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ABSTRACT 
This work investigates the effect of tip clearance size and 

operating temperature on the predictions of the critical rotor 
speed at which Non-Synchronous Vibrations (NSV) can be 
encountered in a turbine engine axial flow compressor. It has 
been proposed that the tangential tip clearance flow, observed at 
high blade loading near stall, can act as an impinging resonant 
jet on the upcoming blades and could be the underlying physics 
behind NSV. A model, in the form of an equation to predict the 
critical blade tip speed at which NSV can occur, was proposed 
based on the Jet-Core Feedback Theory and was experimentally 
verified by Thomassin et al. [8]. In the equation, a factor k that 
was called the “tip instability convection coefficient” was 
measured experimentally and found to be influenced by the tip 
clearance size and operating temperature. This factor has a 
significant impact on the accuracy of the NSV predictions 
obtained using the proposed model.  

This paper propose a numerical experiment to determine the 
effect of tip clearance size and temperature on k, in order to 
improve the critical NSV tip speed predictions using the 
proposed model. A review of the NSV model is presented along 
with the relevant background theory on the subject. Two 
different blade geometries are simulated to provide a generic 
approach to the study. The leakage flow velocity is calculated to 
estimate k and a correlation is proposed to model the behavior 
of the k parameter as a function of the tip clearance size. The 
latter was found to significantly improve the critical NSV speed 
predictions. The effect of operating temperature on k is also 
discussed. Finally, the variation of k with the aerodynamic 
loading is assessed and compared with available data in the 
literature to strengthen the generic nature of the results.

NOMENCLATURE 
c : Local speed of sound 
Ca : Mean axial velocity 
CFD : Computational fluid dynamics 
EO : Engine order (1,2,3,…) 
f : Frequency 
FOR : Frame of reference 
h : Tip clearance size 
k : Instability convection coefficient (Utip/UF) 
LE : Leading edge 
M : Mach number 
n : Harmonic integer number 
N  : Rotor speed 
NSV : Non-synchronous vibrations 
PS  : Pressure side 
Rs : Specific gas constant 
s : Blade pitch 
St : Strouhal number (reduced frequency) 
SS : Suction side 
T  : Temperature 
TE : Trailing edge 
Utip  : Blade tip velocity 
VL  : Tip leakage flow velocity 
Wcorr : Corrected air mass flow 
γ : Specific heat ratio 
φ : Flow coefficient 
Ψ : loading coefficient, pressure coefficient 
ξ : Hub-to-Tip ratio 
ς : Chord length 
σ : Tip solidity (ςtip/s) 
τ : Non-dimensional tip clearance (h/ςtip) 
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Subscripts 
B,F : Backward, Forward wave in rotating frame 
b : Blade 
c : Speed of sound, Critical 
h,t : Hub, Tip 
 
INTRODUCTION 

 
Background Theory on Non-Synchronous Vibrations 

Non-Synchronous Vibrations (NSV), along with classical 
flutter, are particular types of fluid-elastic instabilities that are 
part of the flow-induced vibrations (FIV) family observed in 
turbomachinery. Flow-induced vibrations are often the result of 
a coupling between the unsteady aerodynamic loading on a 
structure and the retroaction of the structure itself. Several NSV 
cases have been reported in the industry [1,2,3], in the front 
stages of axial compressors, but the physics behind NSV is yet 
to be fully understood. 

Previous studies [2,4,5] have suggested that the tip clearance 
flow oscillations, that are known to occur at large tip clearance 
and high aerodynamic blade loading, could explain NSV. In 
addition, Vo [6] showed that these flow oscillations at the blade 
tip can occur when only one of the two criteria for spike-stall 
inception, namely the trailing edge tip clearance backflow [7], 
is satisfied. The tip clearance backflow and impingement on the 
adjacent blade pressure side is shown in Figure 1. Vo [6] thus 
suggested that these instabilities could arise from the 
impingement of the tip clearance flow leakage on the blade 
pressure side and that the study of the dynamics of impinging 
jets could explain NSV. An alternative tip clearance 
impingement flow path was also suggested later by Thomassin 
et al. [8], as shown by the dotted line in Figure 1. 

 

 
Figure 1: Tip clearance flow impingement flow paths [8] 

 
Thomassin et al. [3,8] then proposed a physical mechanism 

that can explain and predict the critical speed at which NSV can 
occur for a given rotor geometry and operating conditions. 
Their NSV model was based on a jet-plate resonance analogy 
that they also developed, namely the jet core feedback theory 
[3], which is depicted in Figure 2 (a).  

