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ABSTRACT
The prescribed surface curvature distribution blade design

(CIRCLE) method is presented for the design of two-dimensional
(2D) and three-dimensional (3D) blades for axial compressors
and turbines, and isolated blades or airfoils. The original ax-
ial turbine blade design method is improved, allowing it to use
any leading-edge (LE) and trailing-edge (TE) shapes, such as
circles and ellipses. The method to connect these LE and TE
shapes to the remaining blade surfaces with curvature and slope
of curvature continuity everywhere along the streamwise blade
length, while concurrently overcoming the “wiggle” problems of
higher-order polynomials is presented. This allows smooth sur-
face pressure distributions, and easy integration of the CIRCLE
method in heuristic blade-optimization methods. The method
is further extended to 2D and 3D compressor blades and iso-
lated airfoil geometries providing smooth variation of key blade
parameters such as inlet and outlet flow angles, stagger angle,
throat diameter, LE and TE radii etc. from hub to tip. One sam-
ple 3D turbine blade geometry is presented. The efficacy of the
method is examined by redesigning select blade geometries and
numerically evaluating pressure-loss reduction at design and off-
design conditions from the original blades: two typical 2D tur-
bine blades; two typical 2D compressor blades; and one typical
2D isolated airfoil blade geometries are redesigned and evalu-
ated with this method. Further extension of the method for cen-
trifugal or mixed-flow impeller geometries is a coordinate trans-
formation. It is concluded that the CIRCLE method is a robust
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tool for the design of high-efficiency turbomachinery blades.

NOMENCLATURE
b axial chord (nondimensionally b=1)
c blade chord, leading to trailing edge
c0, c1 . . . thickness coefficients (eqns. 6,9 )
C1, C2 . . . Bezier control points (fig. 1d)
C = 1/r curvature (eqn. 1 and fig. 1d)
CD drag coefficient (eqn. 4)
CL tangential-loading (lift) coefficient (eqn. 5)
Cp pressure coefficient (eqn. 10)
i incidence
k1, k2 . . . exponential thickness polynomials (eqns. 6,9)
M Mach number
o throat circle (fig. 1a)
p pressure
P points or nodes on the blade surfaces
r local radius of curvature (eqn. 1)
Rey Reynolds number
S tangential pitch of the 2D blades (fig. 1)
(x,y) Cartesian coordinates
(X ,Y ) nondimensionalized coordinates (with b)
y1, y2 y3 blade segments: leading edge; main CIRCLE part;

and trailing edge (figs 1, 2 and 3)
YL ≡ (po,in − po,ot)/(po,in− pst,ot), pressure loss coefficient
z length along 3D blade height
z′ (length along 3D blade height) / (blade height)
ZL ≡ (po,in − po,ot)/po,in, stagnation pressure loss factor
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Greek
α flow angle
β blade-surface angle
λ stagger angle of the blades
φ angle of throat diameter (figs. 1 and 2)
ξ1,ψ1 to ξ5,ψ5 variables specifying the 3D-distribution of

2D-section parameters (fig. 1d)
Subscripts
cmb camber line
crd chord line
in blade inlet region
is isentropic (Mis in fig. 6)
o stagnation
ot blade outlet region
p pressure side
p2 pressure side TE circle to y1 segment (figs 1, 2 and 3)
pm pressure side y1 to y2 segments (figs 1, 2 and 3)
pk pressure side y2 to y3 segments (figs 1, 2 and 3)
p1 pressure side y3 segment to LE circle (figs 1, 2 and 3)
s suction side
s2 suction side TE circle to y1 segment (figs 1, 2 and 3)
sm suction side y1 to y2 segments (figs 1, 2 and 3)
sk suction side y2 to y3 segments (figs 1, 2 and 3)
s1 suction side y3 segment to LE circle (figs 1, 2 and 3)
st static

INTRODUCTION
The design of turbomachines is constrained by consider-

ations of limited Mach numbers, minimizing the number of
stages, while maintaining structural integrity, high efficiencies,
and meeting other thermoeconomic constraints, e.g. [1]. Initial
engine-component designs are based on assumptions of steady
quasi 3D axisymmetric flow via throughflow analyses (e.g. [2,3])
in a series of meridional planes, concluding with 3D velocity di-
agrams for each blade row from hub to tip. The blade shapes
are then designed by “stacking” 2D blade designs using rules
for the locus of the centers of gravity of the 2D sections and
the 3D shape of the leading edge, the trailing edge, and result-
ing blade surfaces, or lately by 3D computational fluid dynam-
ics (CFD) solutions and selective local “zooming” [4]. Com-
promises in performance must be made to accommodate these
three-dimensional constraints, material strength considerations,
the location of cooling passages and hollow sections, etc.

