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ABSTRACT 
Large eddy simulations of flow and heat transfer in a 

square ribbed duct with rib height to hydraulic diameter of 0.1 
and 0.05 and rib pitch to rib height ratio of 10 and 20 are 
carried out with the near wall region being modeled with a 
zonal two layer model. A novel formulation is used for solving 
the turbulent boundary layer equation for the effective 
tangential velocity in a generalized co-ordinate system in the 
near wall zonal treatment. A methodology to model the heat 
transfer in the zonal near wall layer in the LES framework is 
presented. This general approach is explained for both Dirichlet 
and Neumann wall boundary conditions. Reynolds numbers of 
20,000 and 60,000 are investigated. Predictions with wall 
modeled LES are compared with the hydrodynamic and heat 
transfer experimental data of Rau et al. [1], and Han et al. [2], 
and wall resolved LES data of Tafti [3]. Friction factor, heat 
transfer coefficient, mean flow as well as turbulent statistics 
match available data closely with very good accuracy. Wall 
modeled LES at high Reynolds numbers as presented in this 
paper reduces the overall computational complexity by factors 
of 60-140 compared to resolved LES, without any significant 
loss in accuracy. 
 
1 INTRODUCTION 

Ribbed internal cooling duct configurations are used 
extensively in modern gas turbine engines. Ribs or turbulators 
act as roughness elements enhancing the heat transfer 
coefficient and cooling capacity.  Flow in these ribbed ducts 
involves many complex features like flow separation, curved 
shear layers, primary and secondary recirculation, reattachment 
of the boundary layer and recovery. Rotation of turbine blades 
introduces Coriolis forces while high thermal gradients 
introduce centrifugal buoyancy. In the past two decades, several 

experimental studies have been performed to characterize the 
heat transfer in rib roughened passages. Several researchers at 
Texas A&M (Han [4, 5], Chandra et al. [6], Lau et al. [7], Han 
and Zhang [8], Han et al. [9], Zhang et al. [10], Ekkad and Han 
[11]) have studied the effects of different rib angles, different 
rib orientations, full and discrete ribs, different rib 
height/hydraulic diameter ratios, different rib pitch/height 
ratios, different aspect ratio channels, and variable temperature 
and flux boundary condition in a Reynolds number range from 
10,000 to 100,000. Taslim et al. [12], Korotky and Taslim [13], 
Taslim and Lengknong [14], Taslim and Korotky [15] have 
performed similar studies.   

Many researchers have reported computational studies 
on the internal cooling channels. Many of these studies relied 
heavily on the RANS approach for modeling turbulence. Saidi 
and Sunden [16], Jia et al. [17], Iacovides et al. [18], Ooi et al. 
[19] and Prakash and Zerkle [20] have performed three 
dimensional RANS calculations on stationary ducts while Jang 
et al. [21], Chen et al. [22], and Iacovides et al. [23] carried out 
RANS studies on rotating ducts. Due to the anisotropic nature 
of the turbulent flow in these ribbed internal cooling passages 
the investigated RANS models have had varying degree of 
success. The models based on eddy-viscosity [20], which 
assume flow isotropy do not perform well, while more complex 
models, which solve for the Reynolds stresses [17, 21, 24] have 
been found to perform reasonably well. RANS based models 
also suffer from lack of repeatability and low level of accuracy 
in predicting complex flow features in ribbed internal cooling 
ducts. Though computational expense has limited most studies 
to the RANS approach, in recent years, significant numbers of 
researchers have reported large-eddy simulation in internal 
cooling passages. LES has the potential to predict results more 
accurately by modeling only the small isotropic scales while 
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resolving most of the energy containing eddies. Murata and 
Mochizuki [25] reported a LES calculation of a stationary duct 
for low Reynolds number without any experimental validation. 
Excellent comparisons between LES calculations and 
experiments have been shown in fully developed stationary 
ducts by Tafti [2], in fully developed rotating ducts by Abdel-
Wahab and Tafti [26], in fully developed stationary ducts with 
45o ribs by Abdel-Wahab and Tafti [27], and in developing flow 
in stationary and rotating ducts by Sewall and Tafti [28].  

Though many LES calculations have been reported in 
the literature, most of them are limited to either a fully 
developed assumption or to low Reynolds numbers, while most 
of the gas turbine applications have high operating Reynolds 
numbers. Although LES only resolves the large-scale unsteady 
flow dynamics in complex flows, it requires large 
computational resources at practical Reynolds number, which 
are of order of several hundred thousand. Resolution 
requirements near the wall increase tremendously with 
Reynolds number [29]. Also, it is important to note that the 
time step of the whole calculation is usually constrained by the 
smallest grid size. Hence, it is crucial to reduce the high 
resolution requirement for successful implementation of LES at 
high Reynolds numbers. Modeling the near wall region and 
coupling it to the outer LES region is key to the use of LES for 
practical engineering applications. 

