case four and case five is small, which indicates that xw is not really
important.

5.2.1 Design and resolution requirements of future numer-
ical experiments

Numerical experiments on APG turbulent boundary layers as discussed in this chap-
ter have not been done a lot. The special feature is the strong prolonged APG,
while other numerical experiments [3] and [78] imposed APG over short regions in
the streamwise direction.

In [108] and [103] a numerical experiment was done that had an APG region over
the whole streamwise length. However, in [108] their β is lower than in the present
case.

The experiment in [103] is interesting, but in the case of separating flow it suffers
from the same problem as discussed here, i.e. a marginal box width and height.

Numerical experiments have been done in which turbine configurations have been
simulated [128, 130]. This naturally determines the numerical domain size, which
may be undesirable depending on the reattachment point, if one wants to study the
development of an turbulent boundary layer under the influence of an APG.

APG flows are expensive to simulate, because a sufficiently high domain, has to
be combined with sufficient resolution in the y-direction. Contrary to ZPG flows,
points should not only be clustered close to the wall, but also relatively far from it.
The reason is that, in strong APG turbulent flows the largest turbulent fluctuations
are found away from the wall, opposite to what is found in ZPG flows. The turbu-
lence close to the wall should be resolved as well, which means that the gridsize ∆y
should be relatively small over a large height of the boundary layer to resolve all
scales properly.

The important physical scale used to determine the quality of the grid, is the
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Figure 5.4: The gridsize : ∆y, as a function of y

Kolmogorov length-scale given by

ηk =

(
ν3

ǫt

) 1

4

, (5.10)

where ǫt is the turbulent energy dissipation. In general the gridsizes should be
of the same order of magnitude as this length-scale at which the turbulent flow
becomes dissipative and the velocity smooth (∆x,∆z,∆y ∼ ηk). This requirement
for the gridsize is quite severe and in [77] it has been argued that it is possible to
take somewhat larger gridsizes. This would not permit the correct solution of the
smallest vortices, but it allows to obtain correct statistical results.

In [77] the boundary layer simulation in [106] was concluded to have a good
resolution. The gridsizes in [106] using a spectral method were ∆x = 14.3ηk,∆z =
4.8ηk, while close to the wall the resolution was smaller than the Kolmogorov scale.
The resolution properties of the finite difference schemes used to calculate the present
results, make it necessary to approximately use gridsizes twice as small as that one
used in [106]. This requirement is now verified.

The non-uniform grid used in the y direction is given in Fig. 5.4. It was designed
to vary slowly and to have ∆y+ = 0.8, based on an estimated uτ , next to the wall.
From Figs. 5.5(b,e,h) it can be observed that close to the wall the flow is very
well resolved, as ∆y < η along the plate. Further from the wall the resolution is
satisfactory as ∆y ∼ 2ηk. Overall, the resolution in the y direction is adequate to
resolve the turbulence up till the viscous scales.

From Figs. 5.5(a,d,g) it appears that the resolution in the x-direction is marginal
as ∆x ∼ 10ηk. It is more appropriate to use at least twice the amount of points
used presently. The resolution in the z-direction is not shown, but it is considered
correct as ∆z ≈ 5ηk.

Interestingly, the shortest Kolomgorov scales are found close to the reattachment
point away from the wall. Later it is argued that transition to turbulence takes place
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Figure 5.5: For all three figures: : contour of zero average u-velocity. (a,b,c) The
gridsize ∆x

η as a function of x and y, (d,e,f) The gridsize ∆y
ηk

as a function of x and y,

(g,h,i) The timestep ∆t
τk

, where ∆t ∼ ∆x/U∞,0 as a function of x and y. (a,d,g) case one
as in Table 5.1, (b,e,h) case two as in Table 5.1 (c,f,i) case three as in Table 5.1.

here, which is accompanied by large velocity gradients, giving rise to short spatial
and time scales compared with the rest of the domain. Also note the effect the
increased viscosity has close to the exit of the numerical domain.

The Kolmogorov time-scale is given as

τk =

(
ν

ǫk

) 1

2

, (5.11)

and a correct resolution would approximately be ∆t ∼ τk. The simulations have
been run at a constant CFL = 0.6. Figures 5.5(c,f,i) show the estimated time-step,
∆t ∼ ∆x/U∞,0, compared with the Kolmogorov time-scale. From these figures it
can be observed that the time-step is sufficiently small to resolve the Kolmogorov
scale.

The time-step is related to the amount of time needed to collect sufficient statis-
tics. In the first place it is important to decide what is the important characteristic
time-scale. It is logical to use the wake passing frequency in simulations done with
wakes. For the simulations done without wakes another choice has to be made.

In Fig. 5.6 the history of the average velocity just above the wall is shown for
the second, third and fifth case in Table 5.1. The only reason that time has been
scaled with the length of the domain and U∞,0 is to facilitate comparison between
the different cases.

These histories indicate that for the second case (the first case is similar) the
simulation has run for a short time based on Lx and U∞,0. Nevertheless, there
exists another much shorter time-scale which may be related to the instability of
the separation bubble. Moreover the time-scale of the largest eddies δ/U∞ at the
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Figure 5.6: Three x− t diagrams given for case two, three and five (from top to bottom).
Colors give the zero-mode (the average velocity) of the u-velocity just above the wall.

: indicates the beginning and end of the average separation bubble.

end of the numerical domain is between five and ten times shorter than the time-
scale based on Lx/U∞,0. These considerations imply that the flow has converged
statistically at least in case 3 and the cases with incoming wakes.

The overall conclusion is that the numerical experiment is well designed, and
results should be acceptable. However, some future improvements should include
the increase of the height of the numerical domain and the use of finer grids in the
streamwise direction.

5.3 Results and discussion

5.3.1 Instantaneous results

Although instantaneous results are of limited use without statistics, they can give
some ideas on principal physical events. In Figs. 5.7(a-d) a comparison has been
made between the flow without time-dependent perturbations and the flow with
perturbations (incoming wakes). They are cases three and five in Table 5.1. Case
four has not been shown as the difference between case four and five is relatively
small.

The differences between the two cases are quite large. Figure 5.7(d) shows that
the incoming wakes generate laminar like vortices that transition to turbulence.
These vortices look qualitatively similar to the vortices obtained in Chapter 4 for
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Figure 5.7: (a) An instantaneous x− z plane of the u-velocity at y/Lx = 0.0021 without
incoming wakes. (c) The same as (a) but with incoming wakes. (b) An instantaneous x−y
plane of the u-velocity without incoming wakes. (d) The same as (b) but with incoming
wakes. : Give the stations at which in section 5.3.5 the energy and momentum
budgets are given. I: Separation point, II: The position in between the separation
point and the maximum bubble height, III. IV : Is the position in between III and the
reattachment point V . V I: is the maximum downstream position for which data is trusted.

◦ : Indicates the boundary layer thickness δ99. : The average separation bubble
(the zero u-velocity contour).

high-amplitude forcing. They almost entirely remove the separation bubble.
After reattachment streaks develop, as shown in Fig. 5.7(c) which are not seen

in the unforced case Fig. 5.7(a). In this figure the large dark blue regions found
between x/Lx ≈ 0.5 and x/Lx ≈ 0.65, and between x/Lx ≈ 0.75 and x/Lx ≈ 0.95
are the traces, on the wall, of large spanwise vortices. These large vortices may form
due to an instability of the shear layer, formed in between the negative velocity in
the separation bubble and the positive free-stream velocity.

Apart from the large structures again observable in Fig. 5.7(b), it also shows the
large activity inside the separation bubble. The timescales related to this activity
are longer than the ones related to the free-stream, because the maximum velocity
inside the bubble is approximately 17%U∞,0, while the characteristic lengthscales
are similar to the boundary layer length-scales. The most striking feature shown in
Fig. 5.7(b) is the enormous increase in the boundary layer thickness. At the inlet
it can hardly be observed, while at the exit the boundary layer almost reaches the
top of the numerical domain.

5.3.2 First order moments

In this section results are presented for integral quantities and the average velocity.
The average free-stream velocity is shown in Fig. 5.8(a) and the shape factor

H =
δ∗

θ
, (5.12)
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is given in Fig. 5.8(b). Both figures indicate the large influence the separation
bubble has on these quantities.

Figure 5.8(a) shows the undesirable, but physically correct influence the sepa-
ration bubble has on the free-stream in the unforced cases. The separation bubble
causes an increase in the boundary layer thickness and to conserve mass the flow
accelerates. This occurs, because mass cannot be expelled from the upper boundary
as the v-velocity is given as a boundary condition. This undesired effect will also
occur experimentally if an impermeable upper wall is used and positioned close to
the boundary layer. A remark was already made that the present numerical domain
height is quite low compared to the boundary layer thickness. In the forced cases
the separation bubble is much smaller and thinner, which gives the expected linear
decay in the free-stream velocity.

The cases one and two have H < 2 after reattachment, i.e. quite far from
turbulent separation. On the other hand the shape factor for case three is always
higher than 2.4, which is close to values for which turbulent separation occurs. There
is no case in which the shape factor gets constant indicating that, the flow has not
reached equilibrium.

The wakes are shown to reduce the risk of separation of the turbulent flow after
reattachment for the domain under consideration, because H ≈ 2 which is a much
lower value than in the unforced case.

In Fig. 5.8(c) the development of Reθ, given as

Reθ(x) =
U∞(x)θ(x)

ν
, (5.13)

is shown. The growth of θ, as a result of the APG and the separation bubble, is
the reason that Reθ increases with a factor of ten between the inlet and the exit.
Note that in the unforced cases, the sharp increase in Reθ starts before the average
reattachment. Its largest growth occurs just after transition.

In Fig. 5.8(d) the non-dimensional pressure and the Clauser parameter G, de-
fined as

β =
δ∗

τw

dP

dx
, G =

H − 1

H(1
2
Cf)

1

2

, (5.14)

are compared with experimental data taken from [16, 102]. Reasonably agreement
is found, considering the fact that the numerical data is obtained with a different
upstream flow development than the experimental data.

One remark has to be made related to the upper branch of β against G values
for the two forced cases. This branch is related to the part of the flow just after
separation until the maximum of the shear stress (see also Fig. 5.9(a)). Also note
that the point with the unusual large values for the coordinates (β,G) ≈ (300, 200),
is obtained very close to reattachment were Cf and τw are almost zero.

The maximum turbulence level along the streamwise direction is defined as

T (x) = max
y




√
1
3

(
u′u′ + v′v′ + w′w′

)

U∞(x)


 . (5.15)
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Figure 5.8: (a) The mean velocity at the top of the numerical domain. (b) The shape
factor for the five different cases. (c) The Reynolds number Eq. (5.13). (d) The Clauser
parameter G as a function of β. : Relation proposed in [75]. � : Data taken from
[102]. The rest of the data was copied from [16], but the original authors are given now:
x,*:data originally from [72], +:data originally from [98], • :data originally from [84]. (e)
The turbulent intensity. For all figures and when the present data is plotted: :
separated flow i.e. Cf < 0, and : attached flow, Cf > 0.
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An idea of the instabilities that cause transition and the effectiveness of the imposed
inlet perturbations is obtained by looking at this quantity, shown in Fig. 5.8(e).

The inlet perturbations decay in x until the flow is close to separation. This
decay is not expected as the perturbations are chosen as the most unstable ones.
The most logical explanation is that the perturbations imposed cause transitional
growth in laminar Blasius boundary layers, but not in flows subject to strong APGs.

The turbulence level increases rapidly once the flow separates. In the unforced
case, it is possible to distinguish between two regions of different perturbation growth
rates. The conclusion is that when the shear layer is close to the wall growth rates
are lower than when the bubble separates further from the wall. A curious result is
that the height at which T reaches a maximum (not shown), increases monotonously
with x and was found to coincide fairly well with δ∗. The unforced flow does not
reattach at the point of maximum T .
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Figure 5.9: (a) Cf along the plate, again : separated flow, and, : attached
flow. (b) Average velocity contours, which indicate the interaction between the free-stream
and the separated region at reattachment for case three in Table 5.1. : Averaged
contours of V > 0, contour levels are (0.05:0.05:0.2), :Averaged contours of V < 0,
contour levels are (-0.05:0.05:-0.2). : Averaged contours of U < 0, contour levels are
(-0.8:0.2:-0.1). The velocities are scaled with U∞,0.

In Fig. 5.9(a) the non-dimensional shear stress

Cf(x) =
τw

1
2
ρU2

∞(x)
, (5.16)

at the wall along the plate is shown. The unforced results show a characteristic
minimum close to reattachment. This minimum seems typical of laminar separa-
tion bubbles that transition and were for example observed in [3]. Note that this
minimum is found at the position where the turbulence level reaches a maximum.
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In the case of turbulent separated flow that reattaches, a certain peak is sometimes
observed [103], although in [78] no peak is encountered.

Figure 5.9(b) illustrates that at the position of minimum Cf a recirculation zone
is present that increases mixing at this position. The V -velocity contours indicate
that high speed velocity is moved toward the wall downstream of the position of
minimum Cf . On the other hand low speed fluid is moved away from the separation
bubble upstream of the position of the Cf minimum. This increased mixing is re-
sponsible for reattachment, although it increases the negative reverse flow velocities
just upstream of the reattachment point as indicated by the U -velocity contours.
After the flow reattaches the shear stress at the wall is approximately constant for
the highest APG, but not for the lower APGs and the forced flows.

The small differences that are found between the two different forced cases, shows
the relatively small influence the length xw has. After the initial increase of the Cf

as the boundary layer recovers, the Cf gradually decreases. Now recall the upper
branch in the β −G curve that was found for the forced cases in Fig. 5.8(d). This
branch is related to the increase in the Cf between 0.3 ≤ x/Lx ≤ 0.5.

The results in Fig. 5.9(a) show that Cf(x = 0) < 0 at the inlet boundary. This
negative values are obtained because the incoming wakes are not able to satisfy the
boundary conditions applied at the flat plate in a smooth way. Although, not satis-
factory it is a very localized effect and it does not influence the further downstream
flow development. In general the shear stress with wakes is higher than in the un-
forced cases. This explains why the separation point moves slightly downstream
compared to the unforced cases.

Scaling of the mean velocity (U)

First the various scaling laws known, are used to scale the outer flow, where the
velocity is described by a velocity defect law. Figures 5.10(a-d) show the velocity
defect scaled with the velocity scales introduced in section 1.1.1, namely uτ , up, us

and uZS = U∞,xδ
∗/δ.

Scaling with uτ is not giving any collapse between the different data sets. The
same is true for scaling using up.

The velocity defect scaled using us shows a considerably better collapse, although
it is not satisfactory. Interestingly however, the individual cases collapse amongst
each other using this scaling. The best collapse for the outer flow is obtained using
uZS, which is in accordance with the results obtained in [12]. However, the collapse
is not as good as desired. This may be due to various reasons. In the first place
the present data has an upstream flow history that is completely different from the
other data. Secondly, there is a large variation in the APGs of the experiments.

To reduce the effect of the variation in APG, the experimental data with the
highest APG [102] is compared with case three of the simulated data that also has
the highest APG. The collapse between simulations and experiment is then much
better as is shown in Fig. 5.11. That no complete collapse is achieved is normal
considering the large differences in upstream flow development.
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Figure 5.10: The velocity defect scaled with different velocity scales as a function of the
wall distance. (a) U scaled with uτ . (b) U scaled with up. (c) U scaled with us. (d) U
scaled with uZS. : Present data. 2 : data from [102], ▽ : data from [73].
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Figure 5.11: The velocity defect scaled with uZS for case three in Table 5.1 compared
with data from [102] as a function of wall distance. The same legend as in Fig. 5.10 is
used.
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Figure 5.12: (a) U scaled with uτ , for cases one to three in Table 5.1. : U

for case one and two. : U for case three. : U
+

= y+ for y+ < 100 and
U

+
= 1

0.44 ln y+ + 5.1 for y+ > 100. (b) U scaled with up, for cases one to three in Table

5.1. : U
p

= yp. : U for case one and two. : U for case three. (c) U

scaled with uτ , for cases one and two in Table 5.1. : U
+

= y+ for y+ < 100 and
U

+
= 1

0.44 ln y+ + 5.1 for y+ > 100. (d) U scaled with up, for case three in Table 5.1.

: U
p

= yp for yp < 100, Eq. (5.17) for 2 < yp < 200 and Eq. (5.18) for yp > 80
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In Figs. 5.12(a-d), the mean velocity profile has been plotted as a function of yp

and y+ on a logarithmic scale. It can then be observed that when the present mean
velocity profile data obtained with the lowest APGs (case one and two) is scaled
with uτ , their behavior is as expected. The mean velocity profiles for these low APG
cases show a viscous sublayer described by u+ = y+, and a certain logarithmic layer.
They collapse reasonable well when non-dimensionalized with uτ .

