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ABSTRACT

The nonlinear dynamic analysis of a multi-gear train
with time-varying mesh stiffness on account of the
modification coefficient effect is investigated in this paper. The
proposed application of the modification coefficient will revise
the center distance of the gear pair, avoid undercut and raise
the mesh stiffness of the designed gear system. In this study,
the gear profile is generated from the relationship between the
rack cutter and the gear work piece by using the envelope
theory. The rack cutter with the modification coefficient
increases the mesh stiffness and thus enhances the strength of
the gear tooth. Then the time-varying mesh stiffness at the
contact position of the gear pair is calculated from the tooth
deflection analysis using the generated gear profile. With the
obtained time-varying mesh stiffness, the nonlinear dynamic
behavior of multi-gear train is investigated by using Runge-
Kutta integration method. The numerical results of the studied
examples show the harmonic motion, sub-harmonic motion,
chaotic motion and bifurcation phenomenon of the gear train.

Keywords: modification coefficient, gear train, time-varying
stiffness, rack cutter, bifurcation diagram, nonlinear dynamic.

I. INTRODUCTION

In the gear systems groups, Ozguven and Houser [1]
defined the mathematical models of gear dynamics and
discussed the dynamic loads of effects including tooth error,
addendum modification, mesh stiffness, damping factor and
friction coefficient Kahraman and Singh [2] developed a
single gear pair model which includes the nonlinearities
associated with radial clearances in rolling element bearings
and backlash between a spur gear pair. Kahraman and Singh
[3] also developed a 3DOF time-varying model with a single
gear pair which includes the radial clearances between
bearings and backlash of gear pair. Sener and Ozguven [4]
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used a continuous system model to study the dynamic mesh
force and dynamic factor with a geared shaft system.

The nonlinear vibration of a spur gear pair with flexible
shaft is investigated by Litak and Friswell [5]. Two years later,
Al-shyyab and Kahraman [6] proposed a nonlinear time-
varying dynamic model with three shaft and two gear pairs.
The system was reduced two degree of freedom and definite
model by using the relative gear mesh displacements as the
coordinates and assuming rigid shafts. At the same year, Al-
shyyab and Kahraman [7] used the same model to obtain the
steady state period-n sub-harmonic motions and the Floquet
theory which applied to determine the stability of the steady
state solutions. Zhao and Sun [8] used the a nonlinear spur
gear models to investigate the chaos and bifurcation, and
discussed the influence of mesh frequency, amplitude of mesh
stiffness and damping ratio on nonlinear dynamic behavior.

In the mesh stiffness method groups, Cornell and
Westervelt [9] presented the closed form solution of a
dynamic model of spur gear system with all practical contact
ratios. Cornell [10] obtained a relationship between
compliance and stress sensitivity of spur gear teeth. The
different magnitude of the tooth pair compliance with load
position affected the dynamics and loading significantly. Yoon
and Rao [11] proposed a new tooth profile, and presented as
the cubic splines and compared the dynamic factor and tooth
load with involute profile, the new profile can be minimized
the static transmission error, gear vibration and noise. An
original analytical modeling of tooth cracks is presented by
Chaari, Fakhfakh and Haddar [12]. The gear mesh stiffness
reduction due to the tooth crack is quantified and compared
the results with the finite element model to validate this
analytical formulation.

Researchers usually use contact value, multi-term Fourier
series and periodic rectangular wave to approximate mesh
stiffness, but it was not real meshing condition by involute
tooth profile. Though the past researches have predicted the
gear mesh stiffness, the generation of spur gear tooth profile
using rack cutter with modification coefficient is proposed in
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this study. The real involute tooth profile and formulation is
extendable developed the proposed method of reference [13].
The nonlinear dynamic behavior of the associated gear train
system is also investigated based on the predicted gear mesh
stiffness in this study.

O. DYNAMIC MODEL FORMULATION

A physical model of a multi-degree-of-freedom nonlinear
time-varying system (Al-shyyab and Kaharman [6]) is
investigated as shown in Fig. 1. The torsional system is
formed by three rigid shafts connected to each other by two
spur gear pairs. Shafts are assumed to be rigid such that no
deflection in any direction is possible. Gears are connected to
the shafts rigidly. Bearings are also considered to be rigid and
gear mesh damping values are assumed to be time-varying.
The focus of this study is on the dynamic transmission error
and modification coefficient.