Three approaches for modeling the near wall layer are, 
use of logarithmic law of the wall based functions, solving a 
separate set of equations in the near-wall region, and simulating 
this region in a Reynolds-averaged sense. Deardorff [30] and 
Schumann [31] introduced approximate wall-boundary 
conditions to model the effect of the near wall layer. Grotzbach 
[32], Werner and Wengle [33], Piomelli et al. [34], Hoffmann 
and Benocci [35], and Temmerman et al. [36] used different 
variants of this approach. The major drawback of this approach 
is that it needs a value of mean wall shear stress a priori and 
the plane averaged velocity at the first grid point off the wall 
has to explicitly satisfy the logarithmic law of the wall. Hence, 
Schumann’s [31] model and its variants work well only in 
simple equilibrium flows like the fully developed channel and 
pipe flows. 

In recent years, hybrid RANS-LES approach has 
caught the attention of many researchers in which RANS 
equations are solved near the wall while the LES filtered 
Navier-Stokes equations are solved away from the wall. Various 
methodologies are used to switch between the RANS and LES. 
Spalart et al. [37] proposed Detached Eddy Simulation (DES) 
for separated flows in which a characteristic turbulent length 
scale was used as a criterion to switch between the RANS and 
LES regions. Nikitin et al. [38] used Spalart et al. [37] model 
and found significant under prediction in the wall shear stress. 
Vishwanathan and Tafti [39] carried out DES of fully developed 
flow and heat transfer in a internal cooling ribbed duct 
geometry. These hybrid RANS-LES models have the capability 
to simulate complex flows but still suffer from a high grid 
resolution requirement in the wall normal direction, which 
require y+<1. Compatibility of the turbulence conditions at the 

interface and aliasing effects due to the resolved and modeled 
turbulence are major challenges in this method [40]. 

The zonal model or two-layer model (TLM) on the other 
hand solves a different set of equations in the inner layer [41]. 
Simplified turbulent boundary layer equations are solved on a 
virtual grid set up in the wall layer. This grid is embedded in the 
outer LES grid and refined only in the wall normal direction. In 
the outer LES grid, the filtered Navier-Stokes equations are 
solved, while in the inner layer Equation (1) is solved on a 
virtual grid embedded between the first grid point off the wall 
and the wall.  
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In Equation (1), n is the wall normal direction and i takes 
values 1,2 or 1,3 based on the wall orientation. Equation (1) is 
solved using the no-slip boundary condition at the wall, and the 
velocity at the first grid point off the wall, which is calculated 
from the outer-flow LES. Balaras and Benocci [41] and Balaras 
et al. [42] used an algebraic eddy viscosity model to 
parameterize all scales of motion in the wall layer. The zonal 
model is discussed in more detail in the next section. The zonal 
approach has been successfully applied to a variety of problems 
in recent years. Cabot and Moin [43] simulated the flow over a 
backward facing step, Wang and Moin [44] studied flow past an 
asymmetric trailing edge and Tessicini et al. [45] simulated the 
three-dimensional flow around a hill-shaped obstruction with 
the zonal near wall approach. In all these applied schemes, 
turbulent boundary layer equations are solved in the inner layer 
virtual mesh to obtain the instantaneous wall shear stress, 
which is fed back as a boundary condition to the outer LES 
region. 

Most of the applications of wall layer modeling in LES 
framework have been applied to fluid flow problems without 
heat transfer. In the current study, zonal treatment for the near 
wall heat transfer for coarser meshes is presented. The zonal 
two layer model for velocity and temperature is integrated and 
formulated to account for Dirichlet as well as Neumann thermal 
boundary conditions at the wall. A thorough validation of the 
proposed formulation is done in a fully developed turbulent 
channel flow with a specified heat flux against wall resolved 
LES calculations. This validated methodology is then applied to 
investigate the fully developed flow and heat transfer in a 
square ribbed duct used in gas turbine bade cooling. Two 
different configurations are studied with ratio of rib height to 
hydraulic diameter of 0.1 and 0.05 and rib pitch to rib height 
ratio of 10 and 20. Reynolds numbers based on the hydraulic 
diameter of the duct and bulk mean velocity were 20,000 and 
60,000 respectively for these two configurations. Predictions 
with the wall modeled LES calculations are compared with the 
available experimental data of Rau et al. [1], Han et al. [2], and 
wall resolved LES data of Tafti [3] for Reynolds number of 
20,000. It is observed that these LES calculations with zonal 
treatment for velocity and temperature are able to reproduce the 
major flow features in the duct. Also, the trends in the surface 
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heat transfer coefficient and values of Nusselt augmentation 
were predicted in close agreement with the experimental 
measurements. It is also shown that in this complex flow, in the 
absence of wall modeling, on a coarse near wall grid, 
significant under prediction of friction factor and Nusselt 
number occur. This is first of a kind study where a statistically 
three dimensional flow is studied with heat transfer using an 
integrated zonal near wall treatment for both velocity and 
temperature in a generalized coordinate LES framework. 
 