Various investigators use different definitions for blade de-
sign methods: direct; inverse, semi-inverse, full-inverse or full-
optimization methods [5]; analysis and design modes [6]; opti-
mization and design methods [7].

We define as direct the method in which the designer in-
puts the geometry of the blade and the output is the performance
(from an analysis code) in terms of surface pressure distribu-
tions or isentropic surface Mach-number distributions. The per-
formance provides guidelines for where to increase or decrease

the loading, and how to modify the surface geometry in succes-
sive iterations, until a desirable performance is obtained from the
analysis code. We also define as inverse the various methods in
which the designer specifies the performance of the blade to ob-
tain the geometry, or modifications to a portion of the surface
velocity or pressure distribution to obtain modifications to the
geometry. This latter definition includes what other investigators
define as fully-inverse, semi-inverse, adjoint, or simply design
methods.

Both methods have relative advantages and disadvantages.
In the direct method, it is relatively easy to fulfill mechanical and
geometric constraints; but it is usually laborious to obtain the de-
sired distribution of pressure or velocity along the blade profile.
On the other hand, it can be difficult to obtain an acceptable ge-
ometry with an inverse method [8–11]. The non-heuristic inverse
design method (mathematical inversion of pressure distribution
to surface geometry) has difficulties in both of the leading and
trailing edges, due to the mathematical singularity (zero veloc-
ity) at the two stagnation points [11,12] and results in blades with
zero thickness at the trailing edge, which are impossible to manu-
facture; or with other adaptations made at the trailing edge intro-
ducing uncertainties. This last difficulty makes the non-heuristic
inverse method acceptable for some compressor blade geome-
tries of thin trailing edge, but unacceptable for turbine geometries
that have thicker trailing edges. Both the direct and inverse meth-
ods, including the CIRCLE method, can be coupled with various
hybrid multi-objective heuristic or evolutionary-algorithm opti-
mization techniques in order to optimize various aspects of com-
pressor, turbine and hydraulic pump blade shapes and airfoils,
e.g. [13–18].

This paper introduces a method to take the design from ini-
tial throughflow calculations to specifying the 2D and 3D blade
shapes with continuity in surface curvature and slope of surface
curvature from LE to TE, and therefore enables design for in-
herently good aerodynamic performance. The method can be
used to provide finished blade designs of high efficiency, as il-
lustrated in later examples. Alternatively, it can also be used
to provide initial geometries for other direct and inverse design
methods, or to provide geometries for optimization methods with
genetic and heuristic algorithms. The CIRCLE method is based
on modifications to the earlier 2D blade-design method [19–23]
and its earlier 3D extensions [24] that allow the designer to in-
clude 3D LE and TE circles or ellipses, while maintaining con-
tinuous slope of curvature everywhere (2D and 3D) on the blade
surfaces. The CIRCLE method starts from the TE shape and de-
signs the 2D blade shape in three line segments: y1 near the LE;
y2 in the middle part of the surface; and y3 near the TE. By spec-
ification the method ensures blade-surface curvature and slope-
of-curvature continuity from the LE stagnation point to the TE
stagnation point. Application of the method to remove LE spikes
and smooth LE flow “disturbances” from 2D turbine blades has
been published in [25]. In this paper the CIRCLE method is ap-
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plied to the design of 2D and 3D turbine and compressor blades,
and 2D airfoils. The streamwise blade-surface curvature distri-
bution is manipulated to optimize the aerodynamic performance
of 2D sections. 2D shapes are designed near hub, mean and tip
regions, and the 3D blade shape is designed by smoothly (again
with curvature continuity) varying the 2D parameters from hub
to tip.