Gear 1 Gear 4
1,Z,,T,(1) 1,2, T,(1)

Shaft 1

Load
Motor o8

Figure 1 Dynamic model of the physical system

The number of tooth in each gear is Z;. The polar mass
moment of inertia is ;. The base radius is r, . 6;(¢)
represents the rotational displacement of each gear. k;(¢)
and k,(¢f) represent gear mesh stiffness of the first and
second gear pair. The gear mesh damping values are denoted
by ¢() and c¢,(¢t) . g;(¢¥) and g,(¢t) are discontinuous
displacement function due to the gear backlash.

Since the shafts are assumed rigid, the torsional
displacements of gear 2 and gear 3 are equal, i.e,
0,(t)=065(t) , and the associated polar mass moment of

inertia becomes [,y =1, +/;. The number of equations of

motion can be reduced to two by defining the following
equations

Pi(0) = 13,60, (1) = 13,20, (2) (D
P2 (1) =130, (1) = 1,404 (1) )

where p,(¢) and p,(t) are the dynamic transformation error.

Substituting the kinetic and potential energy into the
Lagrange approach, one can obtain the dimensionless
equations as follows

{Wﬂ}{éﬂ)—&@Hﬁ@}
;z (t_) _421 (t_) gzz (t_) ﬁz (t_) (3)
+|: Kn(t_) _Klz(t_):Hgl(t_)}:{f](t_)}
—Ky (t_) Ky (t_) gz (t_) fz (t_)
where
m, = 5 11123 5 L m, = 123 ’m3: 5 12314 5 ,
ot Loy + 10714 Tb2b3 Tpa Loz + 13714
- _ k(@) — _k(@) — _ k() — _ k()
- _ o (t) _ e (1) _ o () _ 210)
Sn)= 2o, @)= 2m,o, >§2|(t)_72m2w8 ’CZZ(t)_72m3wc

Consider a dimensionless time 7 =¢w,, where ¢ is real time,
@, is the characteristic frequency, and then let

b, =b, /b, (i,j =1,2), where b, is a characteristic length.
The mesh damping value ¢;(f) , c,(f) are defined as

o) =28 \k()my, and c,(t)=2¢\ky(f)my, , wWhere the
equivalent mass are  my, =11, /(rb1212 +rb2211) ,
M3y :1314/(rb3214 +7y4°15),and ¢ is the damping ratio.

Dimensionless discontinuous displacement function and
external force are given as

pi)=b  p.(0)>b

g,()= 0 if |p|<b i=12 (4)
piO)+b;  p(D) <-b,
and
. T, (7) B, T, (0)
fmﬁ%éjaMfmh%ﬁz 5)

where ﬁ(;)zpi(?) is the dimensionless dynamic

b

c

transformation error.

Im . GENERATION OF PROFILE AND TIME-
VARYING MESH STIFFNESS WITH MODIFICATION
COEFFICIENT

Modification Coefficient
The modification coefficient has three limitations
including the undercut of tooth (x,) the tip of tooth profile

u

( x,) and the limited region of modification coefficient. These
limitations are defined in the following equations.

Xy :M’ Zlim = ﬁx[ 2 ] (6)

z, sin’ a,

lim

To avoid producing the acute top of tooth profile, the tip
of the tooth profile is given as
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_ inv(a,( ) —inv(ac) 3 bia (7)
' 2ztan (e, ) 4tan(c, )
where
a, =cos!| — ()
¥ L+ hf. +Xx,.m

Therefore, the limitation region of modification

coefficient is written as

X, <x<x, 9)
It is noted that the modification coefficient x should be larger
than x to avoid the undercut of tooth and less than x, to
avoid producing the acute top of tooth profile.

In Eqns. (6)-(8), z is the number of tooth, z  is the
limiting number of tooth of undercut, ¢ is the pressure angle
of rack cutter, fix(i) is the maximum integral value of i,
inv(0) = tan(0) -6 is the involute function, o, is the meshing
angle, m, 7, Ty, and h,/' are the modulus, radius of base
circle, radius of pitch circle and addendum of the gear,
respectively.