2 COMPUTATIONAL METHODOLOGY 

 
2.1 Governing equations 

The governing equations for unsteady incompressible 
viscous flow in a generalized coordinate system consists of 
mass, momentum, and energy conservation laws. The equations 
are mapped from physical )(x

�
to logical/computational space 

)(ξ
�

 by a boundary conforming transformation )(ξ
���

xx = , where 

),,( zyxx =�  and ),,( ζηξξ =
�

. The equations are non-

dimensionalized by a suitable length scale (L*=Dh), velocity 
scale (U*=uτ) and a temperature scale (q”wL*/k), where q”w is 
the heat flux at the wall. The modified equations, in which 
pressure and temperature are decomposed into mean and 
fluctuating or periodic components, are written in conservative 
nondimensional form as: 
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where ia
�

are the contravariant basis vectors, g  is the 

Jacobian of the transformation, ijg  is the contravariant metric 

tensor, ( )j j
k

k
gU g a u= �

 is the contravariant flux vector, 

iu  is the Cartesian velocity vector, p is the pressure, and � is 

the non-dimensional temperature. The non-dimensional time 
used is t*U*/L* and the Reynolds number is given by 
U*L*/ν, Ret is the inverse of the subgrid eddy-viscosity, which 
is modeled as 

 
                     SgCs

t
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where S  is the magnitude of the strain rate tensor given by

2 ik ikS S S=  and the Smagorinsky constant 2sC is obtained 

via the dynamic subgrid stress model [46]. To this end, a 

second test filter, denoted by ̂G , is applied to the filtered 

governing equations with the characteristic length scale of Ĝ  
being larger than that of the grid filter, G . The test filtered 
quantity is obtained from the grid filtered quantity by a second-
order trapezoidal filter, which is given by 

1
1 14

ˆ ( 2 )i i iϕ ϕ ϕ ϕ− += + + in one dimension. The resolved 

turbulent stresses, representing the energy scales between the 

test and grid filters, � ˆ ˆ
ij i j i jL u u u u= − , are then related to the 

subtest, � ˆ ˆ
ij i j i jT u u u u= − , and subgrid-scales stresses 

ij i j i ju u u uτ = −  through the identity, ˆa a a
ij ij ijL T τ= −  . The 

anisotropic subgrid and subtest-scale stresses are then 
formulated in terms of the Smagorinsky eddy viscosity model 
as:              
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Here α is the square of the ratio of the characteristic length 
scale associated with the test filter to that of grid filter and is 

taken to be� / 6i i
 ∆ ∆ =  

for a representative one-dimensional 

test filtering operation. Using a least-squares minimization 
procedure of Lilly [47], a final expression for 2

sC is obtained 

as:  
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The value of 2
sC is constrained to be positive by setting it to 

zero when 2 0sC < . The mean non-dimensional pressure 

gradient � is assumed to be unity in Equation (3), whereas � is 
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calculated from a global energy balance as: � �
��

" �

	
������
 in 

Equation (4).  

2.2 Zonal two layer flow model  
The zonal two layer model formulation implemented 

in the generalized coordinate system( , , )ξ η ζ  is described in 

this section briefly in a very simplified form.  

 

Figure 1: Virtual grid for wall model, embedded in LES grid 
(W represent wall node. P represent first off wall LES grid 

node)  
 

Figure 1 shows the virtual grid in the wall normal direction 
required for the two layer wall model embedded in the outer 
LES grid. Simplified turbulent boundary layer equations of 
form described by Equation (1) are solved on this virtual grid. 
Instead of using (x,y,z) or ( , , )ξ η ζ  coordinate systems, a 

coordinate system of reduced dimensionality (t,n) is used where 
t is the tangential and n is the normal direction to the wall. 
Neglecting the unsteady and convection terms on the LHS of 
Equation (1), it can be written as 

 1 1

Re Re
t

t

u P

n n t

   ∂∂ ∂+ =  ∂ ∂ ∂   
 (10) 

The Cartesian components of the velocity vector at the first 
nodal point off the wall are used to find the tangential velocity

( )tU , which serves as the boundary condition for the inner 

layer. Similarly, the pressure gradient in the tangential velocity 
direction ( )/P t∂ ∂  is also calculated using the outer LES and is 

assumed constant in the inner layer. Equation (10) is solved on 
an embedded virtual grid in the wall normal direction with a 
no-slip boundary condition at the wall. The turbulent viscosity 

ν� is modeled based on mixing length theory with near-wall 
damping. 

                          

 ( )2
/1

1
Re Re

d A

t

d e
κ ++ −= −   (11) 

Where, κ is Von-Karman constant, � is normal distance from 
the wall,  A= 19 and, 
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Equation (10) is discretized using the second order central 
difference scheme and solved using an efficient tri-diagonal 
solver. Equation (14) is then used to obtain the wall shear stress 
in the tangential direction, the components of which are then 
transformed back into a (x,y,z) coordinate system to act as 
boundary conditions in the respective momentum equations for 
the outer flow completing the coupling with the outer flow.  
 
2.3 Zonal two layer heat transfer model 
 The energy equation for turbulent flows in 
conservative non-dimensional form for a coordinate system of 
reduced dimensionality (t,n) with absence of additional source 
terms can be written as  

 Re Pr
1 0

Re Prt tn n

θ  ∂ ⋅ ∂+ =  ∂ ⋅ ∂   
 (15) 

  
The solution of Equation (15) requires the closure 

model for the turbulent Prandtl number. For the current 
investigation, the formulation of Kays [48] is used and 
presented in Equation (16).   