This is a new design environment decoupling the traditional
maximum thickness and maximum camber discussions (used in
early airfoil designs) from blade design. Similarly to inverse de-
sign methods, the CIRCLE method is guided by the surface pres-
sure and surface Mach number distributions with their relation to
surface-curvature distribution, and the output is the blade shape.
The design sequence shapes the surface curvature and with it
the location of maximum loading, forwards or backwards, on
the blade surface. The advantages of the CIRCLE blade design
method are illustrated with several examples in axial turbines,
axial compressors and one isolated airfoil.

IMPORTANCE OF STREAMWISE BLADE SURFACE
CURVATURE

The theoretical and experimental evidence that both curva-
ture and slope of curvature affect boundary-layer development
and aerodynamic performance has been presented in [21–23],
and is further justified in the blade re-designs in the following.
The boundary layer does not shield the core of the flow from
surface curvature discontinuities because there is a strong de-
pendence of local boundary layer pressure and velocity on local
radius of curvature. Smooth streamwise blade-surface pressure
distributions (avoiding local accelerations and decelerations) re-
quire smooth surface-curvature distributions (continuous slopes
of pressure and curvature along the blade surface). Continu-
ous slope of curvature requires continuous third derivatives at
the splines or surface patches used to design the blades as illus-
trated in the following two equations for curvature C and slope
of curvature C′ for blade-surface line segments y = f (x), y′ =
d f (x)/dx, y′′ = d2 f (x)/dx2 and y′′′ = d3 f (x)/dx3.

C =
1
r

=
y′′

[1+ y′2](3/2) (1)

C′ =
dC
dx

=
y′′′

[
1+ y′2

]−3y′y′′2

[1+ y′2](5/2)
(2)

Most parametric splines currently in use (e.g. based on cu-
bic, B-splines, Bezier splines etc) have continuous first and sec-
ond derivatives and they result in smooth-looking surfaces with
continuous curvatures, but discontinuous slopes of curvature at
the spline knots. One must distinguish here between: surface
roughness and fouling (with which turbomachine blades must
operate); and the slope-of-curvature discontinuities in the as-
designed shape at the junctions of the splines (which are invisible

to the eye, as the blade looks very smooth, but they may produce
unusually-loaded blades, higher losses and thicker wakes). The
geometry of some blades presented in the literature exhibit slope
of curvature disturbances at spline knots along the main part of
the blades, affecting boundary layer development, the point of
transition etc. Even more blades present a slope of curvature dis-
continuity where the LE circle or other shape joins the main part
of the blade, causing in many cases LE separation bubbles and
flow disturbances, which also affect aerodynamic performance.
These LE disturbances have recently been systematically studied
in compressor leading edges [26, 27]. Overall, this local slope
of curvature disturbance or discontinuity has resulted in test and
production airfoils (isolated and in turbomachines) that exhibit
spikes or dips of various magnitudes in isentropic surface Mach
number and pressure-coefficient distribution, which occasionally
result in unexpected loading distributions along the blade length
and in local separation bubbles. These effects are visible as small
local “kinks” in surface pressure or isentropic Mach number dis-
tributions in some of the computational and experimental data
published, for example, in [28–31], and with local separation
bubbles in [32–35].

Blending a leading-edge circle or ellipse with the blade sur-
faces frequently results in local curvature or slope-of-curvature
discontinuities (that may cause local separation bubbles detected
only if the test transducers are located at the correct location),
or tripping the boundary layer to transition, perhaps with follow-
on re-laminarization and re-transition further downstream (with
the resultant effects on aerodynamic and heat transfer perfor-
mance). Such a local leading-edge laminar-separation bubble
due to blending of a leading-edge circle with the blade surfaces
occurs in the turbine geometry published in [33], seen in the test
data published in figure 11 of [35]. This leading-edge separa-
tion region was removed by modifying the geometry of the blade
in the vicinity of the slope-of-curvature discontinuity with an
inverse design technique as explained in figures 11, 12 and 13
of [6]. This is a particularly challenging leading edge separation
bubble. Previous attempts with parametric direct blade-design
methods to remove this leading edge separation bubble have in-
dicated difficulties [36]; however, later in this paper in an exam-
ple of the CIRCLE method we show that it can produce a slightly
modified blade geometry that removes this separation bubble.