However, the mean velocity profiles for the highest APG case do not have the
characteristic u+ = y+ for y+ < 5, and these profiles do not show a logarithmic
layer.

The same results scaled with up and plotted as a function of yp (Fig. 5.12(b))
indeed indicate the existence of two different regimes. One for relatively low APGs
and one for high APGs. The high APG mean velocity profiles collapse quite well,
scaled with up, while for the low APGs these profiles do not collapse using this
scaling.

These ideas have been accentuated in Figs. 5.12(c-d). In Fig. 5.12(c) the mean
velocity profiles for low APGs are shown scaled with uτ . Except for one profile which
is close to the reattachment point the rest of the profiles are typical boundary layer
profiles.

In Fig. 5.12(d) the high APG mean velocity profiles are shown scaled with up.
The profile has been described by three different analytical functions. The viscous
sublayer can be approximated by up ≈ yp. Other approximations like Eq. (1.40)
have been tried, with and without taking the limit uτ/up → 0. They give better
coincidence with the numerical results very close to the wall yp < 1, but they diverge
rapidly after this point. The overlap region can be described by

up = 2
√
yp, (5.17)

which means that the relation obtained in [103] should have κ = 1 and C = 0. No
logarithmic region is found, which is in accordance with other data and the analysis
in [91] and [96]. The wake region is approximately given by a wake function

up = 60 sin2
(πy

2δ

)
. (5.18)

The overall conclusions that can be drawn considering the statistics until now,
is that there is one case that can be considered to be under the influence of a high
APG. The other two cases show different, more ZPG behavior.

5.3.3 Second and higher order moments

In this section first the results for the high APG case (number 3 in Table 5.1) is
discussed, and after that the scaling results for one of the lower APG cases is given.

The velocity scale used in Figs. 5.13(a-d) is uτ . This velocity scale does not
collapse the present data, and it does not relate the experimental data with the
present data.
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The uZS velocity scale does a much better job in collapsing the present data as
is shown in Figs. 5.14(a-d). However, the experimental data shows more scatter
using this velocity scale. This scale does not make the experimental and present
numerical data coincide either.

The last series of Figs. 5.15(a-d) shows relatively good collapse between the
experimental and numerical data, using um as a velocity scale. Recall from section
1.1.1 that um and us are related velocity scales. Nevertheless scaling with us did not
give satisfactory results. For comparison the ZPG case from [106] with Reθ = 670 is
shown. The ZPG results indicate the large difference between ZPG boundary layers
and APG boundary layers.
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Figure 5.13: (a) u2. (b) v2 (c) w2 (d) uv. � : Data from [102]. All velocities are scaled
with uτ

The biggest difference between the present APG case after a separation bubble
and the ZPG case is found for the shear stress uv and the normal stress u2. In the
APG case, the streamwise stress u2 is found in the outer part (y/δ ' 0.2) of the
flow, and is larger than the near wall peak as opposed to the ZPG case. However,
the overall maximum of u2 is higher in the ZPG case. It should be stressed that
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Figure 5.14: (a) u2. (b) v2. (c) w2. (d) uv. � : Data from [102]. All data is scaled with
uZS
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Figure 5.15: (a) u2. (b) v2. (c) w2. (d) uv. � : Data from [102]. : Data from
[106]. All data is scaled with um
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this would not have been the case if everything would have been scaled with uτ .
Also note that the maximum of u2 is almost twice as big as the the other two
components. This is in accordance with the remark in [113] (page 75) that in most
shear flows max(u2) is twice as large as max(v2) and max(w2). This implies that u2

receives most of the turbulent kinetic energy that is produced, which is then being
transferred to the other two velocity components. This is discussed in more detail
in section 5.3.5.

In general and in flows with adverse pressure gradients the maximum values
for the Reynolds stresses are obtained for y/δ > 0.2. This is in accordance to the
experimental data for relatively high APG.

Surprisingly, however, the quantities w2 and v2 for the ZPG and the present
results agree reasonably well close to the wall i.e. for y/δ / 0.1. The agreement
in the wall-normal fluctuations is explained by the impermeability of the wall, that
forces v to zero. This enforcement is hypothesized to occur similarly with or without
adverse pressure gradients. The fact that all the v2 data have the same behavior
adds credibility to this hypothesis. Overall, when scaled using um, the different y
location of the maximum stresses is the most important difference between the ZPG
data and the APG data.

Also note that the maximum of u2 is almost twice as big as the the other two
components. This is in accordance with the remark in [113] (page 75) that in most
shear flows max(u2) is twice as large as max(v2) and max(w2). This implies that u2

receives most of the turbulent kinetic energy that is produced, which is then being
transferred to the other two velocity components. This is discussed in more detail
in section 5.3.5.

In general the coincidence with the experimental data described in [102] can be
considered satisfactory. Especially considering the completely different Reynolds
numbers and upstream flow history the results, and especially the data for u2, co-
incide fairly well.

Figures 5.13(a-d) show a large difference between the experimental data and the
numerical data, when uτ is used as a velocity scale. Figures 5.13(a-d) show the
same results as Figs. 5.13(a-d) but for case two in Table 5.1. In this lower APG
case the values for the Reynolds stresses are much closer to the values obtained in
experiment.

That case two is closer to experimental values also means that an important
difference exists between case three and case two. Only the pressure gradient varies
between the two cases and therefore it is concluded that the rms values scaled with
uτ depend a lot on the pressure gradient.

Note that the highest rms values for case two are only found close to the reat-
tachment point of the separation bubble. After this point the stresses relax to a
constant value downstream of the reattachment point.
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Figure 5.16: (a) u2. (b) v2 (c) w2 (d) uv. � : Data from [102]. All velocities are scaled
with uτ
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Figure 5.17: Second order correlation ratios (a) w2/(u2 + v2), (b) v2/u2, (c) v2/w2, (d)
w2/u2, (e) asf � : Data from [102]. : Data from [106].
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Turbulent correlation coefficients

The turbulent correlation coefficients are discussed in Figs. 5.17(a-e) for case three.
The present data for the correlation w2/(u2 + v2) deviates from the other data close
the wall. However, when y/δ ' 0.2 satisfactory agreement is obtained. For strong
APG flows this correlation increases close the wall, while just the opposite is true
for ZPG flows or flows with small APGs. From Figs. 5.15(b,c) it was concluded that
the behavior of w2 and v2 close to the wall is approximately similar for ZGP and
APG flows. This means that the difference is due to the different near-wall behavior
of u2. This is confirmed in Fig. 5.17(c) in which present data for v2/w2 is compared
with other data. The overlap between all ZPG and APG data is good everywhere
along the y direction. The same reasoning also could explain the different behavior
close to the wall of w2/u2.

The structure function

asf =
−u′v′

u2 + v2 + w2
(5.19)

is given in Fig. 5.17(e). In ZPG flows its value is normally taken as 0.15 [102].
However, in [113] (page 121) it was assumed to be 0.4/3 ≈ 0.13 for turbulent wakes.
The values obtained for APG flows are slightly lower than 0.15, and closer to the
wake value. The present data coincides well with other data for APG boundary
layers, although close the wall a small deviation is found.

In general other numerical and experimental data coincide well with the present
data, adding credibility to the present data.

Triple correlations

The Figs. 5.18(a-f) show the triple products u3, v3, vu2, uv2, uw2 and vw2 respec-
tively, scaled with U∞,0(x), for case three. In general the triple products are similar
to what is obtained in [102], with one negative minimum and one positive maximum.

In general it can be observed that the flow gets fully turbulent well before the
bubble reattaches, and this occurs when the bubble reaches approximately its max-
imum height. The distribution of the triple products is however quantitatively the
same before and after reattachment. However, there is a large difference between
their development below the maximum bubble height and the region above it. The
triple products close to the wall develop almost immediately after transition to tur-
bulence takes place. However, in the outer flow the triple products form at what
seems to be a point and then they spread . The turbulent spreading is mainly due
to v, being active in moving towards the outer flow structures containing u′ and w′.

The difference between low and high APG (not shown) is small, and is mainly
related to the extent in the y direction over which significant transport is found.
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Figure 5.18: (a) u3, (b) v3, (c) vu2, (d) uv2, (e) uw2, (f) vw2. For these figures: :
contour of U = 0 velocity, which indicates the separation bubble; : indicates positive
contours; : gives negative values. The intervals in the upper-left corners of the
figures give the values for the contour lines.
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5.3.4 Comparison with ITP laboratory data

In this section a comparison between the data provided by ITP and obtained by
[134] and the present numerical data is made. The numerical solution is denoted
MJ, while the laboratory data is denoted by HZ. Comparisons are made with the
mean velocity, integrated scales and the u-rms velocity.

The point among the first hundred points along the streamwise direction for
which

ǫITP =

√√√√
y=δ∑

y=0

(UHS(y) − UMJ(y))2, (5.20)

is smallest is used as the origin for comparison, with δ the height for which the ve-
locity profile reaches 0.9U∞. This was done, because there existed a small mismatch
between the MJ profile at x = 0 and the first available HZ profile. This mismatch
is due to small errors in the estimation of the inlet profile. The reference point then
results to be x/δ0 ≈ 11. All the results given in this section are comparisons with
the MJ data taken downstream of this reference point.

In Figs. 5.19(a,b) a quantitative comparison is made between the two data-sets.
The important difference deduced from Fig. 5.19(a) is the that the reattachment
point of the separation bubble in the numerical experiment is found much further
downstream than the reattachment point obtained in the laboratory. The flow will
only reattach if sufficient mixing between the outer flow and the separated flow is
present. This only happens if the flow transitions and becomes turbulent. In Fig.
5.19(b) it is shown that, the numerically obtained flow transitions quite far from
the separation point, compared with the results from HZ. This delayed transition
to turbulence explains why the flow reattaches at a position downstream of the
laboratory reattachment point.
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Figure 5.19: Comparison between the laboratory experiment and the numerical exper-
iment. Contours are distributed uniformly between the minimum and maximum value
of the variable, using 20 contours for the laboratory experiment and 10 for the numer-
ical experiment. Shaded contours: Laboratory experiment. Line contours: Numerical
experiment. (a) The average streamwise velocity, U . (b) The u-rms velocity.

This difference in the position of flow-transition is surprising as Fig. 5.21 indi-
cates that the u-rms fluctuations before separation are comparable in the two cases.
Furthermore, quantitatively the u-rms distributions have similar shapes, giving the
idea that the same instability mechanism is involved.
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The difference can be explained in various ways. If an instability exists, it is
most surely related to the shear layer formed between the recirculation zone and the
potential flow. This instability is very sensitive to free stream turbulence and small
perturbations in general. In the HZ case the free stream turbulence is 0.5%, while in
the MJ case it was zero. Related to this is the unavailability of the three dimensional
distribution of the perturbations in the experiment. Hence only the average u-rms
profile could be imposed, while transition may be provoked more successfully if the
correct spectral distribution is imposed. Another possible important point is that in
the HZ case the end of the plate is found at most at 3δ/Lx away from the maximum
u-rms value. This could result in a feedback mechanism responsible for the faster
transition.
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Figure 5.20: For both figures: : HZ-case, : MJ-case. (a) The comparison
between the integral parameters of the flow. � : δ, H : δ∗, • : θ. (b) The velocity in the
free stream. • : numerical U∞, � : U∞ from the HZ experiment.

Despite this disappointing global coincidence a bit better comparison is obtained
in Figs. 5.20(a,b) for the integral quantities and the free-stream velocity. The
comparison between the boundary layer thickness, defined as the position where
U(x, y) = 0.995U∞(x), with the experimentally obtained value is surprisingly good.

The displacement thickness compares reasonably well until the flow separates. In
the experiments the negative velocity cannot be distinguished from positive velocity,
which means that if the flow is separated, the measurements cannot be trusted. This
explains the large difference between the measurements and the experimental results.
The same applies for the momentum thickness, but note that at x/δ0 ≈ 70 the same
trend is followed by the experiment and the numerical data.

The average velocity in the free-stream compares reasonably well, in the sense
that approximately the same free-stream velocity is found. The large discrepancy is
due to the interaction of the separated flow with the upper boundary, because a too
low numerical domain was used. However, after reattachment it can be seen that
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the same slope is followed by both free-stream velocities. The discontinuity in the
experimental data from HZ indicates an inaccuracy in their data.
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Figure 5.21: (a) The development of the average velocity along the plate. : MJ-
case, : HZ-case ◦ : u-rms data for the MJ-case. The average velocities have
been scaled with their local free-stream values, while the u-rms velocities have been scaled
with their local maximum values. All the profiles are multiplied by five to be able to
distinguish them. (b) The development of the u-rms velocity along the plate. :
MJ-case, : HZ-case. The profiles are scaled with the local average velocity at the
free-stream. The first four profiles have been multiplied by 600 and the last five by twenty
to make them visible.

A quantitative comparison between the data from HZ and the present data can
be found in Figs. 5.21(a,b). In the laminar part of the flow before separation (the
first four profiles) coincidence between HZ and MJ is very good, as is shown in Fig.
5.21(a). In the same figure it is shown that the numerically imposed perturbation
profile is confined to the boundary layer, and is zero when the average velocity
reaches its free-stream value. The imposed perturbation profile, that is expected to
cause transition, is lifted up from the wall when the flow separates.

In Fig. 5.21(b) the comparison between the numerically and experimentally
obtained profiles indicate that initially the perturbation velocities coincide quite
well. Note however, that the free-stream perturbation obtained experimentally is
not obtained numerically. From this point on transition takes place much faster in
the HZ-case than in the numerical case as is shown by the fourth profile. The next
two profiles show rms-values which are considerably higher in the HZ-case than in
the MJ-case. After that transition takes place in the MJ-case as well and the rms-
values increase rapidly to be even higher than in the HZ-case. This figure shows that
it is not sufficient to impose the correct average rms-profile. It is also necessary to
have information on the spectral distribution of the perturbations before separation.
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5.3.5 Momentum and energy balances

The U momentum balance is given in Figs. 5.22(a-f) at six characteristic posi-
tions, that were indicated in Fig. 5.7(a). At separation the flow is laminar and
the Reynolds-stress terms are approximately zero. In between the maximum height
of the bubble and the separation point the flow is still laminar, and only at the
maximum bubble height the Reynolds-stress terms become important. At this po-
sition the convective term and the Reynolds-stress term dominate. When the flow
reattaches the Reynolds-stress terms dominate, because the flow has become fully
turbulent. This term is in equilibrium with the pressure gradient close to the wall
when y/δ < 0.4, while the convective term is not important. In the outer part of
the flow the Reynolds-stress term becomes negative. Here the convective term is
important and is in equilibrium with the Reynolds-stress term and the pressure gra-
dient. In all cases the viscous term only is important very close to the wall, where
it is in equilibrium with the pressure gradient. After reattachment in the turbulent
part of the flow ∂yuv > ∂xu2 for all y. However, the ratio ∂yuv/∂xu2 = O(1) for
y/δ > 0.02, and only close to the wall it increases until reaching a level of around 10.
This means that in the largest part of the flow ∂xu2 cannot be neglected compared
to ∂yuv.

The V momentum balance shows a similar development from laminar to turbu-
lent as the U momentum balance. However, in Fig. 5.23(c) it is shown that much
more activity is found inside the separation bubble than in the case of the U balance.
Also contrary to what was found for the U balance, an equilibrium is approximately
found between ∂yP and the Reynolds-stress terms. After, and at reattachment this
equilibrium is even more pronounced, and the viscous and convective terms can be
neglected. As ∂yv2 ≫ ∂xuv this implies that

∂yP ≈ −∂yv2. (5.21)

A similar result was obtained in [70] for the recovering flow after a backward-facing
step. It is also in accordance with dimensional analysis reviewed in [113], and
repeated in section 1.1.1.

The streamwise stress budget Eq. (1.19) is shown in Figs. 5.24(a-f). At separa-
tion the values for the stress budget are negligible compared with round-off errors.
In between the separation point and the position were the bubble reaches its maxi-
mum height, an increase is observed and qualitatively similar profiles are obtained
as for the maximum bubble height. Production and transport becomes important
when the bubble reaches its maximum height.

Downstream of this position, but before reattachment turbulent dissipation shows
a considerable increase. As turbulent dissipation is related to the smallest scales of
turbulence, its existence demonstrates that turbulent transition can be considered
complete at this point. Note that although the profiles become wider for downstream
positions, the maximum production and transport is reached at this point.

Indeed from this point on, the different profiles do not undergo important changes
anymore. The production and transport terms are the dominant terms, but to
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Figure 5.22: U momentum budget. The following legend is used in this figure and in Fig.
5.23. ◦ : Reynolds stress term, ▽ : Viscous term, 2 : Pressure gradient
term, 3 : Convective term. All contributions in this figure and in Fig. 5.23 are

scaled with U
2
∞,x/δ(x). The roman numbers correspond to the positions marked in Fig.