 

2
Re Re 5.165

1/ Pr 0.58 0.22 0.0441 1 exp
Re Re Re

Re

t
t t

t

  
  

    −  = + − −                   
 (16) 

This formulation accounts for the higher values of turbulent 
Prandtl number very close to the wall and its gradual decay 
away from the wall. Experimental as well as numerical 
simulations of wall bounded turbulent flows have shown [48] 
that values of turbulent Prandtl number are higher near wall 
(y+<15) as against to approximately constant value away from 
the wall. Equation (15) is solved in the inner layer zonal mesh 
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in a same way as Equation (10). The temperature at the first 
LES grid point off the wall and either the specified wall 
temperature or the surface heat flux are used as boundary 
conditions for solving Equation (15).  
 If the heat flux at the wall is specified, then there is 
no change in the energy equation calculation for the outer layer. 
Still, Equation (15) is solved in the inner layer to obtain the 
wall temperature using the outer LES temperature and specified 
wall heat flux as a boundary condition. The temperature profile 
obtained from solving Equation (15) in the inner layer is used 
to calculate the wall temperature as follows 
           

 2
Re Pr

1
Re Pr

wall i

t t

dθ θ ∆= +
 

+ 
 

 (17) 

Where, 2iθ is the temperature at the first off wall inner layer 

nodal point and d∆  is its normal distance from the wall.  
  
2.4 Numerical method 
 The governing equations for momentum and energy 
are discretized with a conservative finite-volume formulation 
using a second-order central difference scheme on a non-
staggered grid topology. The Cartesian velocities, pressure, and 
temperature are calculated and stored at the cell center, whereas 
contravariant fluxes are stored and calculated at cell faces. For 
the time integration of the discretized continuity and 
momentum equations, a projection method is used. The 
temporal advancement is performed in two steps, a predictor 
step, which calculates an intermediate velocity field, and a 
corrector step, which calculates the updated velocity at the new 
time step by satisfying discrete continuity. The energy equation 
is advanced in time by the predictor step. The computer 
program Generalized Incompressible Direct and Large Eddy 
Simulations of Turbulence (GenIDLEST) used for current study 
has been applied and validated for numerous complex heat 
transfer and fluid flow problems. Details about the algorithm, 
functionality, and capabilities can be found in Tafti [49, 50] 
 All calculations were performed on 4 Apple Xserve 
G5 compute nodes with 2.3 GHz PowerPC 970FX processor. 
For integrating over one non-dimensional time unit (with a time 
step of 5 � 10��), about two hours of wall clock time is 
required for case 1 in Table 2, while about one hour of wall 
clock time is required for case 2 and case 3. Inner layer 
calculations for 32 virtual nodes require less than 10% of the 
outer LES calculation time.  
 
3 RESULTS 

 
3.1 Computational domain 
 Figure 2 describes the computational domain for two 
different Reynolds number used for current investigation. 
Geometries investigated for both Reynolds numbers had a 
square cross section and ribs normal to the flow direction. Ratio 

of rib height to the duct hydraulic diameter (�/��) was 0.1 and 
0.05 while ratio of rib pitch to height was 10 and 20 for 
Reynolds number of 20,000 and 60,000 respectively. The 
computational methodology discussed in section 2 assumes the 
flow and heat transfer to be fully developed. Hence the 
computational domain length in streamwise (x) direction is 
taken to be a periodic segment between two adjacent ribs in the 
experimental geometry of Rau et al. [1] and Han et al. [2]. In 
this framework, a mean pressure driving force is applied to the 
domain and the flow develops to reach a stationary state when 
the mean losses in the domain are balanced by the applied mean 
pressure gradient. 
 

 
 

(a) 
 

 
 

    (b)                                            (c) 
 

Figure 2: (a) Computational domain, and mesh at (b) z=0.5 
section (c) x=0.5 section; for ribbed duct calculations  

 
3.2 Validation of heat transfer wall model in a turbulent 
channel flow 
 Table 1 summarizes the calculations performed in a 
fully developed turbulent channel flow to validate the heat 
transfer wall model used in conjunction with the velocity wall 
model.  
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Table 1: Turbulent channel flow calculation summary 
 

 Reτ ∆�
  !  ∆"

  Nu Nu0 f fc 
LES 590 19 0.8 9 106 105.4 0.022 0.0215 

WMLES 590 60 30 30 108.5 105.4 0.021 0.0215 
WMLES 

(only for 
flow) 

590 60 30 30 70 105.4 0.021 0.0215 

 
Well resolved LES is performed for a Reynolds number (#�$) 
of 590 based on the shear velocity and the channel half height. 
Flow data from DNS calculations of Moser et al. [51] is used to 
validate the wall resolved LES calculations. A summary of the 
grid resolution is presented in Table 1. A very fine grid with Y+ 