2D TURBINE BLADE DESIGN
Fig. 1 illustrates a typical 2D turbine blade shape, the key LE

and TE modifications to the original 2D blade-design method,
and the extension of the method to 3D. The inlet and outlet flow
angles αin = α1 and αot = α2, and the throat Mach number M2

are 3D inputs provided (in the absolute frame for stators and in
the relative frame for rotors) from the throughflow calculation.
The designer has many additional 3D choices, five of which are
crucial: the nondimensional tangential spacing S/b between the
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(a) Main blade geometry

(b) Trailing edge geometry
(c) Leading edge geometry

(d) 2D prescribed curvature distribution from
leading edge (LE) to trailing edge (TE)

(e) Sample 3D variation of one 2D pa-
rameter (suction-surface parameter C3s)
along z′
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(f) Resultant sample 3D turbine blade
stacked along the center of gravity (CG)

FIGURE 1. 2D and 3D blade geometry definition (adapted from [22, 24])

blades (set by the number of blades in the 3D bladerow); the stag-
ger angle λ ; the nondimensional throat diameter o/b; and the LE
and TE shapes, which without loss of generality can be circles,
ellipses, or any other curvature-continuous shape near the stag-
nation points. These 3D blade-design parameters are functions
of blade length from hub to tip, along the blade height (z, z ′).
The tangential lift coefficient and the drag coefficient are defined
by:

CL ≡ tangential aerodynamic force
tangential blade area×outlet dynamic head

(3)

CD ≡ Drag force
tangential blade area×outlet dynamic head

(4)

These expressions can be manipulated in a number of ways
(for compressible flow, for incompressible flow, accounting for
variations in axial-flow velocity etc.). The incompressible-flow
derivation for turbines [37] reduces CL to:

CL = 2
S
b

cos2αot (tanαin− tanαot) (5)

The number of blades in the 3D blade row must be chosen so that
(approximately) 0.8 < CL < 1.3 (the upper value is gradually in-
creasing) in every 2D section from hub to tip. The throat diam-
eter is an extremely important design input because it dictates
the mass flow that can be passed through the blade, and hence
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the work that can be delivered by the turbine. A good first ap-
proximation is [o/S] = cosαot (from trigonometry in the throat
to TE flow region). Experimental data linking o, S, M2, and
the curvature of the convex (suction) blade surface near the trail-
ing edge have been published in the open literature (for instance
some are included in [37], where the empirical correlations for
αot are functions of cos−1[o/S]). Computer programs can calcu-
late the outlet flow angle for the given blade geometry (i.e. o, S,
and M2).

There is considerable ongoing discussion over LE and TE
shapes. For manufacturing reasons the LE and TE of the 3D
blade must be made by stacking “consistent” 2D shapes, so cir-
cles and ellipses have traditionally been used. Blending these
shapes with the blade surfaces introduces slope-of-curvature con-
tinuity difficulties such as those illustrated at the leading edge
of the Hodson–Dominy (designated HD) blade [6, 33–35], men-
tioned below in Fig. 4. The trailing-edge thickness should be as
small as manufacturing and strength considerations would allow
(to minimize the wake incident on the next blade row), and it is
affected by geometric constraints imposed by the cooling slots in
cooled blades. For compressor and non-cooled blades the trail-
ing edge shape must be joined as smoothly as possible to the
blade surfaces. The blade-design method presented in this paper
illustrates the use of LE and TE circles. These are the hardest
shapes to join to the blade surfaces as there is a transition from
the constant curvature of the circle region to the locally varying
curvature of the remaining blade surface. Therefore the method
presents the most difficult case of joining the LE and TE shapes
to the rest of the blade surfaces, and all other shapes will be an
easier variation of the methodology presented. Details of the 2D
method for pointed TE are in [22, 23]. Details of the 2D LE and
TE circles, and 3D concepts are in [24]. A summary of the CIR-
CLE method is included below in order to facilitate discussion of
the results.