When a jet impinges on a flexible or vibrating plate, the 
vibration induces a pressure fluctuation at the stagnation point, 
in the jet centerline. This creates an acoustic pressure wave that 

propagates back to the jet lip through the jet centerline at a 
velocity UB. This implies that there exist a critical velocity UF = 
UB-c where c is the local speed of sound. This can lead to a 
resonance when the ratio of the feedback wave velocity UB to 
the feedback wavelength λB equals the natural frequency of the 
plate. This can be written, with the wavelength λB = 2L/n to 
account for half wavelengths [3] as 

BBFb UDUStff λ===   

Or, 
LUcnLUnff FBb 2)(2 −===  

(1) 

where St is the jet Strouhal number, D is the jet diameter, L is 
the jet-to-plate distance, n is an integer to account for higher 
harmonics of the natural frequency and c is the local speed of 
sound. 

 

a)

b)

UF

UF

UF

 
Figure 2: a) The jet core feedback theory [3] and b) physics 

of the proposed NSV model by Thomassin et al. [8] 

 
The jet-core feedback theory was then applied to compressor 

blades by Thomassin et al. [3] as a possible mechanism for 
NSV. The analogy between the jet-core feedback flow and the 
compressor blade tip region flow is illustrated in Figure 2 (b) 
where the jet velocity UF is now the tip clearance flow velocity. 
Structurally, the plate corresponds to the vibrating blade, the 
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jet-to-plate distance is the blade pitch, s, and the jet diameter is 
2 times the tip clearance size, h, since the tip clearance flow 
profile is analogous to half of a jet profile. 

The model suggests that, at particular operating conditions, 
the resonance of the tip clearance flow could be the physical 
mechanism linked with NSV [3,8]. These particular operating 
conditions are first, a high aerodynamic loading to get a 
tangential tip clearance flow that can act as an impinging jet 
(UF) on the upcoming blades, as illustrated in Figure 1 and 
Figure 2 (b), and secondly, the proper operating temperature for 
the feedback wave (UB) to have the corresponding wavelength 
to synchronize the tip clearance flow. This fluid-structure 
interaction can lead to the tip clearance flow resonance, which 
is believed to be the physical mechanism behind NSV [3,8,9]. 

Thomassin et al. [3] also derived an equation based on the 
jet-core feedback theory (eqn. 1), here shown as equation (2), to 
predict the critical blade tip speed at which NSV can occur. 

 
2
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;  tips TRc γ=  (2) 

where Utipc is the critical blade tip speed, c is the tip local speed 
of sound, s is the blade pitch, fb is the blade natural vibration 
frequency and n is an integer related to the harmonics of the 
acoustic feedback wave. The factor of 2 in front of the 
parentheses comes from the reported tip clearance flow velocity 
(UF) that is known to be around half the blade tip speed during 
NSV [3,10,11], which led to the approximation Utipc ≈ 2UF. The 
application of Thomassin’s NSV model on the Campbell 
diagram is shown in Figure 3. The Campbell diagram is a tool 
used in compressor design to identify the coincidence of 
external excitation frequencies sources, such as forced 
responses and NSV, with the blade natural frequencies. The 
model of equation (2) appears on the diagram as the negative 
slope curves which can predict a range of possible NSV events 
for a given operational envelope. 
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Figure 3: NSV prediction on Campbell diagram 

Thomassin et al. [8] have also performed experiments on a 
rotor known to exhibit NSV to validate the proposed model. 
Two sets of three adjacent blades were instrumented with strain 
gauges and unsteady pressure sensors mounted on the blade tip. 
The results showed a resonance trend, both in stress and 
unsteady blade pressure measurements, that occurred around the 
predicted critical NSV speeds. Drolet et al. [9] have observed 
evidence of this resonance behavior using the unsteady pressure 
from numerical simulations with a moving blade mesh. Based 
on the simulations, they have also proposed a design 
methodology that uses numerical simulations to refine the 
critical NSV speed prediction and account for NSV in 
compressor design. 