=0.8, ∆% =19, and  ∆& =9 was used for the wall resolved LES  
in a computational domain of size 2() � 2) � () in x, y, and z 
direction respectively, where ) is the half channel height. Total 
grid cells of 7.5 million were used with 196 grid points in x 
(streamwise) and z (spanwise), and y (wall normal) direction. 
The dynamic Smagorinsky model was used to include the 
effects of subgrid scales. The wall resolved LES calculation 
used a no slip boundary conditions at the channel walls for flow 
variables and constant heat flux boundary condition for 
temperature. Periodic conditions were applied in the 
streamwise and spanwise direction. Figure 3 compares results 
of LES with the DNS data of Moser et al. [51]. It is clear that 
the mean flow velocity profile matches in exact agreement with 
the DNS data. Also, all the Reynolds stresses match in very 
close agreement with the DNS data. This indicates that the grid 
resolution used for the LES calculation was sufficient to be 
considered as well resolved LES calculation. The heat transfer 
data from this resolved LES was further used for validating the 
results from the wall model.  
 A coarse mesh was constructed for wall modeled 
LES calculations with Y+ =30, ∆% =60, and  ∆& =60 in the 
same computational domain.  The zonal near wall treatment for 
velocity as well as temperature, discussed in section 2, was 
used for these wall modeled LES (WMLES) calculations.  
From Figure 3 it can be seen that the WMLES calculations 
were able to predict the mean flow velocity and temperature 
profiles in close agreement with LES predictions. The detailed 
validation of flow variables has been carried out by Patil and 
Tafti [52]. Friction factor calculated by WMLES matches well 
with the one obtained by wall resolved LES and an 
experimental correlation value (fc) [53]. 
 

 1/50.184 Re
hc Df −= ×  (18) 

 It is important to note that the time averaged Nusselt 
number values predicted by LES and WMLES calculations 
match closely at 106 and 108.5, respectively, which also match 
well with the value of 105.4 obtained from the Dittus-Boelter 
correlation (Nu0) [54]. 

 0.8 0.4
0 0.023 Re PrNu = × ×  (19) 

 

 

(a)  

(b)  

(c)  
 

Figure 3 Validation of heat transfer wall model in a turbulent 
channel flow (a) mean velocity profile (b) Variation of rms 
turbulent Reynolds stresses (c) mean temperature profile  
  
 Furthermore, a calculation was performed with the 
zonal treatment for velocity only to quantify the benefits of the 
heat transfer wall model. With this calculation, the Nusselt 
number was under predicted by about 25% compared to LES 
and the Dittus-Boelter correlation. This observation leads to a 
conclusion that even though the velocity predictions are 
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accurate with the zonal treatment of the momentum equations, 
solving the energy equation without a wall model on a coarse 
near wall mesh results in large under prediction of the surface 
heat transfer coefficient. It is also noteworthy to mention that 
LES calculations without zonal velocity as well as heat transfer 
model on the coarse mesh results in more than 25% 
underprediction of skin friction and Nusselt number. 
 Comparing the spatio-temporal resolution for wall 
resolved LES versus the wall modeled LES, the computational 
complexity was reduced by a factor of 285 by using the wall 
modeled LES. 

 
3.3 Ribbed Duct 
 Table 2 summarizes the calculations performed on 
the ribbed duct geometry.  
 

Table 2: Ribbed duct calculation summary 
 

Case #�$ #�+ grid resolution !  near wall 
treatment 

1 6667 20000 72�72�64 15-30 Zonal  
2 6667 20000 56�56�48 20-30 Zonal 
3 6667 22200 56�56�48 20-30 none 
4 12533 60000 88�88�88 20-40 Zonal 

 
Two different Reynolds numbers were investigated with wall 
modeled LES and LES without wall model. The Reynolds 
number is based on the duct hydraulic diameter and the bulk 
mean velocity inside it. A grid sensitivity study is reported for 
the Reynolds number of 20,000. All the grids were designed to 
perform the wall modeled LES calculations; but a calculation 
without wall model was performed on the same grid to evaluate 
the benefit of using the wall model in predicting the skin 
friction and surface heat transfer coefficient on a coarse mesh. 
LES calculations with the zonal near wall model on grids 1 and 
2 resulted in overall predictions without any significant 
difference. Further coarsening of grid 2 uniformly in all 
directions (not shown) resulted in Nusselt numbers predictions 
significantly different from experimental values.  
 Table 3 summarizes the results for Reynolds number 
of 20,000 for different grids. Grids for case 1 and 2 resulted in 
similar overall predictions. It is clear from Table 3 that the 
zonal two-layer formulation presented in section 2 for the heat 
transfer is able to predict the surface heat transfer coefficient in 
very close agreement with the experimental data and wall 
resolved LES calculations of Tafti [3]. The predictions of the 
skin friction is also in close agreement with data and wall 
resolved LES calculation of Tafti [3] indicating that the zonal 
two-layer formulation presented in section 2 works well in 
predicting the near wall region. The benefit of using wall model 
becomes evident in case 3 in which LES calculations without a 
wall model are performed on a coarse mesh. This results in 
large under predictions of skin friction and surface heat transfer 
coefficient.  
 Comparing the spatial resolution (1283) for wall 
resolved LES of Tafti [3] and a time step of 5x10-5, Case 1 in 
Table 2, reduces the computational complexity by a factor of 

63, whereas Case 2 and 3 reduce the complexity of the 
computation by a factor of 140. 
 