Formulation of Rack Cutter
The rack cutter consists of a straight line section and arc
section. In Fig. 2, the form of cutter vector is defined by

,
. t
r,“’:|:i(ulsma—t/tana—§) u,cosa—t, +x-m l:| (10)

,
{, . .
r? :[i(fz"ft, tano — pcosa— pcosh,) —t, + psina+psing, +x-m 1}

(11)

where « is the pressure angle, p is the radius of fillet, x is
modification coefficient. u; and 6, are the parameters of

straight line section and arc section of tooth profile,
respectively. Likewise, the superscripts (1) and (2) describe
the straight line and the arc section, respectively. The + and —
signs stand for the left and right hand side of rack cutter,
respectively. 7, and ¢, represent the dedendum and

clearance. ¢, is standard pitch.

7
%

s

R

=
=

D
/ t ///%//
./ L
G <

Figure 2 The rack cutter model at S, ( X;, Y] ) coordinate

Coordinate System & Contact Definition
In Fig. 3, S, (X,,Y,) is the fixed coordinate,

S, (X;,Y,) is the horizontal moving coordinate of cutter, and
S,(X,,Y,) is the rotational coordinate of gear. ¢ is the

rotational angle of gear, and 7, is the radius of pitch circle.

The transformation matrix of S, to S, canbe presented as
cos¢ sing r,(sing—¢pcosd)
[M,]=|-sing cos¢ r (cos¢+psing) (12)
0 0 1

L
=<

r{J ¢

Figure 3 Coordinate transformation model

According to Eq. (12), the position vector r, of the rack
cutter at S, coordinate system can be obtained as

r,” =[M,] ¥ and ;¥ =[M, ] ¥ (13)

where
[ A, sing+r,(sing —gcosd) + 4, cos |
=| A, cosg+r,(cosd+@sing) F A, sing (14)
1

[2;sing+r,(sing—gcosg)+ A, cosg |
r? = A;cos¢+r,(cosd+Psing) F A, sing (15)
1

and
A =—t,tu cosa+x-m

A :—ti+u, sina—t, tana
2
A =psina+psing —i,+x-m
A :—pcosa—pcose,—%—t,.tana
Eqns. (14) and (15) presented the equation of orbit of

rack cutter on the §, coordinate. According to the envelop

theory, the tangent vector of the equation of rack cutter is
perpendicular to the normal vector of gear profile, therefore,
the necessary condition of envelop is expresses as

0 (1) (2) 0 (1) 0 (2) I

a—¢(r2 (u,0)+1; (0,¢))- P"e (u,¢)+%r2 (6.9) |xk=0 (16)
The Eq. (16) provides two independent equations to obtain the
rotational angles ¢® and ¢® . Substituting the rotational
angle into Eqns. (14) and (15), one obtain the equations of
profile r, as

ry"™") <[ +(a  cosa, +a2sina,) —asina, +a;cosa, l]T (17)
1}/ <[ 1(b; cosb, +bysinb,) by sinb, +b; cosb, IJT (18)

where
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a, =(3x—tf)c0toc+ucoszoc

1 (¢

a, =— 5“+t, seca csca —ucsca —3xcota
r

4

a; =ucosa—t, +3x+r,
b =(3x—1,)cotO+ pcosO(1+sinaresch)

1|t .

b, =—B’+tf(tana +cot9)+psma(cota—cote)—3xcot9}
r

P

by = p(sina +sin@)—t, +3x+r,

The mesh condition is used to obtain the equation of line
of action, the normal vectors of rack cutter is first derived as

1) (2)
aka’ Ngz):al’l_xk (19)
Ou, 00,

And the associated unit normal vectors are

N

n{" =[cosa *(-sina) O]T
n=2)=[cos9I *(—sin6,) O]T (20)

The unit normal vector of rack cutter at S, coordinate
system can be obtained as
cos o cos ¢ Fsin o sin ¢
n’ =[M, In{" =| £(—cos ¢sina) - cosa sind @D
0
cos 6, cos p Fsin 6, sing
n? =[M, In =| £(—cos¢sin 6, —cos b, sing)
0

(22)

Using Eqns. (13) to (18), one can obtain the unit normal
vectors of gear profile on S, coordinate as follows

n{mee) — [COS(az —a) Fsin(a, —a) O]T (23)
n(zﬁllet) _ [COS(bz -0,) £sin(b,-a) O]T (24)
YT, Y,