Thomassin et al. [8] found, based on their experiments, that 
the approximation Utipc ≈ 2UF used in their NSV model gives 
poor predictions of the critical NSV speed for particular 
conditions (up to ~ 20% error). Hence, they modified equation 
(2), using Utipc = kUF as a more general form of the equation, 
which leads to 
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where 
Ftipc UUk =  (4) 

 
with UF defined as the forward travelling wave convection 
velocity (or jet velocity) in the rotating frame of reference and 
Utip is the blade tip speed. The factor k was defined as the 
“instability convection coefficient” [8] and was shown to have a 
large influence on the accuracy of the critical blade tip speed 
prediction (eqn. 3) at which NSV can occur [8, 9]. Thomassin et 

al.[8] have measured the instability convection coefficient (k) 
from their experiments for two inlet temperatures and two tip 
clearance sizes (presented here as percentage of the tip chord). 
The available data is plotted herein as a function of the 
corrected speed in Figure 4. With the proper value of k used in 
the model of equation (3), the critical NSV speed predictions 
were improved by up to a factor of 10 when compared to the 
initial approximation Utipc ≈ 2UF. This suggests that this k 
parameter must be known for a given geometry in order to get 
accurate predictions for NSV using the proposed model. 

In addition, it can be observed from Figure 4 that the 
measured [8] instability convection coefficient (k) appears to 
vary with tip clearance size. As the tip clearance size increases 
from 1% to 2% tip chord, it shows from the results that k 
changes respectively from an average of 1.96 to 1.67 (cold) and 
from 1.85 to 1.73 (hot). On the other hand, there are not enough 
data points to provide adequate statistics on the variation of k 
with temperature; there is a slight distinction between the cold 
and hot measurements, especially for the 2% case, however, the 
trends are not as clear in the case of 1% tip clearance.  
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Figure 4: Measured instability convection coefficient, k, at 

different operating conditions, data from [8] 

 
Since the parameter “k” must be known to accurately predict 

the critical NSV speed, it is therefore relevant to seek a 
correlation for the instability convection coefficient such that 
equation (3) can be used, independently from experimental tests 
and simulations, in the early design stages of compressor 
geometries to avoid non-synchronous vibrations in a given 
operating range.  

 
Jet-Like Behavior of the Tip Clearance Flow 

As previously mentioned, the model proposed by Thomassin 
et al. [3] is based on an impinging jet analogy. The impinging 
jet-like behavior of the tip clearance flow was suggested by Vo 
[6]. Storer and Cumpsty [14] have measured the tip leakage 
velocity, VL, and also identified the jet-like behavior of the tip 
clearance flow. The leakage velocity is defined as the velocity 
component normal to the camber line [15] or, when the blade is 
thin, the velocity component normal to the blade surface can be 
used [14]. Thus, the leakage velocity (VL) could possibly be 
used to estimate the “jet” velocity, UF, in Thomassin’s model 
[3] and calculate the instability convection coefficient (k).  

 
Overview of the Current Study 

Previous numerical work on NSV has been reported in 
which the more fundamental details of the phenomenon were 
studied in order to elucidate the NSV mechanism [2,4,6] and, in 
other cases, a CFD-based predictive method was proposed 
[9,16]. The current study uses a CFD approach to investigate 
the effect of tip clearance size and operating temperature to 
refine the analytical prediction of the critical rotor speed at 
which NSV can occur, based on the mechanism proposed by 
Thomassin et al. [3,8]. Numerical simulations are performed at 
several tip clearance sizes and temperatures that are 
representative of typical engine operating conditions, with two 
different rotor geometries, in order to estimate the “jet” 
velocity, UF. The specific objectives of the proposed work are, 

first to assess the effect of tip clearance size and temperature on 
the behavior of the instability convection coefficient (k). The 
second objective is to ultimately derive a physics-based design 
model for the k coefficient that would be generic (independent 
of the blade geometry) and greatly improve the critical NSV 
speed predictions using equation (3) from Thomassin et al. [8]. 
This would make it possible to consider NSV in the very early 
stages of a compressor design. Finally, the third objective is to 
contribute to further understanding of the physical 
characteristics of the tip clearance flow relevant to NSV. 

The paper is organized as follows: a short parametric study 
is first presented to address which parameters are expected to 
govern the k coefficient. Then, a detailed description of the 
numerical simulations and methodology used is given after 
which the results on the effect of tip clearance size and 
temperature on the instability convection coefficient are 
presented. A discussion of the results follows and a correlation 
for k is proposed. The latter is then validated with available 
experimental data in terms of critical NSV speed predictions. 
Relevant features of the tip clearance flow and the generic 
nature of the study are finally discussed and conclusions are 
drawn from the investigation. 