5.7(a). This is also true for all other budgets and balances that are given next.
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Figure 5.23: V momentum budget. For caption see Fig. 5.22.
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Figure 5.24: Streamwise Reynolds stress balance u2. The following legend is used for
this figure and Figs. 5.25, 5.26, 5.27. + : Turbulent transport term, ◦ : Viscous
diffusion, ▽ : Dissipation, 2 : Production term, 3 : Convection. All
contributions of this and all other Reynolds or kinetic energy balances are scaled with

U
3
∞,x/δ(x). Note that the pressure gradient term is not shown.
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have equilibrium the velocity-pressure gradient term should be large as well. The
convective term is hardly significant along the plate.

The production term is largest far from the wall, and can be related to the shear
layer that exists between the back-flow and the free-stream. Only close to the end
of the present numerical domain production close to the wall is increasing. The
produced energy is transported toward the wall and to the outer flow, away from
the position of the production peak, by the turbulent transport term. Contrary to
what is found in ZPG boundary layers and channel flows, the present data shows
that

u2∂xU ∼ uv∂yU. (5.22)

Due to the APG ∂xU < 0, and both terms are negative. The two components of the
transport term have similar magnitudes and downstream of the separation bubble
have a similar dependence on the y coordinate. Close to the wall the transport and
production term are more important than the dissipation term. As the energy that
has been moved toward the wall is not completely dissipated, the only possibility
to conserve energy is its redistribution over the remaining normal stress terms.
Therefore, the velocity-pressure gradient term has to be negative along the whole
height of the boundary layer with a peak around (y/δ / 0.5).

The budgets for v2 are shown in Fig. 5.25(a-f). Again the turbulent activity is
shown to be almost absent upstream of the position where the bubble reaches its
maximum height. When the bubble reaches its maximum height, the convection and
transport term become important, while the turbulent dissipation and production
terms are smaller.

Downstream of this position but before reattachment all terms expect the viscous
one become important. Note that the production is negative expect close to the wall.
In between 0.2 < y/δ < 0.4, the same position were the production term in the u2

balance is maximum, the transport term is negative. The transport term close the
wall and in the outer flow is positive. The idea is that energy is being moved towards
the wall and toward the outer part of the boundary layer away from the shear layer.
For 0.2 < y/δ < 0.4 equilibrium is absent and the velocity-pressure gradient term
will be positive here, injecting energy coming from the u2 term. In general, in
the outer flow and close to the wall the turbulent transport term is positive and
not balanced. Therefore, the velocity-pressure gradient term has to be negative in
these regions, as to extract energy and redistribute it over u2 and possibly w2. The
production term is formed primarily by v2∂yV as v2∂yV ≫ uv∂xV . In the transport
term ∂yv3 > ∂xuv2, but not sufficient to neglect one compared to the other.

The budgets for w2 are shown in Fig. 5.26(a-f). The only important terms are
dissipation and the pressure-gradient term, while transport and convection are note
important.

The turbulent kinetic energy budget is given in Fig. 5.27(a-f). In general profiles
are very similar to the ones found for the u2 budget, although the maximum values
for the transport and production terms are lower. Downstream of reattachment this
means that convection is not small anymore compared to the production term, at
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Figure 5.25: Wall-normal Reynolds stress balance v2. For caption see Fig. 5.24.
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Figure 5.26: Spanwise Reynolds stress balance w2. For caption see Fig. 5.24.
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Figure 5.27: Turbulent kinetic energy balance 0.5q2. For caption see Fig. 5.24.
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least for y/δ / 0.5. The general picture that arises is a flow that has a production
peak far from the wall, and a transport term that moves this energy closer to the
wall and to the outer flow. The pressure-gradient term is responsible for providing
energy to the v2 term and, especially, to the w2 term.

5.4 Conclusions

Five three-dimensional simulations have been performed on complex flows involving
transition, separated flow, incoming wakes and turbulent boundary layers under the
influence of APGs. Three unforced cases were run with different APGs, and two
forced cases (incoming wakes) were simulated with the highest APG. The simulations
were done on a flat plate imposing a laminar inflow profile at the inlet, while a suction
profile at the top boundary created a turbine like APG. In the forced cases the inflow
profile was modified by the model of the incoming wakes.

These simulations are one of the few simulations that have been done world-wide
on this type of flow. Therefore, some unexpected results were obtained. First the ad-
verse pressure gradient caused the boundary layer thickness to increase considerably
in the streamwise direction, which resulted in a marginal domain-height. Second the
resolution in the streamwise direction was somewhat coarse with ∆x = 10η.

Nevertheless the statistics obtained showed the expected behavior. Especially
interesting is the shear stress at the wall in the unforced cases, which shows a char-
acteristic, more often observed, minimum close but upstream of reattachment. This
peak was an indication of a large recirculating movement that was observed in the
average flow field. It was concluded that this recirculation energized the separated
region moving high-speed fluid towards it and low-speed fluid away from it. The
negative peak in the shear-stress coincides with the position where the turbulent
kinetic energy reaches its maximum. The values obtained for the Clauser param-
eter G compared with the non-dimensional pressure β are close to experimentally
obtained values. The laminar flow separates when H ≈ 3.5 which corresponds to
the approximate semi-analytic value for laminar separation. The Reynolds number
based on θ(x) and U∞(x) reaches values of around 2000, in the case the largest APG
is imposed.

The incoming wakes reduced the separation bubble to a fraction of its original
size. The instantaneous results showed that small vortices are triggered by the
incoming wakes, causing the reattachment. The reduction of the separation bubble
also meant that the free-stream velocity reached its desired linear profile. The
unforced cases all showed a large plateau at the position of the separation bubble.
After reattachment the flow was far from turbulent separation as was shown by the
shape factor. The corresponding unforced case was close to separation.

The mean velocity profiles were scaled with the friction velocity uτ = (ν(∂yU)y=0)
1/2

and up = 3

√
νdP 0/dx. The three unforced cases were studied, which showed that

two cases could be scaled with uτ , while the case with the highest APG collapsed

131



5.4. Conclusions

using up. The mean profile data in the latter case collapsed with data from [102]
when scaled with the Zagarola and Smits scaling uZS plotted as a function of y/δ.
Data for lower APGs did not collapse as well.

Considering the results obtained for the mean profile, only the turbulent stresses
obtained at the highest APG were compared with the data in [102]. Apart from the
velocity scales already mentioned, an additional velocity scale was used based on

[91] denoted as um =
√
−u′v′max. It was shown that this was the only velocity scale

that collapsed the data in [102] with the present numerical data. The scaling results
using uZS only collapsed the individual cases amongst themselves. The turbulent
correlation coefficients were compared with the data in [102], and in general the
coincidence is satisfactory.

The data was also compared with the data from the experiment described in
[134]. There is no agreement on the transition point in the numerical and experi-
mental results. This was related to the absence of perturbations in the free-stream
in the numerical case, and the lack of information on the spectral energy distribution
in the flow.
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CHAPTER

SIX

Conclusions and future work

The introduction stated the three most important goals to be achieved during the
thesis. The first goal was to obtain a more complete comprehension of the turbulent
near-wall region in wall bounded flows. Secondly a high-order/resolution code was
conceived. The third objective was the study of open-loop active control of separated
flow.

The high-order/resolution code is described in chapter 3. In this chapter the
numerical schemes to do the simulations were introduced. It was shown in Appendix
B that multi-grid methods are slower than a direct method combined with Fourier
decomposition to solve the Pressure-Poisson equation. Therefore multi-grid was
discarded and a direct method was used. The disadvantage of this choice is that
only second-order schemes can be treated, which make the code overall second-
order. This was of less importance as the overall resolution capacity of the code was
demonstrated not to deteriorate by using second-order schemes for the Pressure-
Poisson equation. Various possibilities were proposed that allow arbitrary mass-
fluxes and conserve mass. In the case of boundary flows and velocity boundary
conditions, they consist in adjusting the streamwise outflow velocity. Furthermore,
it was shown that pressure boundary conditions, which circumvent the problem of
global mass conservation, can be used as well. Results that were obtained using a
wide range of test-cases demonstrated the expected behavior of the code.

The study of open-loop control was presented in chapter 4. The study was per-
formed using two-dimensional simulations on a flat plate on which a wide range of
different pressure gradients were imposed. This give rise to the creation of a large
range of separation bubbles. The flow was forced using oscillatory zero-mass-flux
blowing at the wall upstream but close to the separation point. The numerical
method was a standard standard fractional step method using second-order dis-
cretization in space and time.

The parameters whose influence was studied were amplitude, frequency, forcing
slot length, and the distance between the forcing slot and the separation point. It
was shown, that for low amplitudes the forcing frequency should be chosen close the
Kelvin-Helmholtz instability frequency, based on the shear layer formed between
the negative velocity inside the separation bubble and the free-stream. If high
amplitudes were used two types of effective forcing are obtained. First the creation
of vortices upstream of the separation bubble is effective in reattaching the flow.
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The effective frequency range is limited on two sides. On one side the frequency is
related to the convective velocity of the vortex forming and the length between the
separation point and the forcing slot. On the other side the effective frequency is
scaled with the amplitude of the forcing and a characteristic thickness of the shear
layer.

Apart from this it was shown that periodic suction without the blowing phase
and using high amplitudes, is very effective in controlling separation.

The code developed and described in chapter 3 was used in chapter 5 to do
a three-dimensional simulation of a boundary layer flow typical for low-pressure
turbines. The boundary condition at the inlet was a laminar profile. The resulting
laminar flow on the flat plate separated by imposing a turbine-like adverse pressure
gradient. After separation the flow transitioned and became turbulent, causing the
reattachment of the flow. Five different cases were presented: three with different
APG’s, and two cases with incoming wakes. One unforced case and the cases with
incoming wakes had an APG imposed in experiment.

The first interesting result obtained was the influence of the wakes, which al-
most eradicated the separation bubble. They also reduced the shape factor of the
boundary layer after reattachment. It was concluded that wakes can be used to
control separation on turbine blades. The results obtained for the unforced cases
demonstrated some typical results, like the large negative shear-stress-peak close to
reattachment. This peak was an indication of a large recirculating movement that
was observed in the average flowfield. It was concluded that this recirculation en-
ergized the separated region moving high-speed fluid towards it and low-speed fluid
away from it.

It was tried to scale the numerical data for the mean profile and the turbulent
stresses using four different velocity scales. The classical friction velocity uτ scaled
relatively well the mean profile in two cases that had lower APG’s. However the
mean profile obtained imposing the highest APG did not scale well using uτ . Scaling
all velocity profiles using up did scale the profile for the highest APG but not for the
lower ones. This meant that two fundamentally different flows existed. One type of
flow still close to classical ZPG boundary layer flows, and another boundary layer
flow close to separation. The mean profiles in the latter case compared quite well
with data from [102] when scaled with the Zagarola and Smith’s scaling uZS.

The scaling of the turbulent stresses in the latter case was tried with various
different velocity scales. Only using uZS and um a collapse of the data was obtained.
However uZS only scaled the results for every individual experiment, while um scaled
the results satisfactorily and collapsed the data with the data from [102].

The momentum balances, Reynolds stress balances and energy balance were
calculated. The most interesting feature from the V momentum balance is the
confirmation that ∂yP ≈ ∂yv′v′. The pressure gradient, Reynolds stress term and
the convective term are all important in the U momentum balance. In general the
conclusion drawn from the energy and Reynolds stress budgets is the importance of
the transport, production, turbulent dissipation and pressure terms.
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The comparison with data presented in [134] was not satisfactory. There is no
agreement on the transition point in the numerical and experimental results. This
was related to the absence of perturbations in the free-stream in the numerical case,
and the lack of information on the spectral energy distribution in the flow.

The conclusions presented until now are obviously not the last word on the
subjects treated in this thesis. Quite a number of recommendations for future work
can actually be given. One of the most important recommendations concerns the
solution of the Pressure-Poisson equation. An effort is needed to code a faster multi-
grid solver for second and higher order schemes. This may be worthwhile as it allows
non-uniform grids in two directions, which allows more complicated geometries or
the saving of points and computational cost. Another numerical issue that needs
more work, is on the choice of boundary conditions in boundary layer simulations.
Imposing pressure boundary conditions instead of velocity boundary conditions as
was done in chapter 3 is a first step.

More work is also necessary on the three-dimensional simulations presented in
chapter 5. Some conclusions were drawn on the velocity scaling, but more accurate
numerical as well as experimental data is necessary. The domain should be higher
and wider, and a better resolution is necessary in the streamwise direction. Experi-
ments should measure the spectra throughout the flow, as to provide the numerical
simulation with an inflow that provokes transition. The wake passing frequency was
approximately 84Hz, which is around ten times higher than in real turbine config-
urations. It is necessary to do simulations with a wake passing frequency of around
8Hz, to be able to evaluate the influence it has on separation control.
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APPENDIX

A

Additional numerical issues

A.1 Stability in time and space

The stability of the spatial scheme for compact finite difference schemes was ad-
dressed in [71] for collocated grids. The same schemes on staggered grids were
introduced in [79], but no stability analysis of the combination of the interpolation
and the derivative schemes was presented. It is done here using a first order model
equation, given by

ut + Cux = 0, 0 ≤ x ≤ π, u(0, t) = 0. (A.1)

After interpolation and derivation the following semi-discretized equation is obtained

ut = −CA−1
FDBFDA

−1
I BIu, (A.2)

where A−1
FDBFD is the approximation of the derivative, while A−1

I BI contains the
coefficients for the interpolation. If all eigenvalues of −A−1

FDBFDA
−1
I BI are negative,

the numerical solution of the equation is stable. This has been tested in Fig. A.1(a).
It can be seen that all the schemes used have negative eigenvalues and it is therefore
practical to use them.

The requirements for stable time integration have already been discussed. For
completeness the coefficients α and β are here obtained, using Eq. (A.1) and the
model equation given as

ut − νuxx = 0. (A.3)

The analysis proceeds by substituting

un
j = (λ)n exp(ikj∆x), (A.4)

in the discretized Eqs. (A.1, A.3), assuming periodic boundary conditions. The
discretization in time is assumed explicit and is done using the third order Runge-
Kutta scheme with the coefficients as in Eq. (3.18), while compact finite difference
schemes to discretize the spatial derivatives are used.

The substitution yields

λl = λn + ζ1∆tqλ
n, (A.5)

λl+1 = λl + q∆t
(
γ2λ

n + ζ2λ
l
)
, (A.6)

λn+1 = λl+1 + q∆t
(
γ3λ

l + ζ3λ
l+1
)
, (A.7)

137



A.1. Stability in time and space

−0.06 −0.05 −0.04 −0.03 −0.02 −0.01 0

−1.5

−1

−0.5

0

0.5

1

1.5
Im

ag
in

ar
y

p
ar

t

Real part

(a)

−2.5 −2 −1.5 −1 −0.5 0

−2

−1

0

1

2

R(q∆t)

Im
(q

∆
t)

(b)

Figure A.1: (a) The spectrum for the wave equation Eq. (A.1). (b) Stability region for
the third order Runge-Kutta scheme. Contours are given at 0 : 0.125 : 1.

which gives

λ = 1+q∆t

(
3∑

i=1

ζi +
3∑

i=2

γi

)
+(q∆t)2 (ζ1(ζ3 + ζ2 + γ3) + ζ3(γ2 + ζ2))+(q∆t)3

(
Π3

i=1ζi
)
,

Here q is given by either

qd =
νmax(ωmod,d)

(∆x)2
or qa =

cmax(ωmod,a)

∆x
, (A.8)

for Eq. (A.3) and Eq. (A.1) respectively, with ωmod,d and ωmod,a the modified
wavenumbers of the discretized spatial derivatives. The stability region given by
|λ| ≤ 1 for the third order Runge-Kutta scheme is given in Fig. A.1(b) as a
function of q∆t. The pure imaginary and pure real stable regions are given by
σi = (−i

√
3, i

√
3) and σr = (0, 2.5), respectively. The time-step limits for stable

simulations then become

ν∆t

(∆x)2
≤ 2.5

max(ωmod,d)
thus

{
β = 0.25 Fourier

β = 0.42 Finite difference scheme,
(A.9)

and

c∆t

∆x
≤

√
3

max(ωmod,a)
thus

{
α = 0.55 Fourier

α = 1.1 Finite difference scheme.
(A.10)

Note that ωmod,a becomes

ωmod,a = ωsd(ω)I(ω) =
96 sin(ω)

cos(2ω) + 28 cos(ω) + 67
, (A.11)

for the fourth order compact finite difference interpolation (I) and derivation (ωsd).
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A.2 Numerical schemes 1

In this section the numerical schemes for non-uniform staggered grids are given for
the interior of the numerical domain. The boundary schemes were obtained analyt-
ically, but as it was impractical to code them due to the length of the analytical
expressions, they were calculated numerically. The matrices from which these co-
efficients are solved are given in A.2.1. The expressions are given with indices as
used in the code, see also figure A.2. It was decided to obtain the discretization
schemes on non-uniform grids instead of using a transform method for two reasons.
First the transformation requires more operations and is therefore slower. Secondly,
because it is necessary to do the viscous terms and the Poisson equation in physical
space anyway, as the transformed equations are considerably more complex. All
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Figure A.2: A sketch of the grid lay-out in x and y. (̄) denotes interpolation. The vertical
dashed lines indicate the position of the boundaries. In general dyij = 0.5(dyj−1 + dyj)
and dxii = 0.5(dxi−1 + dxi).

superscripts in what follows coincide with Table 3.1. The following coefficients can

1This section is intended as a very detailed introduction into the numerical schemes used in the
code.
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be used to interpolate u in x,

α2
l =

mn2

(2o+ hi)(−hi + 2o)(m+ hii)
, (A.12)

β2
l = − on2

(n− 2m)(hi + 2m)(m+ hii)
, (A.13)

a2
l = − 2mo

2on + n2 − 4mo− 2mhi

, (A.14)

b2l =
2mo

2on− n2 + 4mo− 2mhi

. (A.15)

(A.16)

The same analytical expressions apply to interpolate v in the y-direction. The sub-
script l corresponds to i in the case u is interpolated and to j when v is interpolated.
This is the case throughout this section. To interpolate v the grid is n = dyj−1,
o = dyij and m = dyij−1, while for u, n = dxi, o = dxii and m = dxii+1. The next
coefficients can be used to interpolate u and w in the y-direction using hi = dyj,

α1
l =

h2
j

(hj + hj−1)(hj + 2hj−1)
, (A.17)

β1
l =

h2
j−1

h2
j−1 + 2h2

j + 3hjhj−1
, (A.18)

a1
l =

4h2
j−1

2h2
j−1 + h2

j + 3hjhj−1

, (A.19)

b1l =
4h2

j

(hj + hj−1)(2hj + hj−1)
. (A.20)

The same analytical expressions apply to interpolate v in the x-direction using hi =
dxi.