Table 3: Heat transfer and friction data comparison with Rau et 

al. [1] (Re=20,000) 
 

                            LES calculations, 



,-
� 0.1, 

/



= 10                        Experiment 

 case1 case 2 case 3 Tafti [3] 
Rau et 
al. [1] 

#�$ 6667 6667 6667 6667 - 
#�+ 20,000 20,000 22,200 20,000 30,000 

% form loss 90 90 95 91 85 
Reattachment 
length (%/�) 

4.2 4.2 4.5 4.1 4.0-4.25 

〈12〉/124  5124 = 0.023.#�+
4.7. 894.�: 

Rib 2.49 2.46 1.96 2.89 - 

Ribbed Wall 2.20(7.9%) 
2.21 

(7.9%) 
1.82 

(24%) 
2.4 2.40 

Smooth Wall 1.91 (6 %) 
1.92 
(6%) 

1.48 
(28%) 

1.89 2.05 

Overall with 
rib 

2.13 2.14 1.76 2.23 - 

Overall w/o rib 2.05 (6%) 
2.06    

(6.9 %) 
1.69 

(23%) 
2.14 2.21 

;/;4		5;4 	= 0.046	. #�+
�4.>	: 

Overall 8.5 (10%) 
8.5 

(10%) 
7.25 

(24%) 
8.6 9.5 

Experimental uncertainty is ±5% 
  
3.4 Ribbed duct flow at ReDh = 20,000 
 All the calculations for the bulk Reynolds number of 
20,000 were performed at #�$ = 6667 with a mean pressure 
gradient of unity applied in the flow direction. The non-
dimensional time step in these calculations was set to 5	 ×
	10��which is an order of magnitude higher than the one used 
by Tafti [3] for his wall resolved calculation on the same 
geometry and Reynolds number with 128 grid nodes in all 
directions. The viscous terms are treated implicitly. The average 
@A residual norm of global mass balance is converged to 
1	 ×	10�7, while the momentum and energy equations in the 
implicit treatment are converged to 1	 ×	10�B.	 Calculations 
were initialized assuming an initial mass flow rate and 
integrated in time until the flow rate adjusts to the balance 
between internal losses and specified mean pressure gradient. 
After this point when the flow rate reaches an asymptotic value, 
data sampling was initiated to extract the mean flow and 
turbulent statistics. The total sampling interval was 10 non-
dimensional time units. The local Nusselt number is calculated 
as  

 1

s ref

Nu
θ θ

=
−

 (20) 

where sθ is the surface temperature and refθ is the reference 

temperature defined as  

 
1

1

x

ref

x

u dA

u dA

θ
θ = ∫∫

∫∫
 (21) 
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The surface-averaged Nusselt number is obtained by averaging 
the local Nusselt number as  

 1 1

s ref

Nu ds
ds θ θ

Ω
Ω

 
 =

−  
∫∫

∫∫
 (22) 

where s denotes the surface under consideration. Based on the 
non-dimensional mean pressure gradient of unity, the Fanning 
friction factor is calculated as  

 
2

1

2. b

f
u

=  (23) 

 Figure 4(a) shows the mean streamline pattern at the 
center of the duct (& � 0.5) for case 1. All three cases for bulk 
Reynolds number of 20,000 showed presence of the leading 
edge vortex at the rib-wall junction, the counter-rotating vortex 
in the wake region of the rib and the recirculation region 
downstream of the rib. For case 1 and case 2 the reattachment 
length is found to be 4.1 rib heights downstream of the rib, 
which is in exact agreement with the wall resolved calculation 
of Tafti [3]. Rau et al. [1] also reported this value to be in the 
range of 4.0 to 4.3 rib heights.  
 

(a)  
  

(b)  
Figure 4: (a)Mean streamline distribution in the z-symmetry 
(& � 0.5: plane (b) Contours of mean spanwise flow velocity 

near smooth wall (& � 0.07:  at Re=20,000 
 

 Figure 4(b) represents the spanwise velocity 
distribution in the vicinity of the side smooth wall for case 1. 
The flow predicted has three dimensional behavior near the 
smooth wall with mean spanwise (C+) velocity reaching up to 
22% of the mean streamwise velocity (2+DDD). The localized 
phenomenon of strong spanwise velocity moving towards and 
impinging on the smooth wall within the confines of the shear 
layer at the leading edge of the rib is a result of unsteady 
vorticity which is produced and transported at the junction of 
the rib with the smooth wall. This phenomenon is captured well 
with the WMLES calculation, but is missed by most eddy-
viscosity RANS models.  
 Figure 5 shows contours of time averaged Reynolds 
normal stresses (2EF,		GEF,	CEF) and Reynolds shear stress 
(2′G′DDDDD) at the center plane of the duct (& = 0.5). Reynolds 
normal stresses are normalized by the bulk mean velocity while 
the Reynolds shear stresses are normalized by the square of the 
bulk mean velocity in the duct. The time averaged variance of 
the streamwise velocity (2EF) in figure 5(a) takes a maximum 
value in the separated shear layer at the leading edge of the rib, 
with values between 40% and 50%. They are lowest in the 
stagnating flow at the rib and in the recirculation immediately 
behind the rib as observed by Tafti [3]. Figure 5(e) represents 
the distribution of the variance of streamwise velocity (2EF) in 

the region between the two ribs (
�I



� 4.5). This location is in 

the recovery region downstream of the reattachment point. The 
maximum values of 2EF in the shear layer behind the ribs and 
at the duct center (J � 0.5: were predicted to be around 38% 
and 15% respectively, which are in close agreement with the 
experimental values of 35% and 14%, respectively, in the shear 
layer and center, reported by Rau et al. [2]. The time averaged 
variance of transverse velocity (GEF) at the center plane of the 
duct (& � 0.5) is plotted in figure 5(b). The maximum value of 
GEF in the separated shear layer downstream of the rib and at 
the center of the duct (J � 0.5: are predicted to be 22% and 
12% respectively. These values compare in exact agreement 
with the experimental values of Rau et al. [1].   
 