PARAMETRIC CONSIDERATIONS ON THE 

INSTABILITY CONVECTION COEFFICIENT, k 
Dimensional analysis was conducted in order to determine 

the parameters governing the k coefficient from a theoretical 
point of view. Considering the fluid mechanics associated with 
the jet-like behavior of the tip clearance flow [14] in the context 
of the proposed NSV model [8], one can expect that the 
velocity UF, used to determine the instability convection 
coefficient, will be some function g1 of the flow and geometry 
parameters: 

( )reftiptiptipF TThUPgU ,11 ,,,,,, ρς∆=  (5) 

In the relation above, ∆P is the pressure difference across the 
blade, Utip is the blade tip speed, h is the tip clearance size, ςtip 
is the blade chord length at tip, UF is the mean tip clearance 
flow velocity, Ttip is the average blade tip temperature, ρ is the 
fluid density and T1,ref is the (reference) inlet temperature, 
upstream of the rotor. 

Taking ρ, Utip, ςtip and T1,ref as the four repeating parameters, 
one can form the following dimensionless groups (П): 

(a) 
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∆

=Π  

(6) 

We now recognize that П1 is the reciprocal of the instability 
convection coefficient (k) and that П4 is equivalent to the 
loading or “pressure coefficient” that is defined as: 
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With П2 and П3 defined as the non-dimensional tip clearance 
(τ) and non-dimensional temperature (Τ), respectively, we can 
now write the instability convection coefficient “k” in terms of 
an arbitrary function G1 of the other dimensionless groups 
which leads to equation (8). 

( )ψτ ,,1 TG
U

U
k

F

tip =≡  (8) 

As previously discussed, NSV is expected to occur at high 
loading such as in conditions near stall. As will be argued later 
in the present paper, the blade loading ψ does not play an 
important role on the variations of the instability convection 
coefficient (k) in such conditions. Consequently, we can finally 
simplify the relation for “k” to: 

( )Τ≈≡ ,2 τG
U

U
k

F

tip
 (9) 

The latter puts forth the basic assumption considered in the 
present paper that the instability convection coefficient “k” will 
be mainly influenced by the tip clearance and operating 
temperature. This was also observed experimentally by 
Thomassin et al. [8], as previously discussed. 

COMPUTATIONAL SET-UP 

    
Methodology & Simulations 

All simulations were performed using the commercial code 
ANSYS CFX (release 11.0) in steady-state mode using a k-ε 
turbulence model. The steady-state mode was chosen mainly to 
save on computation time, given the large number of 
simulations required for this study. Sample simulations near 
stall were verified in unsteady mode to ensure that there were 
no flow oscillations such that the choice of steady-state 
simulations would not affect the results. Two different 
geometries, one subsonic and one transonic, with, among other 
things, very different loading coefficient (ψ) near stall, were 
used in order to confer a generic approach to the study. Each 
geometry was investigated at six rotor speeds, every ~4% 
design speed ranging from 67% to 85%, which corresponds to 
the speed range investigated by Thomassin et al. [8]. To address 
the effect of tip clearance, six different tip clearance sizes, 
representative of typical values found in full engine 
configurations, were chosen and used for both geometries 
investigated. Since the tip chords of the two geometries are 
different, the dimensionless tip clearance provided a range of 
0.5% to 4.8% of the tip chord and from 0.2% to 2.6% for the 
subsonic and transonic geometry, respectively. 

The leakage velocity, VL, was used to estimate the “jet” 
velocity, UF, to find the instability convection coefficient, k, 
previously defined in equation (4). The leakage velocity used 
herein is defined in agreement with Rains [15] as being the 
velocity component normal to the camber line. The u and v 

velocity components in the tip clearance flow were taken at ten 
equally spaced span-wise locations across the entire tip gap to 
find VL which was area-averaged, over the tip clearance gap. 
This was repeated at ten chord-wise locations to cover the entire 
blade tip chord. 

 
Geometry & Mesh Description 

As previously mentioned, two different geometries were 
used, a subsonic rotor (low-speed/front-loaded) and a transonic 
rotor (high-speed/rear-loaded), which will be refer from now-on 
as SR and TR, respectively. A mesh study was performed on the 
TR geometry by Drolet et al. [9] and their simulations were 
validated with available experimental results. The mesh 
specifications used herein were thus selected based on their 
investigation. A detailed view of a typical mesh used is shown 
in Figure 5 for the SR geometry and in Figure 6 for the TR 
geometry.  
 