The schemes to approximate the convective terms (ūv̄)y, (v̄w̄)y, (ūw̄)x, (ūv̄)x.

α2
l =

hii−1h
2
i−1

−h2
i−1hii − h2

i−1hii−1 + 12hi2i−1hii + 12hii−1hi2i
, (A.21)

β2
l =

hiih
2
i−1

−h2
i−1hii − h2

i−1hii−1 + 12hi2i−1hii + 12hii−1hi
2
i

, (A.22)

a2
l = − 12hiihii−1

(12hiihii−1 − h2
i−1)hi−1

, (A.23)

b2l =
12hiihii−1

(12hiihii−1 − h2
i−1)hi−1

. (A.24)

The x-derivatives use hi−1 = dxi−1 and hii = dxii−1, while the y-derivatives use
hi−1 = dyj−1 and hii = dyij−1
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The schemes to approximate the convective terms (ūū)x, (v̄v̄)y are given by

α1
i = − hi(−2hihi−1 − h2

i−1 + 2h2
i )

2h3
i−1 + 2h3

i + 9h2
i−1hi + 9hi−1h2

i

, (A.25)

β1
i =

(h2
i + 2hihi−1 − 2h2

i−1)hi−1

2h3
i−1 + 2h3

i + 9h2
i−1hi + 9hi−1h

2
i

, (A.26)

a1
i = − 24hihi−1

2h3
i−1 + 2h3

i + 9h2
i−1hi + 9hi−1h2

i

, (A.27)

b1i =
24hihi−1

2h3
i−1 + 2h3

i + 9h2
i−1hi + 9hi−1h

2
i

. (A.28)

In the case of (ūū)x, hi = dxi, while for (v̄v̄)y, hi = dyj. All the viscous terms are
approximated using the same analytical expressions with different grids, given by

α1,2
l =

hi−1(h
2
i + hihi−1 − h2

i−1)

h3
i−1 + h3

i + 4h2
ihi−1 + 4hih2

i−1

, (A.29)

β1,2
l = − (h2

i − hihi−1 − h2
i−1)hi

h3
i−1 + h3

i + 4h2
ihi−1 + 4hih

2
i−1

, (A.30)

a1,2
l =

12hi−1

h3
i−1 + h3

i + 4h2
ihi−1 + 4hih2

i−1

, (A.31)

b1,2
l = − 12

h2
i + 3hihi−1 + h2

i−1

, (A.32)

c1,2
l =

12hi

h3
i−1 + h3

i + 4h2
ihi−1 + 4hih

2
i−1

. (A.33)

The second derivatives in the y-direction of the u and w velocity component are
calculated using hi = dyij and hi−1 = dyij−1. The second derivative in the y-
direction of the v component of velocity is calculated using hi = dyj and hi−1 =
dyj−1. The second derivatives in the x-direction of the v and w velocity component
are calculated using hi = dxii and hi−1 = dxii−1. The second derivative in the
x-direction of the u component of velocity is calculated using hi = dxi and hi−1 =
dxi−1.

A.2.1 Boundary schemes

The boundary schemes are solved from matrices obtained after applying Taylor series
expansion. The schemes are chosen to be explicit for the interpolation and the first
derivative, while the second derivative is done implicitly. They are designed to be
third order accurate.

The u-velocity at the exit is interpolated using

un+1/2 = afn + bfn−1 + cfn−2, (A.34)
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resulting in




1 1 1
−1

2
dxn −

(
1
2
dxn + dxn−1

)
−
(

1
2
dxn + dxn−1 + dxn−2

)
1
8
dx2

n
1
2

(
1
2
dxn + dxn−1

)2 (
1
2
dxn + dxn−1 + dxn−2

)2






a
b
c


 =




1
0
0


 ,

(A.35)
after Taylor series expansion. The solution of this system gives the interpolation
coefficients.

ūI
1 = au1 + bu2 + cu3 + du4




1 1 1 1
−1

2
dx1

1
2
dx1

1
2
dx1 + dx2

1
2
dx1 + dx2 + dx3

1
8
dx2

1
1
8
dx2

1
1
2

(
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dx1 + dx2

)2 1
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dx1 + dx2 + dx3

)2
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dx3
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48
dx3
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1
6

(
1
2
dx1 + dx2

)3 1
6

(
1
2
dx1 + dx2 + dx3

)3







a
b
c
d


 =




1
0
0
0




ūI
nx = aunx+ bunx−1 + cunx−2


1 1 1

−1
2
dxn −

(
1
2
dxn + dxn−1

)
−
(

1
2
dxn + dxn−1 + dxn−2

)
1
8
dx2
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1
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(
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2
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)2 (
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2
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)2






a
b
c


 =




1
0
0




Table A.1: These boundary schemes are used to interpolate u in x. The subscripts again
correspond to Fig. A.2. The superscript stands for interpolation. The definition for the
subscripts is the same for all tables containing boundary schemes unless otherwise stated

f̄ I
1 = af1 + bu2 + cu3 + du4




1 1 1 1
−1

2
dx0

1
2
dx1

1
2
dx1 + dxi2

1
2
dx1 + dxi2 + dxi3

1
8
dx2

0
1
8
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1
1
2

(
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(
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2
dx1 + dxi2 + dxi3

)2

− 1
48
dx3
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1
48
dx3
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1
6

(
1
2
dx1 + dxi2

)3 1
6

(
1
2
dx1 + dxi2 + dxi3

)3







a
b
c
d


 =




1
0
0
0




f I
nx = afnx + bfnx−1 + cfnx−2


1 1 1

−1
2
dxnx−1 −

(
1
2
dxnx−1 + dxinx−1

)
−
(

1
2
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8
dx2
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2
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2
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a
b
c


 =




1
0
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Table A.2: These boundary schemes are used to interpolate f = v and f = w in x.
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v̄I
1 = av1 + bv2 + cv3
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8
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v̄I
ny = avny + bvny−1 + cvny−2 + dvny−3
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Table A.3: The above boundary schemes are used to interpolate v in y.

f̄ I
1 = af1 + bf2 + cf3 + df4
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f̄ I
ny = afny+1 + bfny + cfny−1 + dfny−2
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Table A.4: The above boundary schemes are used to interpolate u and w in y.

uFD
1 = aū2

1 + bū2
2 + cū2

3 + dū2
4
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dx1
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)2
1
48
dx3

1
1
6

(
1
2
dx1 + dxi2

)3 1
6

(
1
2
dx1 + dxi2 + dxi3
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1
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uFD
n = aū2
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 =




0
1
0
0




Table A.5: The schemes to calculate the first derivative at the boundaries in the x
direction. Here the subscript n = nx and the superscript FD stands for derivative. For
example uFD

1 denotes the approximation for ∂xu2, which is calculated at the position of
u1.
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fFD
1 = af̄1 + bf̄2 + cf̄3 + df̄4
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fFD
nx = af̄nx + bf̄nx−1 + cf̄nx−2 + df̄nx−3
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Table A.6: The schemes to calculate the first derivatives of f̄ = ūv̄ and of f̄ = ūw̄ at
the boundaries in the x direction. The variable f̄FD is either the approximation to the
derivatives (ūv̄)x or (ūw̄)x.

vFD
1 = av̄2
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3 + dv̄2
4
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Table A.7: The schemes to calculate the first derivative at the boundaries at the bound-
aries in the y direction. Here the letter h = dy and the subscript n = nx. The vector
(a, b, c, d) and the left-hand side have been suppressed due to space limitations. The
left-hand side is in all suppressed cases given as (0, 1, 0, 0)
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fFD
1 = af̄1 + bf̄2 + cf̄3 + df̄4
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Table A.8: The schemes to calculate the first derivatives of f̄ = ūv̄ and of f̄ = v̄w̄ at
the boundaries in the y direction. Again the letter h = dy and the subscript n = nx. The
variable f̄FD denotes either the approximation to the derivatives (ūv̄)y or (v̄w̄)y. The
vector (a, b, c, d) and the left-hand side have been suppressed due to space limitations.

fSD
1 + αfSD

2 = af1 + bf2 + cf3 + df4
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Table A.9: The boundary schemes for the second derivative. These schemes are analyt-
ically equal for the x and y direction and all three velocity components. The grid dh is
determined equally as in the Eqs. (A.29-A.33).
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APPENDIX

B

Multi-grid solution method

B.1 Introduction

The problem to be solved is the Poisson equation in two or three-dimensions

∇2xa = f , (B.1)

on a domain and with boundary conditions that are specified later. The system
obtained after discretization of this second-order partial differential equation can be
written as

Axn = f . (B.2)

The accuracy with which the numerical solution xn approximates the analytical
solution xa is measured as the error

ǫ = xa − xn. (B.3)

The L∞ and L2 norms of these vectors are

|ǫ|∞ = max
1≤i≤N

|ǫi|, |ǫ|2 =

√√√√
N∑

i=1

ǫ2i , (B.4)

and are commonly used to measure the size of this error. Note that if the domain
in three-dimensions is discretized using Nx, Ny and Nz gridpoints, the total amount
in the norms is N = Nx ×Ny ×Nz. A more useful measure is the residual r defined
as

r = f − Axn, (B.5)

that can be used to obtain an important relation between ǫ and r

Aǫ = r. (B.6)

The matrix A is obtained as the multiplication of the divergence and gradient oper-
ator A = DG. In two-dimensions and with second order approximations for D and
G, (discussed at the end of section 3.3.1) this leads to

pi+1,j + pi−1,j

h2
x

+
pi,j+1 + pi,j−1

h2
y

− pi,j

(
2

h2
x

+
2

h2
y

)
= fi,j, (B.7)
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in the interior of the domain. For the moment uniform grids are assumed and hx and
hy are the gridsizes in the x and y direction respectively. The finite difference scheme
relates pi,j with its neighboring gridpoints. This set of grid points is called a stencil
[126] and is schematically indicated in Fig. B.1. It is clear that for every gridpoint

Figure B.1: Examples of different stencils. From left to right: a standard second-order
stencil, a more complicated second order stencil, a fourth-order stencil.

there is one stencil. This means that for non-uniform grids Nx × Ny independent
stencils can be formed.

There exist a large amount of different iteration (also relaxation) procedures.
Here only point Gauss-Seidel and line-Gauss are discussed, as they need less memory
than Jacobi relaxation methods and converge faster [29]. In general the numerical
implementation of the point Gauss-Seidel iteration can be written, for stencils like
the second one shown in Fig. B.1, as

pn+1
i,j =

1

aii

(
−

sw∑

k=1

ai,j−kp
n+1
i,j−k −

sw∑

k=1

ai,j+kp
n
i,j+k −

sw∑

k=1

ai−k,jp
n+1
i−k,j −

sw∑

k=1

ai+k,jp
n
i+k,j(B.8)

−
sw∑

k=1

sw∑

l=1

ai−k,j−lp
n+1
i−k,j−l −

sw∑

k=1

sw∑

l=1

ai+k,j+lp
n
i+k,j+l + fi,j

)
,

for i = 1 : nx and j = 1 : ny where sw is the stencil width. For simple stencils
like the first one in Fig. B.1 the last two terms are zero. In the case of line Gauss
iteration matrices are directly inverted, as is seen in the following implementation

pn+∗
i,j = (B.9)(

−
sw∑

k=1

ai−k,jp
n+1
i−k,j −

sw∑

k=1

ai+k,jp
n
i+k,j −

sw∑

k=1

sw∑

l=1

ai−k,j−lp
n+1
i−k,j−l −

sw∑

k=1

sw∑

l=1

+ai+k,j+lp
n
i+k,j+l + fi,j

)
,

pn+1
i,1:ny = B−1pn+∗

i,1:ny (B.10)

where B−1 is a matrix containing the coefficients aii, ai,j−k and ai,j+k. This matrix is
diagonal with a certain bandwidth that depends on the stencil width. In general the
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above system is therefore relatively easy to solve. The analysis of the Gauss-Seidel
iteration scheme is done by writing matrix A as

A = M −N, (B.11)

the system Ap = f becomes
(M −N)p = f. (B.12)

The matrix description of the Gauss-Seidel relaxation then becomes

Mpk+1 = Npk + f → pk+1 = M−1Npk +M−1f . (B.13)

A related error bound is given as

‖em‖ ≤ ‖M−1N‖m‖e0‖, (B.14)

which leads to the conclusion that ‖M−1N‖ < 1 for the method to converge. The
same condition can be expressed using the spectral radius

ρ(M−1N) = max
i

|λi(M
−1N)|, (B.15)

where λi(M
−1N) are eigenvalues of the matrix M−1N . Then the iteration method

converges if
ρ(M−1N) < 1. (B.16)

Both methods are however too inefficient to be useful when solving for example Eq.
(B.7).

B.1.1 Multi-grid ingredients

It has been shown that relaxation methods relax rapidly oscillatory errors, but
smooth errors are almost left untouched. These smooth errors represented on a
coarse grid would be more oscillatory. For example sin x with x ∈ [0, 2π] will look
much smoother on a grid with nine equidistant points than on a grid with four
equidistant points. Multi-grid makes it possible to always relax on oscillatory errors,
thus taking maximum advantage out of standard smoothing methods. This is done
with the help of Eqs. (B.5, B.6, B.3). First Ahuh = fh is iterated with some initial
guess vh. After a few iterations the efficiency of the smoother deteriorates and it is
time to move to a coarser grid. This is done by restricting the residual defined in
Eq. (B.5) to a coarser grid. Then Eq. (B.6) is iterated, with an initial guess e2h = 0
to obtain the error e2h on the coarse grid. This will then be used to improve the
solution vh = vh +P h

2he
2h using relation (B.3) and interpolation operator P h

2h. Then
using vh as an improved initial guess Ahuh = fh is iterated again. This can be done
until certain accuracy is achieved. In this example only one coarser grid is used,
but in general, grid coarsening can go on until the coarsest possible level is reached
consisting of nine points (in two dimensions). In the code this is implemented using
a V-cycle multi-grid of which a graphical interpretation is given in Fig. B.2. The
V-cycle multi-grid procedure is given now, assuming that there are C coarser levels.

149



B.1. Introduction

h

2h

4h

8h

16h

Figure B.2: A graphical representation of a V-cycle

• Relax on Ahuh = fh, with initial guess vh.

• Calculate the residual rh = fh − Ahvh and restrict it to the coarse grid r2h =
R2h

h r
h.

• Relax on A2he2h = r2h with initial guess e2h = 0.

• Calculate the residual r2h = r2h − A2he2h and restrict it to the coarse grid
r4h = R4h

2hr
2h.

• Relax on A4he4h = r4h with initial guess e4h = 0.

• Proceed until the coarsest grid.

• For the coarsest grid solve ACheCh = rCh. At this point no more coarsening is
possible, so the grid will be made finer.