The trailing-edge region, y3, and TE circle
Each 2D blade section is designed nondimensionally, so that

0 ≤ X ≡ x/b ≤ 1 including the leading and trailing edge shapes
(Fig. 1a,b,c). Choosing the value of λ and the trailing edge radius
locates the trailing edge circle (Fig. 1b). The suction and pressure
blade surfaces “detach” from the trailing edge circle at points Ps2

and Pp2 specified by input parameters βs2 and βp2 respectively
(local blade-surface angles, determined by the “wedge” blade an-
gle of the trailing edge, and related to the outlet flow angle α ot).
The trailing edge region (line segment y3) from Ps2 to Psm on the
suction surface is specified by an analytic polynomial y = f (x)
of the form:

y3 = f (x) = c0 + c1 x+ c2 x2 + c3 x3 + (6)

+ c4 k1[x− x(Ps2)]+ c5 k2[x− x(Ps2)])

where k1 and k2 are exponential functions resulting in terms of in-
creasing importance as we approach point Ps2, and of negligible
importance away from Ps2. Thus equation 6 is a cubic equation
near point Psm where the blade is tangential to the “throat” circle
o; and the basic cubic equation has exponential modifications as
it approaches the TE circle at point Ps2. The six coefficients c0

to c5 are evaluated from the conditions of point, first, second and
third derivative continuity (four conditions) of the blade surface
line at Ps2; and prescribing the point and slope of the blade sur-
face line at the tangent to the throat diameter at point Psm (two
additional conditions). This approach enables slope of curvature
continuity in the vicinity of the trailing edge circle (though the
changes in curvature in this vicinity are usually large). The trail-
ing edge region of the pressure surface is specified by a similar
polynomial describing a line passing through Pp2 and Ppm , except
the blade angle βpm is an input that is not related to the throat cir-
cle; it is only related to the location of Ppm on the blade surface.

The middle part of the blades, y2, and CIRCLE method
The design of the main part of the blades (line segment y2)

between points Psm and Psk is accomplished by “mapping” the
curvature distribution for the shape of the blade surface in that
region from the C vs. X plane to the Y vs. X plane (fig. 1d).
The curvature from Psm to Psk is specified using 4-point to 6-
point Bezier splines in curvature, in a manner that ensures cur-
vature and slope of curvature continuity from point Ps2 through
point Psm to point Psk . For illustration purposes fig. 1d shows
a 6-point Bezier spline, though in principle any n-point Bezier
spline can be used, and usually 4 Bezier control points are suf-
ficient. The curvature segment corresponding from Ps2 to Psm is
evaluated from analytic polynomial y3 of the trailing edge region
(using eqn. 6) and plotted on the C vs. X plane starting from the
TE at X = 1.0 and ending in point C6s in fig. 1d. The slope of the
curvature Cs(x) at point C6s (corresponding to blade point Psm)
is computed from eqn. 6 and becomes an input to further calcu-
lations. On the curvature of the suction surface we specify points
C1s, to C5s. The x location of point C5s is an input variable, but
the value of curvature there is evaluated such that line C5sC6s is
tangent to the surface-curvature line at point C6 s. Point C2s is
user specified. Point C1s is specified at an x location correspond-
ing to Psk. Since the slope of the Bezier curve is tangent to the
line of knots at its ends, the tangency condition at point C6 s en-
sures slope-of-curvature continuity from C1 s to C6s (from Psk to
Ps2). Using central differences equation 1 is written as:

Ci =
CF1/CF2

CF3
(7)

CF1 = 2

(
yi+1 − yi

xi+1 − xi
− yi − yi−1

xi − xi−1

)
CF2 = (xi+1 − xi−1)
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CF3 =

{[
1
2

(
yi+1 − yi

xi+1 − xi
+

yi − yi−1

xi − xi−1

)]2

+1

}3/2

From the above equation given (xi−1,yi−1), (xi,yi), xi+1 and
Ci we can compute yi+1. This can be done by manipulating equa-
tion 7 into a sixth-order linear algebraic equation in y i+1, or by
a numerical (e.g. regula-falsi) solution. This is solved starting
from blade points Psm and progressing explicitly blade point by
blade point towards the leading edge to points Psk. The Bezier
spline is iteratively manipulated until the slope and the y location
of the blade surface at points Psk , and the shape of the curva-
ture distribution, is acceptable. The development of the pressure
surface geometry from Ppm to Ppk is similar using pressure-side
control points C1 p to C6p on Cp(x).