 
Figure 5: SR geometry a) Side view b) Blade tip section 

 

 
Figure 6: TR geometry a) Side view b) Blade tip section 

 
Single-row, single-blade simulations were carried-out using a 

circumferential periodicity condition. An HJCL grid topology 
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was used, which allows for separate topology types in the 
upstream and downstream part of the computational domain, 
with approximately 250,000 nodes. In order to have adequate 
resolution of the radial distribution of the tip clearance flow 
velocity, the number of radial nodes in the tip region was always 
kept to a minimum of 12 nodes for small tip clearance sizes and 
increased for larger tip clearance sizes. This also ensured a y+ 
value below 10 at the wall near the blade tip for all simulations. 
These two distinctive geometries were chosen for their different 
aerodynamic characteristics which could provide insights into 
the generic nature of the current study. The SR geometry has 45 
blades with a tip solidity (σ) around 1.12, a hub-to-tip ratio (ξ) 
of approximately 0.8, a design flow coefficient (ϕDesign) of 0.54 
and a design total pressure ratio (PRDesign) of 1.41. The TR 
geometry is the same rotor geometry that was used by 
Thomassin et al. [8] in their experiment. It has 23 blades with σ 
≈ 1.35, ξ ≈ 0.47, ϕDesign = 0.48 and PRDesign = 1.79. 
 
Boundary Conditions 

The boundary conditions used in the simulations consisted of 
specified total pressure, total temperature and swirl angle at the 
domain inlet and average static pressure at the domain exit. The 
wall portions in the domain were imposed a no-slip boundary 
conditions. The exit pressure was increased to obtain points 
along different speedlines to characterize both compressors and 
approach the near-stall conditions associated with NSV. To have 
a common base among all the simulations, they were brought 
near the stability limit region, using the spike-stall inception 
criteria as defined by Vo [18], which was considered as the 
near-stall region. It should be noted that when a static pressure 
boundary condition is used at the exit plane, solutions near stall 
cannot be calculated, should they fall beyond the peak total-to-
static pressure rise characteristic of the compressor. This was 
the case for a few solutions for which the last converged 
condition, closest to stall, was used. All the simulations 
performed to assess the effect of tip clearance were set at ISA 
sea-level condition, which is also used herein as the reference 
inlet temperature (T1,ref). To investigate the effect of temperature 
on k, three additional temperatures were used. 

RESULTS AND DISCUSSION 
 

Chord-wise Leakage Velocity Profiles 
The tip leakage flow velocity, which is taken as the velocity 

component normal to the camber line as previously discussed, 
was calculated from the numerical simulations for all the 
different speed and tip clearances investigated. Examples of the 
chord-wise tip leakage velocity distribution, calculated at 
different rotor speeds, for the subsonic geometry at 1% tip 
clearance and for the transonic geometry at 0.4% tip clearance, 
are shown in Figure 7 (a) and (b), respectively. The data points 
in the figure were area-averaged over the entire tip clearance 
height, as previously explained. There is clearly a pattern that is 

analogous to a jet in the first half portion of the blade chord, 
near the leading-edge. 

A similar shape of the leakage flow was obtained by Storer 
and Cumpsty [14] except that the maximum leakage flow 
velocity in the jet-like profile was observed at mid-chord, which 
is most likely due to the loading conditions. In their case, the 
results were obtained at design conditions (closer to peak 
efficiency), where as in the present case, the results were 
calculated at very high blade loading (near stall). Also note that 
similar results, not shown here, were obtained for the other tip 
clearances investigated. 
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Figure 7: Typical chord-wise VL profiles calculated at 

different rotor speeds for a) SR geometry at 1% chord tip 

clearance and b) TR geometry at 0.4% chord tip clearance 

 
This jet-like pattern, observed in the first half portion of the 

chord for all simulated cases, could be possibly responsible for 
NSV following the resonant jet analogy proposed and 
experimentally verified by Thomassin et al. [3,8]. 
Consequently, for the purpose of the current study the “jet” 
velocity, UF, is defined herein as per equation (10) in which ςtip 
is the tip chord length and VL,tip is the spanwise area-averaged 
VL velocity component at chordwise location “i”. 
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Figure 8: Characteristics of the tip leakage flow: Tip leakage velocity profiles for a) SR geometry and b) TR geometry, c) Area-

averaged turbulent kinetic energy at tip averaged for all speed with logarithmic trend lines (dashed lines) and d) Anticipated 

trends in k with tip clearance based on velocity profiles behavior 

 

( ) tipitipL

tip

F dVU

ftip

tip

ς
ς

ς

ς
∫∆

≡
,

0,

,

1
 (10) 

The jet speed UF used in Thomassin’s model will be thus 
calculated from the area-averaged tip leakage velocity in the 
first half portion of the blade near the leading-edge, from 0 to 
0.5 chord length. 
 