• Correction of coarser levels

• Correct e4h = e4h + P 4h
8h e

8h.

• Relax on A4he4h = r4h, with initial guess e4h.

• Correct e2h = e2h + P 2h
4h e

4h.

• Relax on A2he2h = r2h, with initial guess e2h.

• Correct vh = vh + P h
2he

2h.

• Relax on Ahuh = fh, with initial guess vh.

All relaxation should be done until all oscillatory error is smoothed out, and only the
smooth error remains. This is important as the interpolation step works best if the
function to be interpolated is smooth. The restriction and interpolation operator as
well as the matrix A on coarse grids are treated in more detail in the next sections.

150



B.2. (Non)-uniform restriction and interpolation

Full coarsening can be applied if Nx = Ny = Nz, and implies that all the grids
in all directions are made coarser simultaneously. Coarsening strategies exist if
Nx 6= Ny 6= Nz. In those cases it happens that the coarsest grid is reached in one
or two directions, while in the other direction(s) there are still a lot of gridpoints.
To effectively smooth the error in those directions the grid is kept constant in the
one or two directions that already have a minimum amount of gridpoints, while the
grid in the remaining directions is made coarser. In boundary layer simulations it
almost always happens that Nx > Ny. Therefore semi-coarsening was coded in the
multi-grid code that was developed.

B.2 (Non)-uniform restriction and interpolation

Second order restriction and interpolation operators have been chosen to move be-
tween coarse and fine grids. This is sufficient as it was shown that

oR + oI ≥ 2oD, (B.17)

where oR, oI , are the orders of the restriction, interpolation respectively, and oD the
order of the partial differential equation.

The restriction operator R is defined as the transpose of the interpolation oper-
ator P times a scaling factor s

R = sP T , s =
1

4
(B.18)

In the case second order interpolation is used this leads to the full weighting re-
striction. To get a feel for the interpolation and restriction operators, the following
examples on uniform grids in two-dimensions are given. The interpolation is imple-
mented as

vh
2i−1,2j−1 = v2h

i,j (B.19)

vh
2i−1,2j =

1

2

(
v2h

i,j + v2h
i,j+1

)
(B.20)

vh
2i,2j−1 =

1

2

(
v2h

i,j + v2h
i+1,j

)
(B.21)

vh
2i,2j =

1

4

(
v2h

i,j + v2h
i+1,j + v2h

i,j+1 + v2h
i+1,j+1

)
. (B.22)

In the case of Neumann boundary conditions, it is very important to take into
account the boundary points, as they are solved together with the interior domain.
The general full weighting is then found to be

v2h
i−1,j−1 =

1

4

(
1

2

(
vh
2i,2j−1 + vh

2i−1,2j + vh
2i−2,2j−1 + vh

2i−1,2j−2

)
(B.23)

+
1

4

(
vh
2i,2j + vh

2i−2,2j + vh
2i−2,2j−2 + vh

2i,2j−2

)

+ vh
2i−1,2j−1

)
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in the interior of the domain. Actually, it consists in taking the weighted average
of the neighboring fine grid points [10]. This is straightforward on uniform grids,
but on non-uniform grids a different derivation was used. On non-uniform grids the
interpolation operation is first derived, and after that R using Eq. (B.18). Using
Taylor series the interpolation as implemented in the code becomes

vh
2i−1,2j−1 = v2h

i,j (B.24)

vh
2i,2j−1 =

dxi

dxi + dxi+1

v2h
i,j +

dxi+1

dxi + dxi+1

v2h
i+1,j (B.25)

vh
2i−1,2j =

dyj

dyj + dyj+1

v2h
i,j +

dyj+1

dyj + dyj+1

v2h
i,j+1 (B.26)

vh
2i,2j =

dxi

dxi + dxi+1

(
dyj+1

dyj + dyj+1
v2h

i,j +
dyj

dyj + dyj+1
v2h

i,j+1

)
(B.27)

+
dxi+1

dxi + dxi+1

(
dyj+1

dyj + dyj+1
v2h

i+1,j +
dyj

dyj + dyj+1
v2h

i+1,j+1

)
.

Which in matrix form can be written as vh = Pv2h, with P given as

P =

Nx





Nx








1 0 0 0 0 . . . 0
px1

1 px1
2 0 0 0 . . . 0

0 1 0 0 0 . . . 0
0 px2

1 px2
2 0 0 . . . 0

0 0 1 0 0 . . . 0
0 0 px3

1 px3
2 0 . . . 0

...
...

...
...

...
...

...

py1
1

(Nx+1)/2−1︷︸︸︷. . . py1
2 0 0 . . . 0

px1
1py

1
1 px1

2py
1
2

(Nx+1)/2−2︷︸︸︷. . . px2
1py

2
1 px2

2py
2
2 . . . 0

0 py2
1

(Nx+1)/2−1︷︸︸︷. . . py2
2 0 . . . 0

0 py2
1px

2
1 py3

1px
2
2

(Nx+1)/2−2︷︸︸︷. . . py2
2px

2
1 py3

2px
2
2 . . .

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...




︸ ︷︷ ︸
(Nx+1)/2(Ny+1)/2





(N
x

+
1)

(N
y
+

1)

(B.28)
with

pxi
1 =

dxi

dxi + dxi+1
, pxi

2 =
dxi+1

dxi + dxi+1
(B.29)

pyi
1 =

dyj

dyj + dyj+1
, pyi

2 =
dyj+1

dyj + dyj+1
(B.30)
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B.3. Creation of matrix A on coarse grids

B.3 Creation of matrix A on coarse grids

The matrix on the coarser grids A2h can be created using two different methods. The
first method consists in increasing the gridsize, and with the new grid reconstructing
the matrix A2h. Normally on non-uniform Cartesian grids and with full coarsening,
the gridsize is increased by adding two neighboring gridpoints. For example if the
original non-uniform grid is

dh1, dh2, dh3, . . . , dhN , (B.31)

the new grid is
dh1 + dh2, dh3 + dh4, . . . , dhN−1 + dhN . (B.32)

This new coarser grid is then used to create the matrix A2h. Another method is the
Galerkin coarse grid approximation given as

A2h = RAhP. (B.33)

The computational construction of matrix A on coarser grids using the Galerkin
approximation is quite cumbersome. To facilitate the programming, stencil notation
is used [126]. It is then useful to first define the computational grid

G =
{
x ∈ R

d : x = f(i), i = (i1, i2, . . . , id), , jα = 0, 1, 2, . . . , Nα, α = 1, 2, . . . , d
}

(B.34)
Then the restriction

(Rp2h)i =
∑

j∈Zd

Ri,jp
h
2i+j, i ∈ G2h (B.35)

interpolation

(Pph)i =
∑

j∈Zd

P T
j,i−2jp

2h
j , (B.36)

and numerical differentiation

(Ahph)i =
∑

j∈Zd

Ah
i,ju

h
i+j, i ∈ Gh, (B.37)

become, with Z
d = {±1,±2, . . .}. Then expressing the matrix multiplication given

in Eq. B.33 in stencil notation gives

A2h
i,n =

∑

m∈SR

∑

k∈SA

Ri,mA
h
2i+m,kP

T
i+n,m+k−2n, n = j − i, (B.38)

where

SA =
{
j ∈ Z

d : ∃i ∈ G with A(i, j) 6= 0
}

and (B.39)

SR =
{
j ∈ Z

d : ∃i ∈ G2h with R(i, j) 6= 0
}
. (B.40)
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B.3. Creation of matrix A on coarse grids

B.3.1 The high-order schemes

The second order approximation has already been presented. Two different high-
order approximations for the divergence and gradient operator were used. In one case
standard fourth-order schemes were used for both operators. This was implemented
using the cosine-decomposition, which as was discussed in chapter 3, did not work.
The efficiency when solving Ap = b, using second-order approximations of A and the
multi-grid iterations, was found to be low compared to the direct method. Therefore
it was expected that using multi-grid to solve the fourth-order approximation of A
would be even more time-consuming. For this reason it was not tried to program
multi-grid using this approximation. Note that using explicit fourth-order schemes
results in a diagonal bandwidth of at least six.

Another approximation was also discussed in chapter 3, and consists in using a
compact fourth-order finite difference scheme for the divergence operator

αu′i−1 + u′i + βu′i+1 = eui+ 1

2

+ fui− 1

2

, (B.41)

and an explicit fourth order approximation

Gp = p′i = api−2 + bpi−1 + cpi + dpi+1 (B.42)

for the gradient operator, with a, b, c, d, e, f, α, β the non-uniform coefficients. In
this case the matrix A = DG has a the bandwidth of five. The bandwidth close to
the borders is higher but this can be remedied. This scheme was implemented to
solve the Poisson equation.

B.3.2 Results and discussion

In this part examples of the convergence of the multi-grid is shown in the second
and fourth order case. The time to convergence is compared with the time needed
when a direct solution method is used. The multi-grid is implemented using a
V-cycle algorithm of which a graphical interpretation was given in Fig. B.2. The
computational cost of the multi-grid algorithm is measured in work units (WU). The
work unit is defined as the cost of one iteration on the finest grid. The computational
cost for the V-cycle algorithm with 1 iteration at each level is given as

V-computation cost = 2
(
1 + 2−d + 2−2d + · · ·+ 2−nd

)
<

2

1 − 2−d
WU. (B.43)

Here d is the dimension of the problem, and the factor of two after the equal sign
indicates that every level is visited twice. The problem treated here has d = 2, and
one V-cycle costs 8/3WU .

The amount of V-cycle necessary to converge to round-off error has been tested
empirically. The case of the second order and the fourth order discretization, as
given in Eq. (B.3.1), have been studied. A two dimensional Poisson equation with
a right-hand side (the forcing term) given as

f(x, y) = sin(2x) sin(2y), x ∈ [0, π], y ∈ [0, π], (B.44)
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Figure B.3: (a) Second order discretization. The amount of grid points are: ◦ :
33 × 33, 2 : 513 × 513, 3 : 513 × 65. (b) Fourth order discretization with

3 : uniform and 2 : non-uniform grids in two-directions using 258×258 points.
The norm of the residual is given as |r|s2 = |r|2/(nl∆x

x nl∆y
y ), where (N l∆x

x N l∆y
y ) is the

amount of grid points at V-cycle level l.

is solved. The initial solution is put equal to zero. Two iterations are done at each
level and line-Gauss iteration is used. Multi-Grid iteration is performed until the
round-off error is reached. All results are obtained using double precision arithmetic.
The convergence results for different grids is shown in Fig. B.3(a,b). For the second
order case shown in Fig. B.3(a) it is seen that the computational cost expressed in
WU is independent of the gridsize or amount of gridpoints. Note that |r|s2 is largest
when the amount of grid points is getting lower. This is in accordance with what is
found in [10]. Furthermore the semi-coarsening does behave as expected. The case
using fourth order discretization behaves similarly but now for non-uniform grids.

In chapter 3 a remark was already made concerning the high computational
cost of the multi-grid solution method compared with a direct method and Fourier
decomposition. This has been quantified in Fig. B.4. In this figure a comparison
has been made between multi-grid combined with second order discretization and
the direct method. The computational speed 1 of the direct method is several orders
of magnitude larger than the speed obtained with multi-grid. This is worse than
expected. In practice, when the pressure Poisson equation is solved, the difference
was not as large. Three reasons can be put forward that explains this. First the
amount V-cycles needed to converge, varies between the practical situation and the
test. This could mean a factor of two reduction in computational cost practically
obtained compared with the test problem. This does not explain the large difference
found. A second reason is that multi-grid uses the discretization matrix A with size

1A Pentium IV with 3GhZ, 1GB of RAM memory, and 1Mb of Cache memory was used to
do this test. Compilation was done with an Intel Fortran compiler using -c -axW -tpp7 -O3 as
compiler options.
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Figure B.4: The computational time as a function of gridpoints. ◦ : Multi-Grid,
2 : Direct method.

Nx × Ny × sw2. This matrix gets relatively large with increasing amount of grid
points, and it does not fit in the Cache memory. Information has to be passed
between the Cache memory and the RAM memory, which makes the computational
cost higher. The third reason was already mentioned and may be due to the coding of
the multi-grid, which may not have been optimal. In any case it was not expected to
achieve the speed of the direct method. Therefore it was not found useful to proceed
optimizing, which is a time-consuming process. Compared to all the research done
on algorithms for FFT’s it is felt that multi-grid algorithms are not as well developed,
and more research on how to efficiently implement multi-grid seems necessary.
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APPENDIX

C

Resumen

C.1 Introducción

Esta tesis compila los cálculos y estudios sobre los flujos de pared realizados durante
mi Doctorado en el Departamento de Mecánica de Fluidos de la Facultad de Inge-
nieros Aeronáuticos de la UPM. La tesis ha sido dividido en dos partes para mejorar
su comprensión.

La Primera Parte se ocupa del canal turbulento y, en especial, de la región más
cercana a la pared.

La turbulencia es el movimiento del flujo caracterizado por su velocidad y presión
caóticas en el espacio y en el tiempo. El flujo turbulento en un canal se entiende
como un flujo turbulento entre dos placas planas, paralelas e infinitas.

Aśı definidos los flujos de canal, no parece haber un interés práctico obvio. Sin
embargo, su estudio es útil porque su comportamiento está relacionado con los de
otros flujos que se encuentran más a menudo en la práctica. Ejemplos son los flujos
en tubeŕıas y capas ĺımite sin gradientes de presión adversas. Otra posible aplicación
de estos estudios es el desarrollo de modelos para flujos de pared en general.

La Segunda Parte presenta el estudio de flujos separados, su control y flujos de
pared turbulentos bajo la influencia de considerables gradientes de presión adversas.
La separación del flujo se produce cuando el flujo, que inicialmente está próximo
a una pared, termina alejándose de ella. La causa de la separación es una fuerza
externa que frena el flujo, ya que cerca de la pared tiene una velocidad baja y, dada
la gran desaceleración, su velocidad acaba siendo negativa.

Este flujo con velocidad negativa actúa como un obstáculo para el flujo aguas
abajo, el cual acaba fluyendo sobre aquél y crea una zona denominada burbuja
de separación. A veces, la burbuja de separación se prolonga hasta el final de la
geometŕıa, lo que se conoce como separación abierta. En este caso no suele hablarse
de burbuja, porque ésta ya no existe como tal.

La fuerza externa que frena el flujo se denomina gradiente de presión adversa
(APG, siglas en inglés) y es causada por curvaturas con grandes pendientes en la
geometŕıa en la que se desarrolla el flujo. En el caso de que el flujo sea acelerado,
está bajo la influencia de un gradiente de presión favorable (FPG). En aquéllos casos
en los que no existe un flujo acelerado ni desacelerado, el flujo está bajo la influencia
de un gradiente de presión cero (ZPG).
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C.2. Primera parte. La caracterización de la región de la pared turbulenta

En conclusión el estudio de los flujos separados es relevante, porque tienen dis-
tintos efectos en las aplicaciones industriales y aeronáuticas.

C.2 Primera parte. La caracterización de la región

de la pared turbulenta

El conocimiento de la región de la pared en un canal turbulento es importante porque
nos ayuda a entender cómo modelar un flujo.

El parámetro relevante en ese región es la velocidad de fricción en la pared
uτ = (ν(∂yU)y=0)

1/2, donde ν es la viscosidad cinemática y (ν∂yU)y=0 es la esfuerza
tangencial en la pared. Las longitudes son escaladas con ν/uτ para dar la distancia
adimensional a la pared como y+ = uτy/ν.

En esta región, el flujo se caracteriza por la presencia de estŕıas alargadas en
la dirección de la corriente y de vórtices también en la misma dirección (ωx). La
distancia entre las estŕıas en la dirección de la envergadura es aproximadamente
z+ ≈ 100 y tienen una longitud de, aproximadamente, x+ ≈ 1000. Los vórtices en
la dirección de la corriente están asociados con las estŕıas y, entre ellos, la distancia
en la dirección de la corriente es de unos x+ ≈ 400.

En [56, 57] ha sido demostrado que existe un ciclo en la región de la pared
que mantiene el flujo turbulento, sin la influencia del flujo exterior. Este región se
encuentra sólo por abajo de unos y+ . 50.

Se han desarrollado métodos tales como LES para reducir la resolución en la
simulación de los flujos turbulentos. Pero aquéllos métodos sólo resuelven las es-
calas grandes del movimiento turbulento, que contienen la enerǵıa y los estreses de
Reynolds. El modelo LES estima, basándose en las escalas grandes del movimiento
turbulento, la disipación de la enerǵıa contenida en las escalas turbulentas que no
resuelve.

Este método funciona razonablemente bien mientras las escalas grandes son cor-
rectamente resueltas.

En flujos de pared, las estructuras que contienen las fuerzas de Reynolds, tienen
tamaños del orden de la altura del canal en el flujo exterior hasta las estructuras
viscosas en la región de la pared. Por lo tanto, la resolución está determinada por las
escalas pequeñas de la región de la pared, porque no existe un modelo aproximado
para ellas.