Leading-edge geometry, y1, and the LE circle
The leading edge has dominant effects on aerodynamic

and heat transfer performance. Both direct and inverse design
methods indicate designing this region requires particular care
(e.g. [11,25–27,38]). In this area we implement a hybrid method
based on modifications of the earlier methods [20, 22, 24] and
illustrated in fig. 1c. First we introduce the LE shape, such as a
circle or ellipse, but any other shape that can be manufactured can
also be used. Given the foremost point of the blade will be on the
y axis (x = 0), the stagger angle λ and the radius of the LE circle
specify the location of the LE circle as shown in fig. 1c. The suc-
tion and pressure blade surfaces “detach” from the LE circle at
points Ps1 and Pp1 specified by input parameters βs1 and βp1 re-
spectively (local blade-surface angles, determining the “wedge”
blade angle at the LE, and related to inlet flow angle αin = α1).
Then a parabolic construction line is defined, and a thickness
distribution is added perpendicularly to the construction line (as
in [19,20,22]). The construction line starts from a key geometric
point such as the origin, the LE of the blade, and in some cases it
can start from the center of the LE circle. The thickness distribu-
tion of eq. 9 is added perpendicularly about this parabolic con-
struction line, and it is evaluated so that the thickness distribution
(and therefore also the blade surface) has continuous point, first,
second and third derivative (continuous y,y ′,y′′,y′′′ and therefore
continuous C′) at points Ps1 (where it joins the LE circle) and Psk
(where it joins line segment y2 and the main part of the blade).

The suction-side construction line passing though the center
of the leading edge circle is (for instance) of the form:

y(x) = Ax2 +Bx+C (8)

and the thickness distribution yt added perpendicularly to the
construction line (in order to subsequently arrive at the coordi-

nates of the leading edge segment y1) is of the form

yt = c0 + c1x+ c2x2 + c3x3 + (9)

+ c4k11 (x− x(Ps1))+ c5k12 (x− x(Psk))+
+ c6k13 (x− x(Ps1))+ c7k14 (x− x(Psk))

where functions k11, k12, k13 and k14 are exponential polynomials
which acquire increasing importance as we approach points Ps1

and Psk on the blade surface, so that eqn. 9 is a cubic polynomial
away from these two end points. The eight parameters of the
thickness function c0 to c7 are derived from the conditions to
match: y, y′, y′′ and y′′′ (and thus C′) at point Ps1; and at point
Psk respectively. This approach ensures continuity of curvature
and slope of curvature from the TE circle to the main part of the
blade surface through the leading-edge thickness distribution and
into the LE circle. The procedure is similar for the pressure side
of the blade.

3D TURBINE BLADE DESIGN
Fig. 1e illustrates the extension of the 2D blade design

method to 3D by showing, as one example, the variation of in-
put parameter C3s (one of the 2D CIRCLE method Bezier con-
trol points in fig. 1d) with a Bezier curve in 3D, i.e. its varia-
tion along the fraction of blade length z ′ measured from hub to
tip. (Many parameters are a function of blade height z from the
throughflow calculation, and they are transferred to z ′). Flow an-
gles αin(z) and αot(z) are outputs of the throughflow calculation
and become inputs to the 3D blade design. The hub and tip di-
ameter and the number of blades dictate the blade pitch in each
2D section S(z). Additional inputs specified by the user are o(z),
λ (z), and b(z). For instance o(z) and λ (z) can be specified at
the hub, mean and tip radii, and these key values can be used to
provide smoothly varying distributions of o and λ along z and z ′
using Bezier curves as described for C3s below. Similarly b(z)
may be constant from hub to tip, or it may vary along z, thus
providing an additional input to control C L(z) in each 2D section
(eqn. 5). These parameters can be constant from hub to tip, or
smoothly varying functions of z. Finally, the centers of gravity
of the 2D sections can be stacked in any radial orientation, such
as along the radius, to reduce the bending moment experienced
by the spinning blades; or axial sweep, or lean (dihedral, leaning
of the blade perpendicular to the stagger angle or in the tangen-
tial direction) may be introduced in the 3D shape. For subsonic
designs the values of αin and αot usually vary smoothly along z
from hub to tip, and the resulting radial variations in these blade-
design input parameters are also smooth and relatively easy to
specify. In each 2D section the shapes of Cs and Cp specify-
ing the 2D blade sections (fig. 1d) can be used to manipulate the
streamwise curvature distribution of the blade. Local variations
in curvature can be used to front, mid or aft load the pressure
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distribution in each 2D blade section as described in [22,23]. In-
creasing the value of λ in each 2D section results in thinner and
more front-loaded blades [22].