UF Velocity Profiles and Proposed Model for k vs τ 

The velocity profile of the leakage flow across the tip gap 
was investigated near the center of the jet location, at around 
20% of the chord, for all the different simulated tip clearances 
and speeds. An example of typical profiles that were calculated 
for the SR and TR geometries are shown in Figure 8 (a) and (b), 

respectively. It can be observed, from the transonic rotor 
profiles (Figure 8(b)), that the velocity profile in the tip gap 
experiences a transition as the tip clearance is increased. At 
small tip clearances, the velocity profile is similar to that of a 
laminar boundary layer (0.22%, 0.43%, 0.86% and 1.29% 
chord tip clearances) before it finally reaches a fuller profile, 
similar to a turbulent boundary layer, at large clearances 
(1.72%, 2.15% and 2.58% chord tip clearances). A similar trend 
can be observed for the subsonic geometry as well. 

The area-averaged turbulent kinetic energy was also 
calculated across the tip gap, and speed-averaged (N-averaged) 
for a given tip clearance, to assess the influence of the tip gap 
size and its contribution to turbulence. The results are shown 
here in Figure 8 (c). The logarithmic trend lines fitted through 
the results suggest that at very small tip clearances, there is very 
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low contribution of turbulent kinetic energy from the tip leakage 
flow and that its contribution rapidly increases before reaching 
an approximately constant value, once the tip leakage flow has 
become turbulent, at very large tip clearances. This also 
supports the previous observations regarding the laminar-to-
turbulent profile transition observed in the tip leakage flow as 
the tip clearance increases. 

Based on the observations regarding the tip leakage flow 
velocity profiles in the jet-like portion of the tip clearance flow, 
it is possible to anticipate the behavior of the instability 
convection coefficient, k. The latter was defined by Thomassin 
et al. [8] as the ratio of the blade tip speed over the jet speed, as 
shown in equation (4). This was based on the tip clearance flow 
velocity profile and is analogous, for any velocity profile, to the 
ratio of Umax/Uavg. Following this profile transition from 
turbulent to parabolic to linear as the tip clearance goes to zero, 
it is expected that the value of k should go from approximately 
1.16 to 2 with an intermediate point around 1.5, which 
corresponds to typical values observed for theoretical turbulent, 
linear and parabolic velocity profiles, respectively. This relation 
is also depicted in Figure 8 (d). A correlation based on these 
physical trends will be thus used to model any relation between 
k and the variation in non-dimensional tip clearance (τ), as it 
will be discussed in the next sub-section. The correlation that 
will be used is based on a modified inverse tangent profile that 
can be written as 

( )[ ]  tan)( cc
-1 kk +−= ττβατ

  
(11) 

where τc and kc represents the position of the inflection point in 
the inverse tangent profile. The coefficient α and β will be used 
to fit the proposed correlation to the numerical results. 
 
Numerical Results on the Effect of Tip Clearance Size on k 

The calculated values for the k coefficient for all the speeds 
and tip clearances investigated are shown in Figure 9. The 
standard deviation (in k) of the data varies from approximately 
2% to 6%. This scatter in the data is possibly related to the 
variations in aerodynamic loading, which will be discussed later 
on, but there was no significant correlation between the 
different rotor speeds simulated and the variation of the data. 

Figure 9 (b) shows the speed-averaged values of the 
calculated k for which the correlation of equation (11) was 
fitted. The values of τc and kc used were 0.022 and 1.6, 
respectively. The correlation coefficients were found to be α = 
0.265 and β = 300 from a custom fitting model using the 
commercial MatLab software. This led to a goodness-of-fit of r 
= 0.99 and an rms error value of 3%. Available experimental 
data points of reported NSV cases are also shown in Figure 9 
(b) for which the term “k exact” is used as the exact value of k 
that would be required for equation (3) to perfectly predict the 
critical NSV speed. In addition, the “k measured” from 
Thomassin et al.[8] are the values of k measured from 

correlation between the casing and blade unsteady pressure 
measurements in their experiment. 

It can be observed that both the (averaged) results from the 
numerical simulations and the available data from the literature 
show very good agreement with the proposed correlation 
model. 
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Figure 9: Numerical results for calculated k, a) Overall 