El problema es que, cuando el número de Reynolds incrementa, la proporción
entre la región de la pared y el canal entero disminuye. Esto significa que existen
escalas más pequeñas que necesitan ser resueltas. Esa dependencia del número de
Reynolds implica que las necesidades de resolución sin un modelo de la región de la
pared no son mucho más bajas que las necesidades de resolución usando DNS.

Para que LES, o cualquier otro método, pudiera realmente ahorrar tiempo y
recursos, su resolución tiene que depender únicamente de las escalas de longitud
caracteŕısticas de la geometŕıa. Por ejemplo, el radio de un tubo o la altura de un
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en equilibrio y “bursting”

canal [55, 50].

Por desgracia, la falta de conocimientos f́ısicos de la región de la pared, impide
modelarla correctamente.

Actualmente existe una idea cualitativa de la región de la pared [57, 56, 120].
Sin embargo, los resultados en [56, 57] eran obtenidos en canales un tanto especiales
y la relación entre canales completos y otros flujos de pared t́ıpicos no está del todo
aclarada. Otra cuestión sin respuesta es cómo el ciclo se mantiene a śı mismo.

Para estudiar el problema mencionado anteriormente se ha utilizado un método
similar al usado en [51]. Sin embargo, aqúı se buscaba minimizar la altura de
la caja numérica para aislar la estructura fundamental de la región de la pared.
Además, los datos de los canales turbulentos normales [23] fueron usados y los
canales mı́nimos [54] fueron simulados, para comparar con las soluciones obtenidas
en el procedimiento de minimización.

La comparación con otros flujos de pared es posible gracias a la cooperación con
el Departamento de Aeronáuticos y Astronáutica de la Universidad de Kyoto. Alĺı
calcularon distintas soluciones periódicos en el tiempo [60] y estacionarios [82] de
flujos de Couette planos.

C.2.1 Objetivos

El objetivo de la Primera Parte de esta tesis es una mayor comprensión de la región
de la pared turbulenta en flujos de pared.

Los distintos tipos de flujos de pared han sido analizados para ver si las soluciones
no-lineales equilibradas encontradas en la región de la pared son universales, por
ejemplo [57].

Además, la intermitencia temporal existente ha sido estudiada y relacionada con
las soluciones no-lineales equilibradas. Este estudio ha sido publicado en [52].

C.3 Caracterización de la región de la pared tur-

bulenta en término de soluciones en equilib-

rio y “bursting”

Los flujos de pared han sido importantes en la investigación de turbulencias desde los
prestigiosos experimentos de Reynolds en 1883. Esto es cierto en la región de la pared
que, por su localmente bajo número de Reynolds, es normalmente considerado un
buen candidato para una descripción aproximada en términos de estructuras simples
y determinadas.

Las soluciones no lineales en equilibrio de las ecuaciones de Navier-Stokes tridi-
mensionales tienen caracteŕısticas que sugieren que son útiles para tal descripción.
Estas ecuaciones han sido obtenidos numéricamente hace años para flujos de Couette
[82, 121], flujo Poiseuille [114, 120, 121] y un flujo de pared autónoma [57].
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Todas estas soluciones tienen una apariencia semejante [119, 59], con una forma
de estŕıa de velocidad baja y ondulada, acompañada de vórtices en la dirección de
corriente de signos alternados, pareciéndose a los objetos obtenidos en la región de
la pared en flujos turbulentos reales [110, 48].

La velocidad media y las fluctuaciones de las estructuras en equilibrio son se-
mejantes a los valores experimentales [57, 121]. En los casos en los que se han
investigado su inestabilidad, las soluciones en equilibrio son “saddles” inestables en
el espacio de fases a números de Reynolds, por lo cual se observa la turbulencia.

Por este motivo no se espera encontrarlos como tal en las turbulencias reales.
Sin embargo, el hecho de que la velocidad del sistema en el espacio de fases llegue a
ser cero por los puntos fijos, independientemente de que sea estable o no, demuestra
que todo flujo turbulento podŕıa pasar una fracción sustancial en su alrededor.

Aunque las similitudes observadas sugieren que todas estas estructuras están
relacionadas entre ellas y con la turbulencia de pared que se retroalimenta, la nat-
uraleza de estas relaciones no está clara.

El primer objetivo del art́ıculo reproducido en el caṕıtulo 2 es clarificar este
punto, comparando las posibles soluciones en equilibrio conocidas y éstas con la
turbulencia de pared real. Esta comparación incluirá las órbitas periódicas en el
tiempo identificadas por [60], lo que no sólo aproxima los perfiles de velocidad media
y la intensidad de la turbulencia en la región de la pared, sino también parte de la
estructura temporal.

Aśı, el segundo problema que será considerado es la posible relación entre inter-
mitencia temporal en la región de la pared y soluciones que dependen del tiempo
de las ecuaciones de Navier-Stokes. El término “burst” ha sido originalmente in-
troducido para describir erupciones de flujo observadas cerca de la pared en las
visualizaciones hechas en capas ĺımite turbulentas [61].

Inicialmente se pensó que “bursts” fueron causados por la rotura intermitente
de las estŕıas en la región de la pared, pero incluso los autores originales admitieron
más tarde que sus visualizaciones podŕıan ser consistentes con objetos moviéndose
permanentemente [86], y el término llegó a ser asociado con erupciones observadas
con hilos calientes estacionarios.

Con la presencia de simulaciones numéricas, ha quedado claro que las estŕıas son
estructuras en la dirección de la corriente que viven mucho tiempo y que “sweeps”
y “ejections” identificadas en el análisis de los datos obtenidos en un punto fueron
en la mayoŕıa de los casos causadas por vórtices moviéndose, intermitentes en el
espacio pero no necesariamente en el tiempo [94]. La cuestión de si la observación
de eventos con intermitencia temporal eran artefactos que realmente existieron en
la región de la pared fue una cuestión tratada de forma tangencial.

La dependencia entre las estŕıas de la región de la pared y los vórtices es con-
sistente con los modelos en equilibrio sostenidos por interacciones estacionarias no-
lineales (como las estructuras mencionadas arriba) y también con los ciclos tem-
porales en los cuales ambos tipos de estructuras se crean mutuamente de forma
periódica.
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La dificultad de seguir por tiempos largos estructuras individuales en flujos to-
talmente turbulentos complica la distinción numérica o experimental entre lo que
son, esencialmente, objetos permanentes o procesos intŕınsicamente dependientes
del tiempo por un periodo largo.

La intermitencia ha sido observada en las turbulencias de la región de la pared a
través de simulaciones numéricas en canales mı́nimos donde la intermitencia espacial
no es un tema [54, 57].

El mismo es verdadero en los flujos de pared autónomos en los que la observación
ha sido simplificada por el pequeño tamaño en la dirección normal a la pared del
dominio numérico [56].

Comparando las soluciones periódicas como las de [60], soluciones mı́nimas, y
los flujos totalmente turbulentos, intentaremos aclarar si el comportamiento inter-
mitente, aśı distinguido del movimiento de los vórtices (“bursts”), se encuentra en
los flujos turbulentos. Además, intentaremos clarificar si se puede explicar con solu-
ciones simples y periódicas en el tiempo.

También estudiaremos la cuestión de si los caracteŕısticas de estas soluciones en
equilibrio o periódicas pueden explicar las propiedades de la selección de la longitud
de honda de la región de la pared. Por ejemplo, la separación media entre estŕıas
z+ ≈ 100 o la distancia x+ ≈ 300 entre parejas de vórtices en la misma estŕıa [54].

C.4 Segunda parte. Estudio numérico de la sep-

aración y su control

La segunda parte de la tesis ha sido dedicado a la separación de capas limites y
su control. Además se ha hecho un estudio de una capa limite turbulenta con
una gradiente de presión adversa parecida a las gradientes encontrados en turbinas.
Ambos estudios estan hechos usando metodos numéricos.

Los dos principales objetivos de la Segunda Parte de la tesis son:

• Por un lado el desarrollo de un código computacional de alta resolución capaz
de simular capas ĺımite turbulentas y la transición a turbulencias de burbujas
de separación laminares.

• Por otro el avance hacia una mejor comprensión del control activo del lazo
abierto de burbujas de separación

El código computacional debe ser versátil dentro de la configuración relacionada con
las capas ĺımite, lo que permite imponer una variedad de condiciones de contornos y
gradientes de presión favorables o adversas sin cambios principales. El código debe
ser paralelo y debe tener una buena escalabilidad paralela.

En el estudio del control activo del lazo abierto nos esforzamos para conocer en
profundidad los parámetros importantes que determinan el éxito del control.
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Figure C.1: Estimación del numero de puntos necesario para simular una capa limite
turbulenta con : esquemas centrales de segundo orden; : esquema estándar
Padé de cuatro orden y : método espectral. Aqúı se ha usado αxαyαz = 1 · 105, que
es una estimación bastante conservadora del tamaño de la capa ĺımite que nos gustaŕıa
simular.

Además se necesita obtener información de forma instantánea sobre el campo de
velocidades como función de esos parámetros. Entonces, el campo de velocidades
será relacionado con la efectividad para controlar la burbuja de separación.

C.4.1 Código numérico para simular capas ĺımite turbulen-
tas

Es necesario recordar que las simulaciones bidimensionales y tridimensionales están
hechas para estudiar el flujo separado. Las primeras están hechas usando un código
de segundo orden y de resolución baja, mientras la simulación tridimensional se ha
llevado a cabo con un código de segundo orden pero de resolución alta.

El empleo de un código de alta resolución es importante para reducir los recursos
requeridos, sobre todo, la memoria RAM. Esto se puede explicar estimando la can-
tidad de puntos necesarios para hacer una simulación de capa ĺımite con un cierto
Reθ = U∞θ/ν. La estimación está hecha utilizando las siguientes aproximaciones

u
′

= 0.15U∞, δ99 = 10θ, ∆h = 8η (Discretización espectral),

∆h = 4η (Discretización de cuatro orden), ∆h = 2η (Discretización de segundo orden),(C.1)

donde θ es el espesor de la cantidad de movimiento y δ99 ≈ L con L la escala
integral, a número de Reynolds ReL = u

′

L/ν. Esto da ReL = 1.5Reθ, utilizando
la estimación para la rms-velocidad en la dirección de la corriente, u

′

, mientras la

escala de Kolmogorov η viene dada por η = L/Re
3

4

L.
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Los tamaños de la malla, ∆h dados se consideran necesarios para obtener una
simulación resuelta correctamente, contemplando la resolución de los esquemas numéricos.
La cantidad de puntos necesarios, N , para discretizar una longitud Lx = αxL llega
a ser

Nfd =
Lx

8η
=
αx(1.5Reθ)

3

4

8
, Nfo =

αx(1.5Reθ)
3

4

4
, Nso =

αx(1.5Reθ)
3

4

2
, (C.2)

para Fourier (fd), esquemas estándar de cuatro orden Padé (fo) y la discretización
de segundo orden (so), respectivamente.

Los puntos necesarios para hacer una simulación en tres dimensiones se pueden
ver en Fig. C.4.1.

La memoria de los ordenadores es limitada, por eso, el factor de dos entre es-
quemas de segundo y cuarto orden marca la diferencia para ser capaces de resolver
satisfactoriamente una simulación o no. Tengan en cuenta que la necesidad de usar
dos veces más de puntos conlleva un paso de tiempo muy reducido.

Aparte de las consideraciones anteriores la simulación numérica directa de capas
ĺımite turbulentas incompresibles son complicadas también en lo que concierne a las
condiciones de contorno. Además un amplio rango de diferentes posibilidades para
la formulación de las ecuaciones de Navier-Stokes y diversos esquemas numéricos
para aproximar las ecuaciones ha sido usado. Esto contrasta con las simulaciones
numéricas directas hechas con los flujos en canales planos con paredes lisas. La
mayoŕıa de las simulaciones más importantes en esta geometŕıa se han hecho usando
una formulación y una discretización presentada en [64].

Las condiciones de contorno periódicas y los métodos pseudo-espectrales han
sido usadas en [108, 3, 103] para simular capas ĺımite turbulentas. Esto es algo
artificial considerando el hecho de que el flujo en la dirección de la corriente no es
periódico. Además, no está claro cómo las estelas que entran en el dominio pueden
ser impuestas con este método.

Es preferible usar métodos numéricos que permitan el desarrollo en la dirección
de la corriente de la capa ĺımite, como ha sido usado para hacer las simulaciones en
[74, 78, 70, 131, 93].

Como indicaba anteriormente han sido empleadas varias formulaciones de las
ecuaciones de Navier-Stokes en tres dimensiones. En [74, 93] ha sido elegida una for-
mulación vorticidad-velocidad. Eso previene problemas relacionados con la presión
y la conservación de la masa, pero requiere, por lo menos, 50% más memoria que
la formulación en variables primitivas. Por lo tanto, la mayoŕıa de las simula-
ciones han sido hechas usando la formulación en variables primitivas como ocurre
en [78, 70, 131].

La conservación de la masa está asegurada y la presión ha sido calculada usando
el método del paso fraccionado. El método del paso fraccionado ha sido introducido
en [13] y ha sido usada por primera vez en las simulaciones turbulentas en [63].
Aunque todav́ıa sigue siendo un área de investigación y de alguna controversia [11],
la mayoŕıa de los problemas que rodeaban a esta formulación en el pasado [63] han
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sido resueltos [90, 26, 87, 4]. Esto permite usar el método del paso fraccionado y
obtener al menos un segundo orden de exactitud en el tiempo para los componentes
de velocidad.

Una gran cantidad de las simulaciones de capa ĺımite se han hecho usando esque-
mas de diferencias finitas. [74, 70, 131, 93, 70, 78]. Los esquemas de segundo orden
central han sido usados en [131, 78, 70]. Estos esquemas conservan el “momentum”,
la enerǵıa y la masa, pero, como se ha visto anteriorment, su importante desventaja
es su orden relativamente bajo. Los esquemas de diferencias finitas de alto orden
son deseables porque reducen la cantidad de puntos de malla necesarios y, por lo
tanto, la memoria que se requiere. El uso de los esquemas de diferencias finitas de
alto orden, normalmente, reduce el coste computacional.

Una selección obvia dentro de la clase de esquemas de diferencias finitas de alto
orden son los esquemas compactos, como los propuestos en [71] y usados en [74, 93].
En [79] han sido determinados por mallas (“staggered”) [33].

Existe la posibilidad de usar elementos finitos de alto orden o métodos llamados
B-spline. Sin embargo, existen algunas complejidades comparadas con las diferencias
finitas (compactas) de alto orden [69]. Por este motivo, esas posibilidades fueron
descartadas.

Entre los esquemas compactos de alto orden, los de cuarto orden sobre una malla
“staggered” han sido demostrado ser estables [79]. Una ventaja de estos esquemas
es que cerca de los contornos necesitan sólo un esquema de contorno. Sin embargo,
estos esquemas aplicados a las ecuaciones de Navier-Stokes no conservan la enerǵıa en
el ĺımite de viscosidad nula, lo cual no es un problema porque el código está pensado
para hacer DNS y todas las escalas relevantes con enerǵıa deben ser resueltas.

Esto significa que el tamaño de las celdas de la malla debe ser del orden de la
escala de longitud de Kolmogorov viscoso. En el caṕıtulo 5 se demuestra que si
aquéllo no se cumple del todo, el código es estable y da resultados satisfactorios.

Las ecuaciones de Navier-Stokes incompressibles

Las ecuaciones que se necesitan resolver son las siguientes

∇ · u = 0, (C.3)

∂tu + ∇u · u = −∇p+
1

Re
∇2u. (C.4)

La dirección de la corriente, x, la dirección transversal, z, y la dirección normal a
la pared y, tienen velocidades asociadas dadas por u, w y v, respectivamente. Las
condiciones del contorno se pueden variar con cambios pequeños, porque el código
es capaz de simular una amplia variedad de flujos desarrollándose en el espacio. Sin
embargo, la condición del contorno en la salida siempre será estimada por

∂tu + Uc∂xu = 0. (C.5)

Esta estimación de la velocidad de salida se ajusta de vez en cuando para ser capaz
de conservar la masa.
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Un paso fraccionado como el descrito en [26] y [90] ha sido utilizado para con-
servar la masa y para resolver eficazmente la presión. La idea principal es escribir
las Eqs. (C.3, C.4) en la forma semi-discreta

Dun+1 = 0, (C.6)

un+1 − ∆t

Re
Lun+1 = un + ∆t

(
−Gpn+1 −Nun · un +

1

Re
Lun

)
. (C.7)

Las matrices D, G, L y N contienen las aproximaciones en diferencias finitas
de los términos de la divergencia, el gradiente, el término viscoso y los términos
no-lineales. Este sistema se puede escribir como una matriz [90]

[
A ∆tG
D 0

](
un+1

pn+1

)
=

(
rn

0

)
+

(
c.c.′s
c.c.′s

)
, A = I − ∆tL

Re
, (C.8)

Donde

rn = un + ∆t

(
−Nun · un +

1

Re
Lun

)
, (C.9)

contiene los términos expĺıcitos en el tiempo. F́ıjense que las condiciones de contorno
han sido impuestas en este punto como ha sido indicado por b.c.′s.