«—

f Y, )
&
|

i 0,.0, “

Figure 4 Gear meshing coordinate system

The gear pair including pinion "p" and gear "g" is shown

in Fig. 4. r,, and 7,, are the radii of pitch circle. ¢, and

¢, are the rotational angles of pinion and gear. ¢, and c,

)4

are displacements of center distance. In the gear mesh
coordinate system, S, , S, and S, are rotational
coordinates of pinion and gear, and fixed coordinate. S, and
S, are parallel moving coordinates of pinion and gear. The
tooth profile vector of pinion ¢ and unit normal vector n')

at S, coordinate system can be represented as

vy =[Mp1ry, nf =[MgIng, =1, 2 (25)
where
cos¢, —sing, 0
[M4]=|sing, cos¢, -c, (26)
0 0 1

Similarly, the tooth profile vector of gear r/g) and unit

normal vector ”(/2 at S, coordinate system are

ry) =M.l ) =M. ]ny, =12 (27)

When two gears are meshed, the contact points is
concurrent and normal vectors is collinear. These conditions
can be restrained by the following constraints.

)

[0))
g

M _ M _
\r_,p\_ ‘”pr”fs

If the rotational angle of pinion ¢, is given, then, the

(28)

position of any point on line of action and contact length can
be determined.

(Xm-Y)
('\:FL'J.FL)

construction line of applied load

('\‘I+l‘ .rH»l )

extend line of applied load

(%)
7 \ LT

Figure 5 Beam, fillet and foundation compliance of a gear
tooth

Deflection

According to Cornell’s research [10], the formulation of
compliance of spur gear is applied. The total deflection of
single tooth includes three parts: (1) the involute deflection
5,, and fillet deflection 8 e of tooth ; (2) the foundation

deflection §, : (3) the Hertz contact deflection &, .

S =8, +8,+5, (29)

total

where

5,, (anv ),, +(5ﬁllw ),, +(6F ),, (30)
5g (Sm )g +(5ﬁ1m )g +(5/-' )g
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Involute and Fillet Deflection

To calculate the deflection of tooth 5 ~and S e the

tooth is divided into a sequence of segments and each segment
is regarded as a cantilever beam. For each segment i, the

average value at both faces is uses as the height on profile %,
the cross-sectional area 4 and the arca moment on inertia
7, are used the average values at both faces:

ho=(h+h,)/2 (3D
4 =(4+4.)/2 (32)
TAi :([Ai+[Ai+l)/2:W(y?+y?+l)/3 (33)

Figure 5 shows three vectors: (1) the vector of applied load
(X ¥s ) » (2) the vector of construction line of applied load
(Xp1» Vi ) » (3) the vector of segments (x;,y, ). The deflection
of tooth is calculated by using the following equations.

T A

Ai i

_Foos’a, Z/: {df—d,e,+q2/3+2.4(1+v2+tan2ak} (34)
=1

e

s Fcos’ a, Zo:eﬁ{d —-d e,,+e,,/3 24(1+v)+tan a, } (35)

fillet =
WE 1 P A »

,
where F is applied load, w is gear width, £ is
equivalent elastic modulus, v is Poisson’s ratio and 4, is
angle of applied load. j; and o represent the number of
segment for involute and fillet. 4, and 4, represent distance
from segment to construction line of applied load for involute
and fillet. ¢ and . are represented segment width for
involute and fillet, respectively. Besides, a,, d and e, are

given as follows

a,=a,—a, (36)
=y - (37)
e/l :yi+l _yi (38)

@, is meshing angle. ¢, is angle between y-axis and radial
line to the contact point. y,, =y, —x, tane, .
L

F

AN
&

\

)

\

RARRLRR NN

T

Ve '
Foundation
region " Fillet region

Figure 6 The effective fillet angle and effective fillet length

Foundation Deflection
The foundation deflection 5, is a function of effective

fillet angle y_ as shown in Fig. 6. It is also given as

2 2 2
5, = Fcos'a, |16.67( L, £2(1-v) L, +1.534] 14 tan” o,
WE, z \h hy 24(1+v)
(39)
where 1 and j, are effective fillet length and effective
fillet height and they are formed as
LF:£+r(smyF—sm;/) (40)
hy =h +2r(cosy —cosy, )
Additionally, the O’Donnell coefficient in Eq. (39) is given as
16.67 and 1.534. p. is assumed the constant with the value

of 75° which is given in the reference [10].