 
 

(a) 2EF    
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(b) GEF 

 
(c)CEF 

 
(d) 2′G′ 

 
(e) RMS turbulence statistics 

 

 
(f) Turbulent kinetic energy 

 
Figure 5: Distribution of Reynolds normal stresses and shear 

stress at center plane (& � 0.5), and variation of RMS 
turbulence quantities at center plane 5& � 0.5, % � 1:   

(Re=20,000) 
 

 Figure 5(c) present the time averaged variance of 
spanwise velocity (CEF) at the center plane of the duct 
(& � 0.5). CEF shows a maximum value of about 36% at the 
top leading edge of the rib. High spanwise intensities are 
observed because of the impingement of eddies at the leading 
edge of the rib. This phenomenon is further explained in detail 
by Tafti [3]. The spanwise fluctuation are also high in the shear 
layer downstream of the rib with a maximum value of about 
30% as shown in figure 5(e). 
 Figure 5(d) shows the distribution of the time 
averaged Reynolds shear stress (2′G′DDDDD) in the center plane of 
duct (& � 0.5). Distribution of -2′G′DDDDD is shown in figure 5(e) in 
the wall normal direction. The Reynolds shear stress reaches a 
maximum value of about -4.5% in the separated shear layer 
downstream of the rib. 
 The turbulent kinetic energy was observed to be 
maximum near the origin of the shear layer on the rib and 
decays to lower values as the flow reaches the next rib. The 
values near the ribbed wall are between 6% and 8% throughout 
the length of the channel, except the recirculation region behind 
the rib. Figure 5(f) represent the distribution of turbulent kinetic 
energy at the center plane (& � 0.5, x=1). The maximum value 
(14%) of tke in the shear layer is predicted well as compared to 
LES of Tafti [3].   
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Figure 6: Contours of Nusselt number on (a)smooth wall and 
ribbed wall, and (b) ribs (only half of the rib is shown) 

(Re=20,000)  
 

 Figure 6 shows Nusselt augmentation distribution 
(with respect to the Dittus-Boelter correlation for a smooth 
duct) for the WMLES calculation. Heat transfer augmentation 
is low in the recirculation region immediately downstream of 
the rib but increases further downstream to reach a maximum 
near the reattachment region. The augmentation decreases as 
the smooth wall is approached with values close to unity at the 
corners. On the smooth wall, higher heat transfer augmentation 
occurs in the vicinity of the rib junction. This is a result of 
lateral flow impingement on the wall as shown in figure 4. 
Maximum heat transfer occurs on the leading edge of the ribs 
with values as high as 6. This can be attributed to strong flow 
acceleration in this region. 
 Figure 7 compares the predicted heat transfer 
augmentation by WMLES calculations with the experimental 
data of Rau et al. [1] at the center of the ribbed wall (& � 0.5) 
and at a location 0.5� upstream of the rib along the smooth 
wall. The predictions are in close agreement with the 
experimental data. The results show that WMLES not only 
predicts the surface averaged heat transfer coefficients with 
accuracy but also the local distributions consistent with the LES 
study of Tafti [3], unlike RANS based modeling which in many 
instances gives reasonable surface averaged heat transfer 
coefficients but with substantially different local distribution. 
 

(a)  

(b)  
 

Figure 7: Comparison of Nusselt augmentation with 
experimental data of Rau at al. [1] at  

(a) ribbed wall at center plane, J � 0, & � 0.5 (b)smooth wall 
at �/2 upstream of rib, & � 0, % � 0.4 (Re=20,000) 

 
3.5 Ribbed duct flow at ReDh 60,000 
 Calculations for the bulk Reynolds number of 60,000 
were performed with ratio of rib height to the hydraulic 
diameter of the duct (�/��) 0.05 and ratio of rib pitch to height 
of 20. The computational methodology described for 
Re=20,000 was applied for this case.  A grid of 81�81�81 was 
used in the computational domain with Y+ values in the range 
of 25-50. Predictions with WMLES calculations are compared 
with limited experimental data of Han et al. [2]. Experimental 
data for flow measurements is not provided. The measured 
distribution of Nusselt number on the ribbed wall along the 
centerline (& � 0.5: is reported.  
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Figure 8: Mean streamline distribution in the z-symmetry 

5& � 0.5: plane (Re=60,000) 
 
 Figure 8 represents the mean streamline structure at 
the center plane (& � 0.5: of the duct. The major flow 
structures are similar to that at Re=20,000. The reattachment 
length is found to be about three times the rib height. Figure 
9(a) and 9(b) represent the turbulent intensities and the mean 
turbulent kinetic energy variation along the duct height.  