En [90] se ha dado a conocer que se puede simplificar este sistema usando la
factorización LU. Antes de la factorización LU las ecuaciones se reescriben por las
razones explicadas más tarde

[
A ∆tG
D 0

](
un+1

∆pn+1

)
=

(
rn
m

0

)
+

(
c.c.′s
c.c.′s

)
. (C.10)

En este caso rn
m = rn − ∆tGpn, y ∆pn+1 = pn+1 − pn. El sistema se factoriza para

obtener
[
A 0
D −∆tDA−1G

](
u∗

∆pn+1

)
=

(
rn
m

0

)
+

(
c.c.′s
c.c.′s

)
, (C.11)

[
I ∆tA−1G
0 I

](
un+1

∆pn+1

)
=

(
u∗

∆pn+1

)
. (C.12)

Esto es exacto y se puede resolver sin modificación alguna. Sólo en el caso de que
la integración en el tiempo sea expĺıcita, en cuyo caso A = I, se puede resolver este
sistema eficazmente. Al contrario, cuando se usa la integración impĺıcita A−1 es una
matriz llena y obtener la solución puede llegar a ser muy costoso. La integración
temporal impĺıcita y el paso fraccional sólo pueden ser usados eficazmente, si en
lugar de utilizar A−1, se utiliza la aproximación de primer orden A−1 = I +O(∆t).

Esto da
[
A 0
D −∆tDG

](
u∗

∆pn+1

)
=

(
rn
m

0

)
+

(
c.c.′s
c.c.′s

)
, (C.13)

[
I ∆tG
0 I

](
un+1

∆pn+1

)
=

(
u∗

∆pn+1

)
. (C.14)
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La razón para escribir ∆pn+1 en lugar de pn+1 se expone a continuación. El error
cometido descuidando la parte viscosa de A cuando se invierte es (∆t/Re)L∆pn+1.
Como ∆pn+1 ∼ O(∆t), el error hecho por aproximar A es del orden O((∆t)2). Si
en lugar de ∆pn+1 se usa pn+1, se obtiene un esquema que es del orden uno en el
tiempo. El orden del esquema se incrementa, por lo tanto, por uno usando ∆pn+1.

La ventaja de esta interpretación del método del paso fraccionado comparado
con otros es que las condiciones del contorno son impuestos antes de aplicar la
fraccionización LU a Eq. (C.10). En otras palabras, las matrices como A, D etc. ya
no incluyen las condiciones de contorno discretizadas. La corrección de la presión
∆pn+1 se resuelva a partir de la ecuación discretizada −∆tDG.

Por lo tanto, se ve que es incorrecto imponer condiciones de contorno sobre la
presión si las condiciones del contorno ya han sido impuestas sobre la velocidad enD.
En el orden cronológico y usando un esquema de integración temporal Runge-Kutta
de tres pasos se obtiene lo siguiente

(
I − βl∆t

Re

)
ul+1

∗ = (C.15)

− (αl + βl)Gp
l − γlNul · ul − ζlNul−1 · ul−1 + αlLul + b.c.′s,

(αl + βl) ∆tDG∆pl+1 = Dul+1
∗ − b.c.′s, (C.16)

ul+1 = ul+1
∗ − (αl + βl) ∆tG∆pl+1, (C.17)

pl+1 = ∆pl+1 + pl, l = n+ k/3 with k = [0, 3]. (C.18)

La integración en los planos x−y ha sido hecho, usando diferencias finitas compactas
de cuarto orden para todos los términos, excepto para el gradiente y la divergencia.
Se asume que todas las derivadas en z son periódicas y todos los componentes de
la velocidad y presión son discretizados usando series de Fourier. Esto da para una
cierta variable f

f(x, y, z) =

N/2−1∑

k=−N/2

f(x, y, kz) expikzz . (C.19)

El cálculo de los términos convectivos se desarolla usando un método pseudo-espectral.
Para prevenir errores de “aliasing” la serie de Fourier está truncada usando la regla
de dos tercios.

Las derivadas y las interpolaciones en la dirección x e y son obtenidas usando
mallas no-uniformes. Los esquemas compactos de cuarto orden pueden ser escritos
en una forma general como

αI
j f̄j−1 + f̄j + βI

j f̄j+1 = aI
jfj+1/2 + bIjfj−1/2, (C.20)

αD
j f

′

j−1/2 + f
′

j+1/2 + βD
j f

′

j+3/2 = aD
j f̄j + bDj f̄j−1, (C.21)

αV
j f

′′

j−1/2 + f
′′

j+1/2 + βV
j f

′′

j+3/2 = aV
j fj−1/2 + cVj fj+1/2 + bVj fj+3/2. (C.22)

Aqúı f
′

, f
′′

y f̄ son las derivadas primeras, segundas y la interpolación, respec-
tivamente, para una cierta variable f . Para mallas uniformes, los coeficientes en
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Figure C.2: El error como función del número de onda. : El error para el término
de advección usando esquemas de segundo orden sobre una malla “staggered”. :
El error para el término de advección usando esquemas de cuarto orden sobre una malla
“staggered”. ◦ : El error en la solución de la ecuación para resolver la presión. La
ĺınea vertical es k∗ = π/2.

Eqs. (C.20-C.22) son los que se encuentran en [79]. Los coeficientes para mallas
no-uniformes se pueden encontrar en Apéndice A.

El gradiente de la presión y la divergencia de la velocidad han sido discretizados
usando métodos estándar de segundo orden. Aunque de este forma reduce el orden
del esquema, se demuestra en la Fig. C.2 que la resolución no queda afectada.

Esta figura muestra los errores en distintos números de onda para los términos
convectivos discretizados con los esquemas de cuarto orden y los errores discretizando
la divergencia y la gradiente mediante un esquema de segundo orden. Demuestra que
para k∗ > 0.3, el error más grande se produce en el paso de discretizar los términos
convectivos y no en el paso de la corrección de la presión. Esto significa que si la
malla está diseñada para representar ondas con k∗ = π/2, el error más abultado se
produce por el paso advectivo y no por el cálculo de la presión y la actualización de
la velocidad.

La ecuación Pressure-Poisson se resuelve usando un método directo en combi-
nación con la descomposición de Fourier. Esta elección reduce considerablemente
el coste computacional, si se compara con los métodos multi-malla como se ha de-
mostrado en el Apéndice B. Se han desarollado differente modos para resolver
correctamente la ecuación de Poisson y para ser capaces de imponer los flujos de
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masa arbitraria sobre los contornos del dominio. Las condiciones de contorno han
sido impuestas de manera natural y sin dificultad, gracias a la interpretación del
método del paso fraccionado presentado en [90] y [26].

Los experimentos numéricos realizados demuestran la correcta implementación
y la convergencia del código. También se ha demostrado la correcta programación
de la discretización de los términos viscosos y convectivos. El código es de segundo
orden en el tiempo y el espacio y no conserva la enerǵıa como era de esperar.

Entre las pruebas, ha sido simulada una burbuja de separación laminar volviéndose
turbulenta. Los resultados obtenidos fueron satisfactorios. El código ha sido uti-
lizado en super-ordenadores de IBM y maquinas Intel y es completamente trans-
portable.

C.4.2 Control de burbujas de separación laminar

El control se define como la regulación, manual o automática, sobre un sistema para
satisfacer un objetivo dado.

Los dos ejemplos siguientes ilustran su necesidad:

• Las turbinas convierten la enerǵıa cinética y térmica de los gases quemados en
un “torque” útil usando los álabes. Un álabe de turbina es un área curvada
que permite que el flujo en la parte de succión se desacelere por un APG.
Cuanto más elevado es el APG, superior es la eficiencia teórico. Sin embargo,
incrementando la curvatura también existe un riesgo mayor de separación,
produciendo una pérdida de eficiencia y posibles vibraciones indeseadas. Hoy
en d́ıa los álabes de las turbinas son diseñados para prevenir la separación y
tener burbujas de separación muy cortas. Incrementar la curvatura seria sólo
eficaz si se puede prevenir la separación.

• El flujo sobre alas de un avión también se separa durante el despegue y el
aterrizaje, debido a los grandes ángulos de ataque que se producen sobre las
alas en esas situaciones. La separación puede ser muy grave hasta el punto de
que podŕıa causar que el avión entre en pérdida, lo que significa que un avión
no reacciona a los mandos. La aviación civil actual controla la separación y
las entradas en pérdida por dispositivos pesados, caros y complicados.

En el primer ejemplo, el control debeŕıa ser usado para permitir los álabes de turbina
más curvados. El objetivo útil para la aviación civil seŕıa el diseño de dispositivos de
control más avanzados, ligeros y sencillos, que reemplacen los dispositivos utilizados
hoy d́ıa.

Esta tesis se centra en el control del flujo separado sobre una geometŕıa. En este
caso, el objetivo de control es disminuir los efectos negativos de separación, lo que
puede ser obtenido, por ejemplo, acortando la burbuja de separación.

La regulación puede ser obtenida de varios modos. En primer lugar, se puede
distinguir entre el control pasivo y el activo. El control pasivo usa dispositivos que
son independientes del tiempo. El control activo incluye todos los tipos de control
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que son funciones del tiempo. Ambos tipos de control pueden utilizar pequeñas
perturbaciones que a su alrededor no causan grandes cambios en el flujo.

En segundo lugar, las perturbaciones grandes son también posibles. Estas pertur-
baciones causan cambios a gran escala del flujo para obtener el objetivo de control.
El control de lazo cerrado y el control óptimo reaccionan a los cambios del flujo,
mientras que el control del lazo abierto no lo hace. El control pasivo es siempre
un control de lazo abierto, mientras que el control activo es más flexible. Una
descripción mas completa puede ser encontrada en [17, 30].

C.4.3 El control de separación en turbinas de bajo presión

El control que se estudiará en esta tesis esta relacionado, en primer lugar, con el flujo
sobre los álabes de una turbina de baja presión. El flujo se expande en las etapas
de alta presión antes de alcanzar la parte de baja presión de la turbina, reduciendo
aśı su densidad ρ. El número de Reynolds Re = ρUL/µ, basado en una velocidad
caracteŕıstica U , y una escala de longitud L y viscosidad µ, será más bajo en esta
etapa.

Por lo tanto, el flujo sobre los álabes en esta fase es t́ıpicamente laminar. Bajo la
fuerte influencia de la APG se separa, lo cual tiene efectos perjudiciales sobre la op-
eración de la turbina, porque incrementa la resistencia y disminuye la sustentación.

Al menos existen dos maneras de controlar la burbuja de separación sobre el
álabe. La primera opción es implementar el control en la pared del álabe. Lo cual
en este estudio, se implementa mediante un control de lazo abierto, ya que el interés
primario es la respuesta f́ısica a la variación de los parámetros que determinan el
control.

La segunda opción es el uso de estelas que vienen periódicamente de los álabes
estacionarios de aguas arriba. Esta opción también se implementa mediante un
control de lazo abierto, pero se puede poner en práctica más fácilmente. De he-
cho, posicionar el control en la pared podŕıa ser posible con algo de desarrollo de
ingenieŕıa.

Se puede estudiar el control activo del lazo abierto (a partir de ahora, OLAC)
mediante los experimentos de laboratorio o numéricos. En la literatura cient́ıfica
podemos encontrar numerosos experimentos de laboratorio al respecto. La mayoŕıa
[67, 100, 30, 46] concluyen que una inestabilidad bidimensional de la capa de cor-
tadura, formada debido a la separación, es una buena posibilidad de controlar la
burbuja de separación. Sin embargo, los experimentos de laboratorio sobre la efi-
cacia de control son dif́ıciles, porque las burbujas de separación laminares son muy
sensibles a las fluctuaciones externas [31].

En esta tesis, se utilizan simulaciones numéricas bidimensionales para el control
de los flujos separados e incompresibles. Esto parece un planteamiento razonable
para los experimentos, porque el flujo es laminar hasta separarse. Además, la in-
estabilidad de la capa de cortadura juega un papel importante en el control de las
burbujas de separación. Precisamente, esa inestabilidad es primordialmente bidi-
mensional, como también lo es el proceso de enrollamiento de dicha capa [35].
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Por lo tanto, se considera que las simulaciones bidimensionales son útiles para
este estudio. Considerar un flujo incompresible cuando, en realidad, es compresible,
es válido mientras [95]

1

2
Ma2 ≪ 1, (C.23)

donde Ma es el número de Mach. En turbinas de baja presión Ma ≈ 0.6, lo cual
significa que es razonable considerar el flujo incomprensible.Las simulaciones están
sobre una placa plana y ha sido generado un amplio rango de burbujas de separación
con diferentes velocidades de succión [3], aplicados en la parte superior del dominio
numérico.

Aunque sobre un placa plana no se puede capturar todos los efectos f́ısicos pre-
sentes sobre el álabe de una turbina, se espera que representará adecuadamente el
efecto del control. El forzado está impuesto en la pared de le placa en forma de un
cero-masa blowing wall jet chorro que varia sinusoidal.

También se pueden imponer estelas, pero usando un forzado sinusoidal, existe
un espacio más amplio de parámetros. Eso es útil para encontrar un control óptimo
y ayuda a comprender la f́ısica del flujo. Se espera que entendiendo mejor la f́ısica
del flujo forzado en la pared, se comprenderá mejor cómo utilizar estelas para el
control.

La revisión de la literatura actual nos indica que el control de las burbujas de
separación ha sido estudiado sobre un amplio rango de distintas geometŕıas. Se
establece una distinción entre las geometŕıas que inducen un gradiente de presión
adversa localizado en el espacio y las que inducen un gradiente de presión adversa
global, que actúa a lo largo de todo la geometŕıa.

Ejemplos de las primeras son el lado romo de un cilindro [100, 67], una valla [46],
o [14]. Un ejemplo de una gradiente de presión adversa global se puede encontrar
en alas de una avión. En este caso, se puede distinguir entre controlar una burbuja
de separación, por ejemplo [133], o controlar separación abierta, o sea, una burbuja
hasta el borde de salida.

Existe una diferencia entre el control de separación abierta cerca de las condi-
ciones para entrar en pérdida y el control de separación abierta estando en pérdida
profundamente [129].

Un parámetro importante es determinar si el flujo que se separa es turbulento o
laminar. Por ejemplo, el flujo sobre las alas es turbulento cuando se separa durante
el despegue, mientras los álabes de las turbinas (en turbinas de baja presión) son
laminares al separarse.

Los resultados fueron obtenidos en [46], los cuales indican que para amplitudes
(A) bajas del forzado, comparado con la velocidad en el flujo libre (UN) perpendicu-
lar a la valla (A ∼ 0.1UN), la inestabilidad de Kelvin-Helmholtz es útil para reducir
la longitud de la burbuja de separación.

Sin embargo, también revelan que forzando con una amplitud alta (A ∼ UN) se
forman un vórtice grande, responsable de la reducción de la burbuja. La frecuencia
óptima en [46] para A ∼ 0.1UN es fθ/UN = 0.02, lo cual está cerca de la inesta-
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bilidad de Kelvin-Helmholtz, basada en el espesor de la cantidad del movimiento θ
adecuadamente elegida.

Se ha empleado un forzado periódico en el tiempo en [124] para controlar el flujo
sobre un ala. Para pequeños ángulos de ataque, se demuestra que causar transición
de la capa ĺımite incrementa efectivamente la sustentación. Para ángulos de ataque
más altos, obtienen un máximo para la sustentación con una frecuencia bien definida,
que se relaciona con la inestabilidad de la capa de cortadura.

También se revelo que forzando poco la perturbación de la capa de cortadura
domina el flujo. Un forzado más fuerte es capaz de readherir totalmente el flujo,
pero el mecanismo f́ısico es desconocido.

Para números de Reynolds bajos (Rec = 4 ·104−1.4 ·105) basados en la longitud
de la cuerda c, el control de la separación para un amplio rango de ángulos de ataque
ha sido estudiado en [133].

Para bajos ángulos de ataque se descubre que la eficacia del control está rela-
cionado con la inestabilidad de la capa de cortadura separada con fc/U∞ ≤ 5.

Cuando hay “post-stall”, ocurriendo por ángulos de ataque altos, es más efectivo
usar un forzado de amplitud alta con fc/U∞ = 4−25. El control siempre disminuye
la resistencia, pero por un ángulo de ataque la sustentación no crece. Para este
ángulo de ataque y cuando no es forzado, se forman los vórtices grandes, que eficaz-
mente suministran enerǵıa a la capa ĺımite, pero también incrementan la resistencia.
Cuando se aplica el forzado, estos vórtices grandes están absentes y la capa ĺımite
se queda privada de enerǵıa.