Hertz Contact Deflection
Figure 7 represents the parameters of Hertz contact deflection
Sy
5 _4F(1-7) ol 2 h,h, v 41)
H = n -
nE,W b 2(1-v)
where
(E,+E,)/2
1
_ 1
rP ré
:( Jtanay, h,=(x;) seca, (42)
- =(r ) tanay, h, =(x;),seca,
(r ) and are base radius of pinion and gear, p is the
é’

Hertz half contact width. To obtain the total deflections of
single tooth, the equivalent elastic modulus E, in Eqns. (34),
(35), (39) and (41) are defined first. According to the
reference [10], a tooth is defined to be a wide tooth if it
satisfies the following criterion.

Wiy >5 (43)

Figure 7 Nomenclature for local compliance
where Y is the tooth thickness at the pitch point. For the case
of wide tooth, E is the equivalent elastic modulus for the
approximated plain strain of tooth deformation.
Finally, substituting Eqns. (34), (35), (39) and (41) into
Eq. (29), the total deflections of single tooth can be calculated.
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Mesh Stiffness
The mesh stiffness of single tooth can also be derived
using the following formula.
__F (44)
k‘ (l) 5/0/41/ (l)
If many teeth mesh at the same time, the stiffness can be
added by applying a parallel spring model. The dimensionless

mesh stiffness K is represented as

K, = LAUNS a,(e)" +a;(e) +a,(e)’ +a,(e)+1  (45)
k(1)
and the indiscriminate length on contact length is defined as
gt (46)
¢e 7¢s

where |, a, a,, a, anda, are coefficients of curve fitting.
&y 1s the contact ratio and defined as g =//¢, , in which [ is
contact length and ¢, is base pitch. ¢ and ¢ are starting
contact angle and ending contact angle of pinion. ¢, is

represented the difference between the angle of relative
meshing position and ending contact angle which can be
presented as following.

¢q = mod((¢ +@,) (¢, — ;) (47)
The symbol mod( ) represents the remainder of
(b +0,) /4, ~4,) 5 where ¢ is initial mesh angle of pinion,

and ®, is angular velocity of pinion.

According to the contact ratio &, a low contact ratio gear

pair is one for which
&, <2 (48)
In that case, the dimensionless total mesh stiffness K,

can be expressed as following.
K (e)+K (1+e) (e=0~q)
K,(¢)=1K,(¢) (e=g~1) (49)
I?S (s)+1?s (1—8) (s:lNl+q)
For the high contact ratio gear pair, the dimensionless total
mesh stiffness K, can be expressed as following.
(e)+K, (1+e)+ K (2+¢) (e=0~gq)
(8)+I?S(1+8) (8:q~1) (50)
I?S (s)+l?s (l—s)+l?s (2—{-}) (8:1N1+q)

where ¢ is decimal part of contact ratio.

ES
K, (¢)=1K,

IV. NUMERICAL RESULTS AND DISCUSSIONS

To verify the proposed procedure using rack cutter to
obtain the time-varying mesh stiffness including the
modification coefficient, a single degree-of-freedom gear
model is studied first. The numerical results of this study are
compared with the periodic motions and frequencies have the
same trend with reference [6] and A defined as Z (V) -

As expressed in Eq. (9), the modification coefficients
x, for pinion tooth and x, for gear tooth are chosen to be

larger than x, to avoid the undercut of tooth and less than
x, to avoid producing the acute top of tooth profile. The

single mesh stiffness and the total mesh stiffness of the gear
system with different modification coefficients are
investigated. Figures 10(a-1) to (a-3) show the mesh stiffness
of the single tooth with different modification coefficients.
Figures 10(b-1) to (b-3) show the total mesh stiffness of the
gear system with different modification coefficients. The
lower figures show the mesh stiffness curves for every
meshing tooth while the upper figures show the superposition
of the curves in the lower figures. The superposition curve is
the total mesh stiffness. It is shown from Figs. 10(a-1) to (a-3)
that the mesh stiffness varies with contact position and the
maximum value occurs near the middle position. The mesh
stiffness values in Fig. 10(a-1) are larger than those in Figs.
10(a-2) and (a-3). The curve with the largest mesh stiffness
occurs at x,=0.7, x, =0 which is the largest positive

modification coefficient in the studied cases. It may be
explained that the larger modification coefficient brings about
thick thickness of tooth and thus induces larger mesh stiffness.
From Figs. 10(b-1) to (b-3), the largest total mesh stiffness
also found at the largest positive modification coefficient.