Typically we obtain the mean blade design (at z′ = 0.5) as
a 2D section, and with either big or small changes in the blade
parameters (αin, αot , λ etc) along the blade height we also ob-
tain the near-hub (at z′ ≈ 0.0) and near-tip (at z′ ≈ 1.0) 2D blade
geometries. Each of these three “dominant” 2D blade sections
is manipulated until it has the desirable 2D aerodynamic per-
formance at design and off-design incidence, in the manner de-
scribed in the previous section. This gives values for each one
of the 2D blade design parameters at z′ = 0.0,0,5,1.0. Next,
we prescribe the 3D variation of each 2D blade design param-
eter with Bezier curves in the radial direction in the manner il-
lustrated in fig. 1e. For instance for the blade design parame-
ter denoting the value of point C3 s (fig. 1d), we have input val-
ues: (ξ1,ψ1) at z′ = 0.0; (ξ3,ψ3) at z′ = 0.5; and (ξ5,ψ5) at
z′ = 1.0. We provide as additional inputs for the radial varia-
tion of C3s Bezier-curve control points (ξ2,ψ2) and ξ4. Then
the Bezier curve shown in fig. 1e gives as an output the miss-
ing value of the control point, ψ4. By specification the resultant
Bezier curve in fig. 1e provides a smoothly varying description
of C3s from hub to tip of the blade. The Bezier curve specifying
the 3D variation of any blade design parameter may be: convex;
concave; or nearly “linear”.

The 3D CIRCLE method can provide sharper local varia-
tions of 3D parameters than those shown in fig. 1e for transonic
and supersonic bladerows. The method can be extended to radial
and mixed-flow turbomachines by a coordinate transformation
((x,y) along the streamlines and z perpendicular to streamlines.)

INTEGRATION WITH OPTIMIZATION METHODS
The exact location of the n points controlling 2D curvature

such as C1, C2, . . . to C6 (fig. 1d) in each 2D section is not
as critical as the resulting shape of the curvature distribution;
but these input parameters are also specified as smoothly vary-
ing along z with the Bezier curves in figure 1e. The resultant
shapes can be stacked, for instance along the center of gravity
of the sections, resulting in 3D blade shapes like the one illus-
trated in fig. 1f. Desired changes in 3D surface pressure or 3D
streamlines are compared with changes in 3D curvature distribu-
tions and the location of the 3D blade surfaces. After the first
iteration (first geometric design and analysis) the user examines
the resulting 3D blade loading distributions and decides where to
increase and decrease local curvature (and local loading). After
the second iteration the user gains an appreciation of the mag-
nitude of the required changes in curvature to cause the desired
3D changes in Mach number or pressure distribution, or other as-
pects, such as the passage vortex and flows near endwall regions.
The procedure is repeated until a desirable 3D blade geometry
and aerodynamic performance are obtained.

FIGURE 2. Modification for the 2D compressor blade design method

FIGURE 3. Modification for the 2D isolated airfoil blade design
method

Each run of the 2D blade-performance Reynolds-averaged
Navier-Stokes (RANS) computation with FLUENT shown in
this paper take 2-4 hours on a high performance personal com-
puter. The corresponding Euler calculations like the ones in [22]
for similar blade geometries take about 1 minute each. The de-
sign of a new 2D blade section would start with about 20 Eu-
ler calculations followed by about 5 RANS calculations. The
above procedure can be automated with used-defined optimiza-
tion functions, and simple or complex, visual or codified multi-
objective heuristic or evolutionary-algorithm optimization meth-
ods, e.g. [13–18].