En [99] se han aplicado control activo y pasivo para flujos a números de Reynolds
altos (Rec = 2.4·106−26·106), siendo turbulento al separarse. Su resultado es que la
succión aguas abajo de la separación es tan efectiva como la perturbación periódica,
mientras soplar no es tan efectivo. Relacionan un ĺımite superior de las frecuencias
efectivas con un cierto tipo de inestabilidad de Kelvin-Helmholtz, mientras hay un
ĺımite inferior relacionado con la “shedding” frecuencia natural de su configuración.
La frecuencia óptima está en el rango fxsep/U∞ = 0.2 − 2.0.

El control de la separación sobre una placa plana con Rec = 4 × 104 ha sido
estudiado en [85]. Para amplitudes bajas, se encontraron que el crecimiento de las
perturbaciones es gobernado por una inestabilidad de viscosidad cero. Los forzados
con amplitudes altas y relativamente bajas son los responsables de la formación de
los vórtices grandes, que son efectivos en controlar la separación.

Hemos usadas técnicas numéricas para obtener una mejor comprensión de cómo
controlar eficazmente las burbujas de separación laminares con la ayuda de flujo-
neto-cero de masa soplado y succión. En particular, el efecto de forzar con am-
plitudes altas ha sido analizado. Una parte del estudio ha sido dedicada a los
forzados con amplitudes bajas para intentar encontrar un escalado correcto para las
frecuencias más efectivas. La eficacia de succión periódica ha sido comparada con
el flujo-neto-cero de masa soplado y succión. Esto se ha llevado a cabo usando un
código similar al que ha sido descrito en [87].

La geometŕıa Fig. C.4.3 es una placa plana sobre la que se impone una gradiente
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Figure C.3: El dominio numérico que ha sido usado para todos los estudios del forzado.
: la burbuja de separación inicial. : ωz contours dados por -0.12:3:-0.03 U∞/θ0.

de presión mediante un perfil de succión (Vsuct) en la pared superior. La burbuja
creada se perturba aguas arriba del punto de separación sobre un trozo de la placa
plana con longitud Lf .

El espacio de los parámetros con una posible influencia es demasiado grande para
hacer un barrido de todos ellos. Por lo tanto, se ha escogido algunos parámetros
relacionados con el forzado, tales como la frecuencia del forzado, su amplitud, la
longitud sobre cual se aplica y la distancia entre el forzado y el punto de separación
Lfb.

El barrido de estos parámetros ha sido hecho para un amplio rango de gradientes
de presión adversa. El número de Reynolds basado en el espesor de la cantidad de
movimiento a la entrada Reθ0

= 30, aunque algunos experimentos han sido hechos
a Reθ0

= 100.

En el texto principal se discuten resultados detallados relacionados con la variación
de la frecuencia. En este resumen se muestra solo la principal diferencia que se ha
obtenido usando los forzados con amplitudes altas y bajas. Esto se puede ver en la
Fig. C.4(a,b), donde se muestran los resultados para una amplitud alta y baja.

En el caso de un pequeño Vf/U∞ la burbuja original es perturbada ligeramente,
lo que resulta en una inestabilidad convectiva aguas abajo. Como consecuencia, se
forma un vórtice que causa que la burbuja se acorte, porque se aleja de la pared el
flujo con velocidad baja y el flujo con velocidad alta se mueve hacia la pared.

Para amplitudes altas, la situación es completamente distinta. No queda ni
rastro de la burbuja de separación inicial, lo que indica que la eficacia del forzado
no se puede relacionar con la inestabilidad de la burbuja de separación inicial sin
perturbar. El forzado con amplitud alta es responsable de levantar la capa ĺımite,
creando una región instantánea separada. Esta región no está en equilibrio y parte
se enrosca formando un vórtice, que se mueve a lo largo de la placa, mientras otro
vórtice menos intenso se genera y engulle lo que queda de la capa de cortadura y de
la burbuja de separación, inducida por el forzado.
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Entre los dos vórtices con vorticidad negativa existe una pequeña parte con
vorticidad positiva, que está formada por la interacción del primer vórtice con la
pared. Durante la convección a lo largo de la pared, los dos vórtices se separan
lentamente.

Los grandes diferencias que existen entre Fig. C.4(a) y Fig. C.4(b) indican que
existen dos reǵımenes de forzado diferentes.

En primer lugar, forzar con amplitudes bajas es eficaz gracias a una inestabilidad
de la burbuja de separación inicial. En segundo lugar, forzar con amplitudes altas
es efectivo gracias a la formación de grandes vórtices. Los vortices se forman antes
de la región de APG y son efectivos porque mezclan flujo a lo largo de toda la
región donde actúa la gradiente de presión adversa. En contraste, la inestabilidad
de la capa de cortadura sólo llega a ser efectiva después de un crecimiento de la
perturbación.

Aparte de todo lo anterior, se puede ver en las últimas tres imágenes de Fig.
C.4(b) que la fase de la succión del forzado es importante por dos razones: La
primera porque elimina lo que queda de la burbuja instantánea que no ha sido
engullido por el segundo vórtice. La segunda, porque gracias a la succión, el espesor
de la capa ĺımite es reducido, lo cual retrasa la separación.

En el caso de las amplitudes altas combinadas con un forzado que actúa sobre
una parte considerable de la placa se obtienen resultados similares. Sin embargo,
el enroscamiento es más violento. De hecho, tienen similitudes con la separación
dinámica como se muestra en la página 597 de [25].

Además, en estos casos después de la formación del primer vórtice grande, lo que
queda de la capa de cortadura llega a ser inestable, mostrando una inestabilidad de
Kelvin-Helmholtz.

Por lo tanto se puede conluir que variando la frecuencia del forzado y usando una
amplitud baja se obtiene que la inestabilidad más efectiva escala cuando se usa θb.
En este caso, se encuentra una frecuencia efectiva bien definida para un amplio rango
de gradientes de presión y para dos distintos números de Reynolds. Los escalados
basados en la longitud inicial de la burbuja son menos exitosos.

Un modelo primitivo para el proceso dibujado en Fig. C.4(b) ha dado resulta-
dos que coinciden satisfactoriamente con los experimentos numéricos. El modelo
relaciona los parámetros del forzado con el tamaño del vórtice y eso da el rango de
frecuencias más efectivas.

Una tercera posibilidad es el uso de la succión periódica para reducir la burbuja
de separación. Las pruebas han demostrado que la succión es extremadamente
efectiva cuando el forzado se encuentra cerca de la burbuja de separación.

Si el forzado se aleja de la burbuja de separación se disminuye su efectividad y
los vórtices grandes creados por el soplado del forzado es más efectivo.
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C.4. Segunda parte. Estudio numérico de la separación y su control

400 800

40y
θ0

x
θ0

(a)

400 800

40y
θ0

x
θ0

(b)

Figure C.4: Ambas figuras muestran una secuencia sobre un periodo del forzado con
vorticidad negativa. Para ambas figuras : V la velocidad en la pared multiplicada
por un factor grande hace posible la visualización y el signo del forzado. Vertical :
Región de la gradiente de presión adversa (Vsuct > 0). : Burbuja de separación inicial.
Nótase que no todo el dominio numérico está pintado aqúı. (a) Forzado con amplitud baja
(Vf/U∞ = 1 · 10−3) resultando en una inestabilidad de la capa de cortadura. (b) Forzado
con amplitud alta (Vf/U∞ = 1 · 10−1) creando vórtices grandes antes de separación.
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C.4.4 Estudio de una capa ĺımite bajo la influencia de fuertes
gradientes de presiones adversas y estelas

Las capas ĺımite turbulentas con gradientes de presión adversas son de gran im-
portancia en la industria, porque este tipo de flujos se encuentran en casi todos los
medios de transporte masivos como los aviones, los coches o los barcos. Las turbinas
de gas, eólicas o de vapor también tienen partes sobre las que el flujo está bajo la
influencia de APG’s. Lo mismo ocurre con los compresores y bombas.

Otro flujo muy relacionado con las APG capas ĺımite turbulentas es el flujo
que se estudia a continuación. Se trata de un flujo laminar que se separa creando
una burbuja de separación laminar, que transiciona a un flujo turbulento y que,
finalmente, se readhiere. Este tipo de flujo se encuentra en las turbinas de baja
presión, entre otros.

En este punto es necesario hacer una distinción básica. Se han hecho muchos
experimentos sobre los flujos bajo la influencia de un APG sobre una cierta longitud,
pero después de readhierse están bajo la influencia de un gradiente favorable o un
gradiente de presión cero.

Los flujos sobre “backward facing steps” por ejemplo, [70, 78] o “bumps”, por
ejemplo [105], se pueden definir normalmente aśı.

Estos flujos son radicalmente diferentes de los flujos que están bajo la influencia
de gradientes de presión continuos, que es lo que normalmente se encuentra en
aplicaciones industriales. Por lo tanto, los datos de estos experimentos no se utilizan
en esta tesis.

La capa ĺımite turbulenta con APG ha sido estudiada, ampliamente, desde el
punto de vista industrial. Probablemente, una de las contribuciones más importantes
ha sido la conferencia de Stanford de 1968 [16] sobre la computación de capas ĺımite
turbulentas.

Los informes de esta conferencia contienen una parte importante de los datos
fiables de los que se dispońıa en aquéllos años sobre capas ĺımite turbulentas y que
consisten, en gran parte, en perfiles medios y datos integrales.

Desde entonces, las capas ĺımite con gradiente de presión cero han sido estudiadas
ampliamente en experimentos, también desde un punta de vista puramente f́ısico.
Sin embargo, no ocurre lo mismo con las capas ĺımite turbulentas bajo la influencia
de un APG fuerte y prolongado. Algunas contribuciones importantes son [102, 28]
y con una gradiente de presión más baja [73].

Desde los años ochenta, las simulaciones numéricas de flujos turbulentos de gran
precisión son possibles, lo que ha incrementado sustancialmente los conocimientos
sobre los flujos turbulentos. Sin embargo, la mayoŕıa de las simulaciones numéricas
han sido hechas en geometŕıas como canales y tubeŕıas, que son periódicas en dos
direcciones. Algunos de los pocos estudios referidos a capas ĺımite turbulentas están
descritas en [106, 108, 103].

Es posible que muchas de las conclusiones obtenidas en los experimentos con
flujos de canal puedan ser aplicables en las capas ĺımite turbulentas con gradiente
de presión cero. Sin embargo, no las consideramos extrapolable a las capas ĺımite
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turbulentas con APG fuertes. Por ejemplo, en estos casos uτ → 0 y puede ser que
∂x(·) ∼ ∂y(·). Eso significa la invalidez de muchas teoŕıas estándar.

Segun todo lo anterior, parece evidente que es necesaria más investigación en el
ámbito de los flujos con APG. El problema más destacado es que todav́ıa no existe
un acuerdo sobre la escala de velocidad relevante para escalar el flujo medio y las
fluctuaciones turbulentas, lo que contrasta con las capas ĺımite turbulentas y los
flujos en un canal, porque en estos casos existe un amplio consenso de que uτ debe
ser la escala de velocidad relevante.

Queda claro que en los flujos con fuertes APG no se ha alcanzado un acuerdo
sobre cómo podŕıa ser la descripción de primer orden del perfil medio.

La principal dificultad en el estudio de capas ĺımite turbulentas es el amplio rango
de parámetros que hay que elegir. La historia del flujo aguas arriba, la gradiente
de presión adversa, su forma funcional, si el flujo debe ser en equilibrio o no, son
algunos de los parámetros más importantes.

Otro área de investigación en las capas ĺımite es la influencia de perturbaciones
grandes. En particular, se ha investigado mucho la influencia que las estelas (tur-
bulentas) tienen cuando llegan a la parte superior del álabe de una turbina. Sobre
los numerosos experimentos realizados destacamos un resumen [36]. Además, el
trabajo numérico más importante relacionado con este tema se puede encontrar en
[128, 131].

Para el estudio desarrollado en esta tesis se ha usado el código descrito en la
sección C.4.1 y el dominio numérico que se ha querido simular se muestra en la Fig.
C.5(a). Para simular la gradiente de presión se ha impuesto un perfil de succión dado
en Fig. C.5(b). En total, se han realizado cinco simulaciones, de las que tres son
sin estelas, pero con diferentes gradientes de presión, y dos con estelas, imponiendo
la gradiente de presión más alta.

En el caso de las simulaciones sin estelas, las condiciones de contorno a la en-
trada son los perfiles laminares de Hiemmenz, con una perturbación estacionaria
añadida a la velocidad en la dirección del flujo. Las estelas están sobrepuestas a
esas velocidades. El número de Reynolds a la entrada es Reθ0

≈ 114.

Las simulaciones expuestas en esta tesis son unas de las pocas que se han real-
izado hasta el momento. Por ello, se han obtenido algunos resultados inesperados.
Primero, la gradiente de presión causa que el espesor de la capa ĺımite crezca consid-
erablemente en la dirección de la corriente, lo que tiene como resultado un dominio
con una altura un poco marginal. En segundo lugar, la resolución en la dirección de
la corriente es baja con ∆x = 10η.

Salvo por lo dicho anteriormente, las estad́ısticas obtenidas no se alejan del
comportamiento general esperado. Destaca el hecho de que en los casos sin forzar
el estrés en la pared muestran una mı́nima, más a menudo observado cerca, pero
aguas arriba del punto donde el flujo se readhiere. Este pico indica un movimiento
de recirculación grande que ha sido observado en las estad́ısticas. La conclusión es
que esta recirculación da enerǵıa a la región separada, moviendo el flujo de velocidad
alta en la dirección de la región separada y el flujo con velocidad baja, fuera de esta
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Figure C.5: (a) La geometŕıa que ha sido usada en el experimento descrito en [134].
La caja negra rectangular indica aproximadamente el tamaño del experimento numérico
descrito en este apartado. (b) El perfil de la velocidad V en la parte superior del dominio,
que causa la APG, como función de x.

región.
El pico negativo en el estrés coincide con la posición donde la enerǵıa cinética

turbulenta obtiene su máximo. Los valores obtenidos para el parámetro de Clauser,
G, comparado con la presión adimensional β están cerca de los valores obtenidos
experimentalmente. El flujo laminar se separa cuando H ≈ 3.5, lo cual corresponde
al valor semi-anaĺıtico para la separación laminar. El número de Reynolds basado
en θ(x) y U∞(x) alcanza valores alrededor de 2000, en el caso del APG más elevado.

Las estelas impuestas redujeron la burbuja de separación hacia una fracción de
su tamaño original. Los resultados instantáneos han demostrado que los vórtices,
que se forman gracias a las estelas, se mezclan más eficazmente y reducen la burbuja
de separación. La reducción de la burbuja de separación significa que la velocidad
media en la parte superior del dominio alcanza su perfil lineal deseado, mientras que
los casos sin forzar, demostraron que todos tienen una llanura en la posición de la
burbuja de la separación. Después de readhierse el flujo estaba lejos de separarse
como indicaba el factor de forma. El caso correspondiente sin forzar estaba cerca de
separación y el flujo después de readherirse es turbulento. Para escalar las veloci-
dades se ha usado diferentes escalas de velocidad. El perfil medio de la velocidad
ha sido escalado con la velocidad de fricción en la pared uτ = (ν(∂yU)y=0)

1/2 y

up = 3

√
νdP 0/dx.

Respecto a los tres casos sin forzar que fueron estudiados, dos casos se han podido
escalar con uτ , mientras el caso con el APG más alto se ha podido escalar usando
up. El perfil medio en este caso colapsó con datos de [102] usando el escalado de
Zagarola y Smits uZS, como se puede observar en Fig. C.6.

Para gradientes de presión más bajas, este escalado no funciona tan bien. Considerando
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Figure C.6: Escalado con UZS. Se presenta sólo los datos del caso con el gradiente de
presión más alta comparado con los datos en [102].
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los resultados obtenidos para el perfil medio de velocidad, el estrés turbulento con
el gradiente de presión más alto fue comparado con los datos en [102]. Aparte de
las escalas ya mencionados, fue usada una escala adicional basada en [91] dado por

um =
√

−u′v′max. Se muestra en Fig. C.7 que esta escala de velocidad hace coincidir
los resultados con los datos de [102]. Si se usa uzs sólo se pueden hacer colapsar los
datos entre ellos. Las correlaciones turbulentas fueron comparadas con los datos en
[102] y las coincidencias son satisfactorias.
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Figure C.7: (a) u2. (b) v2. (c) w2. (d) uv. � : Datos de [102]. : Datos de [106].
Todos los datos han sido escalados con um
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