The bifurcation diagram is established using Runge-
Kutta method. The bifurcation diagrams of the case without
modification coefficient effect are shown in Figs. 11.1. It is
shown that there are harmonic, sub-harmonic, and chaotic
motions. Bifurcation and jump phenomena are also found. The
motions at some A in the bifurcation diagram are
investigated further in Figs. 11.2-11.4. They include four
plots: (a) steady state response, (b) frequency spectrum, (c)
phase plane, and (d) Poincaré map. The motion at A =1 is
shown in Fig. 11.2. The plots show that it is a harmonic
motion (1T motion). Fig. 11.3 shows the motion at A =0.85.
From the plot (b), there are two peaks located at harmonic and
sub-harmonic frequencies. There are two loops in the phase
plane and two points in Poincaré map. It is known that the
motion at A =0.85 is a sub-harmonic motion (2T motion). In
addition, a chaotic motion at A =0.75 is investigated in Fig.
11.4. The four plots: (a) the time history is non-periodic (b)
continuous frequency spectra is found, (c) many loops are
shown in the phase plane, and (d) many points locate in
Poincaré map.

Table 1 The designed parameters where the center distance
can be changed

Parameters Symbol | Gear1 | Gear2
Number of tooth (dimensionless) Z, 36 36
Modules ( mm ) m 3
Pressure angle (degrees) a, 20
Addendum ( mm ) hy 1.25xm
Dedendum ( mm ) tr 1.0xm
Clearance ( mm ) hy 0.25xm
Tooth width ( mm ) w 254
Backlash (mm) b 3%x107°
Elastic modules ( N/mm?) E 2.1x10°
Poisson’s ratio (dimensionless) Vv 0.3
Torque (N-mm ) T 100
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Effects of Modification Coefficients

The nonlinear dynamic analysis of a multi-gear train
without the modification coefficient effect had been studied by
the authors [13]. In this study, the modification coefficient
effect is taken into account. The fixed center distance cases are
investigated first. There are four cases listed in Table 2. For
the four cases, the center distances are fixed since the sum of
the modification coefficients x, for pinion tooth and x, for

gear tooth is zero. The contact ratio influences the total mesh
stiffness and the total mesh stiffness plays an important role
on the nonlinear dynamic behavior of the gear train system. So
the contact ratio and maximum stiffness of single tooth for the
four cases are also calculated and listed in Table 2. It is seen
that while the modification coefficient of the pinion increases
and the modification coefficient of the gear decreases, the
contact ratio and the maximum stiffness of pinion and gear
decrease, simultaneously. Figures 12 (a)-(c) show the
bifurcation diagrams with different modification coefficient
under the condition of fixed center distance. The harmonic,
sub-harmonic, and chaotic motions are found in the diagrams.
The bifurcation and jump phenomena are also found. From
Figs. 11 and 12, it is known that the nonlinear dynamic
behaviors are different for the cases without and with the
modification coefficient effect. Comparing Figs. 12 (a)-(c), it
is seen that the chaos region changes with the different
modification coefficient. Especially, the chaos region at high
frequency moves to the left as the modification coefficient of
pinion increases. Consequently, the region of the harmonic
motion also changes.

Table 2 The setting value of fixed center distance and the
result of the contact ratio and maximum stiffness.

Case No. Xp Xg Contact ratio Maximum stiffness
1 +0.7 0 1.5583 1.0656
2 +0.4 0 1.5991 0.9588
3 +0.1 0 1.6552 0.8883
4 0 0 1.6780 0.8577
5 -0.1 0 1.7034 0.8259
6 -04 0 1.7992 0.7262
7 -0.7 0 1.9405 0.6214

Case X X Contact Maximum
p g . .