results, b) Comparison of available data in the literature 

with eqn. (11) fitted with speed-averaged numerical results 

 
However, the value of kc used in the correlation should have 

been ~1.5 according to the previous discussion on profile 
transition while the value that best-fitted the results was 1.6. In 
addition, the value of k should tend to ~1.16 at large non-
dimensional tip clearance while the correlation that best-fitted 
the results actually tends to ~1.2. One possible explanation for 
this small deviation at large non-dimensional tip clearance is 
that the velocity profile in the tip gap was found to be distorted 
at large tip clearance due to the roll-up of the tip clearance flow 
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near the blade suction side at the leading edge. In addition, this 
distortion of the velocity profile was mostly observed on the 
subsonic rotor geometry which has a much thicker blade profile 
at the tip when compared to the transonic geometry. Examples 
of distorted velocity profiles are shown in Figure 10 (a). This 
suggests that the vena-contracta effect, as shown by the ideal tip 
clearance flow model of Rains [15] in Figure 10 (b), is much 
more dominant when the blade thickness is large (relative to the 
tip clearance size) since the boundary layer has more time to 
develop and become more important in size relative to the tip 
gap size. This vena-contracta could thus affect the velocity 
profile near the tip and bias the value of k calculated which 
would result in a deviation from the expected value based on 
typical turbulent velocity profiles. 
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Figure 10: a) Distorted velocity profiles calculated at 3.83% 

tip clearance for the subsonic geometry and b) Ideal tip 

clearance flow model of Rains[15] as depicted in [14] 

 
Numerical Results on the Effect of Temperature on k 

Results from the previous sub-section on the effect of the tip 
clearance showed that there is little or no effect from the 
different blade geometries on the calculation of k. Hence, the 
effect of temperature was investigated only for the transonic 
rotor geometry at two different tip clearances, one small and 
one large, to save on computational time. Four temperatures 
were simulated to cover half of a typical engine design 
envelope. The results are shown in Figure 11 together with the 
average values experimentally obtained by Thomassin et al. [8]. 
The dashed lines are linear trend lines fitted to the data points. 

The first thing to note from Figure 11 is that for both tip 
clearances calculated, there is a positive slope in the linear trend 
lines shown. The actual values of the slopes calculated were 
dk/dT ≈ 0.32 and dk/dT ≈ 0.5 for the 0.4% and 2% tip 
clearance, respectively. This is also consistent with that found 
by Thomassin et al. [8] for the 2% tip clearance case since both 
slopes calculated falls within that suggested by the experimental 
values, considering the measurement errors. 
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Figure 11: Calculated k at different inlet temperatures near 

stall for the TR geometry. Experimental data is from [8] 

 
To summarize, the tip instability convection coefficient “k” 

was found to change with both tip clearance size and operating 
temperature from the numerical results, as also observed 
experimentally by [8]. However, the major contribution 
appeared to come from the change in tip clearance size and the 
change in “k” due to temperature can be neglected for 
preliminary design purposes. 
 
Application of the Proposed Correlation to NSV Prediction 

The correlation proposed in equation (11) and fitted to the 
numerical results (solid line in Figure 9 (b)) is used in equation 
(3) here to improved the critical NSV speed predictions, when 
compared to the general approximation of k = 2 used by 
Thomassin et al.[3]. The results for the different cases available 
in the literature are presented in Table 1. In the case of 
Baumgartner et al.[1], the exact tip clearance was unknown so a 
value of 1% of the tip chord was used in equation (11), which is 
a typical tip clearance size encountered in such engines. The 
inlet temperature of the F100 full engine case (Jeffers [17]) was 
unknown, although it was mentioned that the latter was at high 
Mach number flight conditions. A temperature ~1.2 times higher 
than the rig conditions, which was at sea level conditions, was 
thus used to predict k in this case. 

The critical NSV speed predictions using the proposed 
correlation of equation (11) with τc = 0.022, kc = 1.6, α = 0.265  
and β = 300 shows very good agreement with the actual critical 
NSV speeds reported with a maximum error of 2.2%.The latter 
also shows a significant improvement from the value of k = 2 
used by Thomassin et al.[3] which, for the same predictions, 
yielded errors between 2.0% and 19.8%. 

Hence, the results suggest that the proposed correlation can 
be used to accurately predict the critical NSV speed for a given 
rotor geometry and operating conditions at the very early stages 
of the design process. 
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Table 1: Summary of critical NSV speed predictions 

Reference Case 
Utip,c 
[m/s] 

Utip,c , k = 2  
(Thomassin et al. [3]) 

% error  

(k = 2) 

Utip,c , k = k(τ)  

(eqn. 11) 

% error 

k = k(τ) 