(a)  

(b)  
 

Figure 9: Reynolds stresses and  at center plane (& � 0.5,
�I



�

8.5) (Re=60,000) 
 

Comparing the values with the Re=20,000 case, it can be 
observed that the values of these turbulence quantities are 
significantly lower. This indicates that the configuration at 
Re=60,000 with a smaller ratio of rib height to the hydraulic 
diameter of the duct and higher ratio of pitch to height results in 
less turbulence production compared with the Re=20,000 case. 
 Figure 10 compares the predictions of Nusselt 
augmentation ratio at the center line of duct (& � 0.5: on the 
ribbed wall. WMLES captures the trends in the heat transfer 
augmentation as well as the values of Nusselt augmentation in 
close agreement with the experimental data of Han et al. [2]. 
The trends in surface heat transfer coefficient distribution on 
the ribbed and smooth walls are similar to the one observed for 
Re=20,000 case. The maximum value of the Nusselt 
augmentation occurs at the leading edge of the rib facing the 
flow. Highly energetic unsteady eddies upstream of the rib are 
responsible for the flow acceleration and hence the higher 
magnitudes of the heat transfer augmentation. In the region 
immediately downstream of the rib, the flow is weak resulting 
in very low values of the heat transfer augmentation 
approaching unity. The Nusselt augmentation values slowly 
increases and reaches higher magnitudes near the flow 
reattachment length. These values remain high in the attached 
region following the reattachment point. It is noteworthy to 
mention that the difference in predictions and the measurements 
is small and within experimental uncertainty.  
  

 
Figure 10: Comparison of Nusselt augmentation with 

experimental data of Han at al. [40] at center plane  
5& � 0.5, J � 0:  (Re=60,000) 

 
 Han et al. [2] also reported values heat transfer 
augmentation distribution on the centerline (y� 0.5: of smooth 
wall along the length of the duct. They reported these values in 
a very small range of 1.35 to 1.45. Predictions from the 
WMLES calculation also agree with this observation with a 
value in the range 1.4 to 1.55. Average value of Nusselt 
augmentation on smooth wall predicted by WMLES is 1.5 
which is slightly higher than the value of 1.4 reported by Han et 
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al. [2]. Average value of Nusselt augmentation on the ribbed 
wall was predicted to be 2.15 by WMLES. This value is 
slightly over predicted than the reported value of 2.0 by Han et 
al. [2]. These average values of heat transfer augmentation are 
lower compared with Re=20,000 case owing to lower 
turbulence intensities. The overall friction factor augmentation 
was predicted to be 4.1 by WMLES, which matches in exact 
agreement with the value reported by Han et al. [2]. The base 
friction factor (;M,) was calculated by using Blausius equation 
(Equation 24) for the four-sided smooth channel. 
 

 0.250.079 ReFDf −= ×  (24) 

   
  
4. CONCLUSIONS 
 LES calculations are performed in a square duct with 
different ratios of rib height to hydraulic diameter of duct and 
rib height to pitch for Reynolds number of 20,000 and 60,000. 
All calculations use the dynamic Smagorinsky subgrid scale 
model with a second-order central difference scheme. The zonal 
near wall treatment is used for flow variables as well as 
temperature.  Mean flow, turbulence, and heat transfer 
predictions from WMLES calculations are compared with 
experimental data of Rau et al. [1], Han et al. [2] and well 
resolved LES data of Tafti [3]. 
 WMLES calculations predict the friction factor and 
Nusselt augmentation in close agreement with the experimental 
data for both Reynolds numbers investigated. The major flow 
features like unsteady energetic eddies near the rib wall, 
recirculation zone behind the rib, corner eddy, reattachment 
location, are in close agreement with experimental observations 
and well resolves LES predictions. Trends in the surface heat 
transfer coefficient distribution as well as values of Nusselt 
augmentation were predicted well within the experimental 
uncertainty for both the Reynolds numbers.  
 To quantify the advantage of using wall models, LES 
calculations without a zonal near wall treatment were 
performed on a coarse mesh designed for WMLES. It was 
observed that these LES calculations without any wall model 
under predict the friction factor and Nusselt augmentation 
significantly on a coarse near wall mesh. The advantage of 
using a wall model both for flow and heat transfer becomes 
more pronounced at higher Reynolds numbers. It is noteworthy 
to mention that the timestep required for the current 
calculations are order of magnitude higher than the time step 
required for a wall resolved LES.  The computational time 
required by WMLES are 60-140  times lower than that required 
for wall resolved LES calculations for the calculations in this 
paper. 
 
NOMENCLATURE 

 
N/ specific heat 
�� hydraulic diameter 

� rib height 
; Fanning friction factor 
O thermal conductivity 
@� domain length in streamwise (x) direction 
PQR surface normal vector  
12 Nusselt number 
P Rib pitch or total pressure 
S fluctuating pressure 
89 Prandtl number 
89T Turbulent Prandtl number 
UV
"  wall  heat flux  
W� flow rate in x direction 

#�+ Reynolds number based on bulk velocity5=
XYZ,-

[
: 

#�$ Reynolds number based on shear velocity5=
X�,-

[
: 

#�T inverse of turbulent (eddy) viscosity 
\ temperature 
2QR Cartesian velocity vector 
uτ friction velocity 
%′ distance from downstream of the rib 
� mean pressure gradient 
� mean temperature gradient 
� non-dimensional temperature 
Ω total heat transfer surface area 
Subscripts 
^ surface 
_ bulk mean time averaged velocity 
0 smooth duct 
9`a root mean square 
c correlation 
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