No. ratio stiffhess
1 0 0 1.6780 0.8577
2 +0.1 -0.1 1.6765 0.8539
3 +0.4 -04 1.6537 0.7589
4 +0.7 -0.7 1.6018 0.6908

Table 3 shows the cases of variable center distances with
changing the modification coefficient of pinion and keeping
the modification coefficient of gear to be zero. It is seen that
while the modification coefficient of pinion decreases and the
modification coefficient of gear remains zero, the contact ratio
increases and the maximum stiffness decreases. The
bifurcation diagrams for the cases of variable center distances
are also drawn in Figs. 13 (a)-(d). The modification
coefficients for the four figures are of x,=0 and (a) x, =+0.7

(b) x,=+04 (c) x,=-04 (d)x,=-0.7.From the diagrams, it

is seen that negative modification coefficient may suppress the
chaos region for high frequency region. When x,=-0.7 is
used, the considered region is improved to be almost harmonic
and sub-harmonic motions. From Table 3, it is seen that the
contact ratio is the largest and the maximum stiffness is the
smallest when x,=-0.7 . Thus, the nonlinear effect is

insignificant when the maximum stiffness is small.

Table 3 The setting value of variable center distance and the
result of the contact ratio and maximum stiffness.

V. CONCLUSIONS

In this study, a procedure which uses the profile of gear
tooth and compliance method to obtain the real mesh stiffness
is proposed. The influence of modification coefficient on
nonlinear dynamic behavior by applying the time-varying
stiffness is investigated. Some results based on the numerical
analysis are summarized as follows.

The mesh stiffness varies with contact position and the
maximum value occurs near the middle position. Using large
positive modification coefficient induces the large mesh
stiffness. To study the contact ratio and the mesh stiffness, two
kinds of cases are studied. For the fixed center distance cases,
while the modification coefficient of pinion increases and the
modification coefficient of gear decreases, the contact ratio
and the maximum stiffness of pinion and gear decrease,
simultaneously. For the cases of variable center distances with
changing the modification coefficient of pinion and keeping
the modification coefficient of gear to be zero, it is seen that
while the modification coefficient of pinion decreases and the
modification coefficient of gear remains zero, the contact ratio
increases and the maximum stiffness decreases.

To gain an insight into the nonlinear dynamic behaviors,
the bifurcation diagram, time history, frequency spectrum,
phase plane, and Poincaré map are applied. For the gear
motion of the system with time-varying mesh stiffness, it is
found that harmonic, sub-harmonic, and chaotic motions are
found. The bifurcation and jump phenomena are also seen in
the bifurcation diagram. For the studied examples of fixed
center distance, the chaos region in the bifurcation diagram
changes with the different modification coefficient.
Especially, the chaos region at high frequency moves to the
left as the modification coefficient of pinion increases. For the
cases of wvariable center distance with changing the
modification coefficient of pinion and keeping the
modification coefficient of gear to be zero, it is seen that
negative modification coefficient may suppress the chaos
region especially for high frequency region.
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Kl(t_)a Kz(f_)

frequency

: Radius of fillet

: Arc section parameter of rack cutter
: Rotational displacement

: Hertz contact deflection

. Indiscriminate length on contact
" length

: Contact ratio

: Characteristic frequency

: Damping ratio

: Dimensionless mesh stiffness

: Rotation angle

NOMENCLATURE
4; : Cross-section of i element P
b : Hertz-contact half width 0,
b, : Characteristic width 0;(1)
C : Total compliance 35,
(), cy(t) : Gear mesh damping value .
C : Clearance
Cp,Cq displacements of center distance %o
E, : Equivalent elastic modulus C;C
F; : Applied load
f(® : External force
. Discontinuous displacement ¢
&), g,() " function
hy : Effective fillet height
i : Polar mass moment of inertia
f,]’, k . Unit coordinate vector
[K] : Stiffness matrix
_,,, : Total dimensionless mesh stiffness
K, : Dimensionless mesh stiffness
ki(t), k(1) : Gear mesh stiffness
L, : Effective fillet length
(M), (M) ], [M p1], _ Transformation matrix between
[Ly] " different coordinates
Ny, : Normal vector and unit normal
vector
q : Decimal part of contact ratio
(@), py(0) : Dynamic transformation error
r, Radius of pitch circle
Ty : Radius of base circle
Top s Fog Radii of pitch circle
r) Tooth profile vector of pinion
ry) Tooth profile vector of gear
s, : Length of contact
t : Real time
¢ : Dimensionless time
t, : Base pitch
ty : Dedendum
t, : Standard pitch
T:(1) : torque
” : Straight line section parameter of
rack cutter
w : Tooth width
Z; : Number of gear mesh
o : Pressure angle
o, : Mesh pressure angle
A : Rotating speed/the first natural
11
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