Baumgartner et al. [1] 411.0 424.6 3.3 409.9 0.3 

Rotor under study 329.5 335.7 2.0 329.5 0.0 

Thomassin et al. [8] – cold T1 292.9 349.5 19.3 286.4 2.2 

Thomassin et al. [8] – Hot T1 312.6 374.5 19.8 306.9 1.8 

F100 (Jeffers [17]) - Rig 386.2 411.7 6.6 390.8 1.2 

F100 (Jeffers [17]) – Full engine 380.0 401.2 5.6 380.8 0.2 

 
Remarks on the Generic Nature of the Proposed Correlations 

The current numerical study was conducted using two 
distinct geometries in the hope of finding a generic 
characteristic to the proposed correlations for k. The 
aerodynamic loading, calculated from the area-averaged static 
pressure on the blade pressure and suction sides, is shown in 
Figure 12 for the two geometries used and for all the tip 
clearances and different speeds that were simulated. The first 
thing to note from the figure is that the two geometries had 
different loading coefficients in the near-stall region 
investigated. In fact, the loading of the SR geometry was almost 
twice the loading of the TR geometry. However, all the 
simulations showed similar trends in k, which suggests that the 
correlations found for k should be independent of the loading. 
Given that compressors and fans can have different 
aerodynamic characteristics in terms of loading near stall, a 
theoretical analysis will be used below to complement the above 
numerical results in terms of assessing the generic nature of the 
correlation for “k” found previously. 

Storer and Cumpsty [14] have developed a simple model for 
the tip clearance flow, based on the ideal flow model proposed 
by Rains [15], which was previously shown in Figure 10 (b). In 
their model, the tip clearance flow velocity (V) and its stream 
wise component (Vs) were mathematically represented as: 

ρ
)(2 0 spP

V
−

=
 

(12) 

ρ

)(2 0 p

s

pP
V

−
=

 

(13) 

They ultimately found a relation for the tip leakage flow 
velocity (VL), in terms of pressure coefficients, which can also 
be written as: 
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Figure 12: Calculated blade loading vs. non-dimensional tip 

clearance for both SR and TR geometries (data shown for 

all the different speeds) 

 
Since VL was used to calculate the jet velocity UF, as 

previously defined by equation (10), we now realize that the 
instability convection coefficient “k” should be proportional to 
the inverse of equation (14). This relation, shown as equation 
(15), can thus approximate how k is expected to vary with the 
loading, ψ. 

ψ
1

=∝
L

tip

V

U
k  (15) 

The relation found in equation (15) is plotted in Figure 13 
(a) as a function of the loading. In conditions near stall, for 
which k was calculated to predict the critical NSV speed, the 
aerodynamic loading is typically high. Hence, one can expect 
from Figure 13 (a) that the value of k should show the smallest 
variations near stall since the slope of equation (15) tends to 
zero in such condition, as shown in Figure 13 (b). 
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Figure 13: a) Equation (15) and its b) derivative plotted vs ψ 

 
A brief literature survey was conducted to assess typical 

values of φ and ψ encountered in most compressors in order to 
validate the latter hypothesis. The results are shown in Figure 
14, which clearly shows that most compressor will stall at a 
loading greater than 0.3. 
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Figure 14: Typical values of loading, ψ, and flow coefficient, 

φ, found near stall for most compressor geometries 

 
By looking at the variation in ψ of equation (15), a given 

value of k, taken at ψ=0.6, will show variations of ±2% from 
ψ=0.3 to ψ=0.9. The analytical formulation of equation (15) 
thus proves the near-invariance of k with blade shape near stall, 
which was also validated with available data from the literature. 
Consequently, for design purposes, the correlation proposed 
herein as equation (11) can be considered to be generic for any 
compressor geometry. 

CONCLUSION 
A numerical experiment was conducted in order to determine 

the effect of tip clearance size and operating temperature on the 
tip instability convection coefficient, k, used to predict the 
critical NSV speed. The latter was found to change with both tip 
clearance size and operating temperature, as observed 
experimentally from previous work [8]. However, the major 
contribution appeared to come from the change in tip clearance 
size and the contribution of the temperature effect was found 
negligible for preliminary design purposes. 

A correlation was proposed to determine the k value as a 
function of the tip clearance size and was shown to significantly 
improve the critical NSV blade tip speed predictions, when 
applied to available data from the literature. The predictions 
were found to be within 0.0% and 2.2% of the actual NSV 
critical tip speed when the same predictions using the previous 
assumption of k = 2 [3] were between 2.0% and 19.8%. 
Additional discussion on the generic feature of the study was 
also presented and suggested that, based on typical values of 
flow coefficient and loading observed near stall from available 
data in the literature, the proposed correlation could be used for 
design purposes on any compressor geometry. 

In summary, the current numerical study proposed a simple 
and generic correlation that greatly improves the analytical 
critical NSV speed predictions that can be used in the early 
design stages of axial compressors and fans. 
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