EXTENSION TO 2D and 3D COMPRESSOR BLADES
The 2D compressor blades are specified in a similar man-

ner to 2D turbine blades, as illustrated in fig. 2. One difference
is that the “throat” of the 2D section o occurs near the inlet of
the bladerow. Again, the blade is defined by LE and TE circles
or ellipses connected with line segments y1, y2 and y3 separated
by points Ps2, Psm, Psk, Ps1 similarly to the 2D turbine-blade CIR-
CLE method, and the blade surface curvature and slope of cur-
vature are (by specification) smooth and continuous from the TE
stagnation point through points Ps2, Psm, Psk, Ps1 to the LE stag-
nation point. The 3D compressor blade design parameters are
specified by Bezier curves as in fig. 1d.
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(a) surface curvatures
(b) HD experiments with RANS HD and
I1 computations

(c) HD experiments with RANS I9 com-
putations

FIGURE 4. Comparison of original HD blade (from [33–35]) with redesigned I1 and I9 blades (adapted from [25])

(a) Surface curvatures
(b) Blade geometries
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(c) Isentropic surface Mach numbers

FIGURE 5. Comparison of original Kiock blade (from [39]) with redesigned S1 blade

EXTENSION TO 2D and 3D ISOLATED AIRFOILS

The 2D isolated airfoils are specified in a similar manner to
2D turbine and compressor blades, as illustrated in fig. 3. One
difference is that there is no “throat”. In this case points Psm

and Ppm, and blade angles at these locations βsm and βpm are user
specified. This gives the opportunity to specify these points at the
maximum airfoil thickness thus relating this design aspect to the
usual “maximum thickness” and “location of maximum thick-
ness” specifications of the usual isolated airfoil design meth-
ods. Again the blade is defined by LE and TE circles or ellipses
connected with line segments y1, y2 and y3 separated by points
Ps2, Psm, Psk, Ps1 similarly to the 2D turbine- and compressor-
blade CIRCLE methods, and the airfoil surface curvature and
slope of curvature are by specification smooth and continuous
from the TE stagnation point through points Ps2, Psm, Psk, Ps1 to
the LE stagnation point. The 3D airfoil design parameters are
specified by Bezier curves as in fig. 1d.

SAMPLE 2D TURBINE BLADE REDESIGNS
Figure 4 shows aspects of the geometry and aerodynamic

performance of blade HD [33–35] and redesigned blades I1, I4
and I9. The HD blade profile is a thin, hollow, castable root sec-
tion from the rotor of a low-pressure turbine. It was designed
to operate at air inlet flow angle 38.8◦ relative to the axial di-
rection and to provide approximately 93◦ of flow turning. The
test Rey = 2.3×105. Further experimental details can be found
in [33–35]. Joining the leading edge circle with the blade sur-
faces causes local flow discontinuities and a suction side laminar
separation bubble, after which the flow re-attaches and becomes
turbulent further downstream.

Figure 4a shows the curvature distributionof the original HD
blade (jagged line, evaluated numerically from the original blade
data points) and of blades I1, I4 and I9. We have restricted the ge-
ometry to use the same leading-edge circle diameter, and in order
to maintain the same blade chord from X = [0,1], as the blade be-
came progressively thinner near the leading edge, we limited the
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reduction in the leading edge wedge angle so that the foremost
point of the four blades is at X = 0. The surface curvature distri-
butions of blades I1, I4 and I9 are smoother lines, as these blades
have been designed with the CIRCLE method. The figure also
shows the curvature of blade I1 trying to follow the curvature of
the HD blade in the vicinity of the leading edge with a curvature
“spike” on the suction side. This “spike” in the surface curvature
of blade I1 (which we would not normally use in this region of a
blade design) is now required in order to reproduce the flow spike
of the HD blade in blade I1. The “spike” is not “prescribed” in
the curvature distributions of blades I4 and I9, which are smooth
by specification and design. The resultant computed isentropic
Mach number surface distributions are shown in fig. 4b and 4c.
The sharp local acceleration-deceleration region on the pressure
side of the leading edge of blade I9 has also been smoothed.

Mesh generator GAMBIT and flow solver FLUENT have
been used in the RANS computations throughout this paper. The
mesh elements used for the HD and I1, I4 and I9 blades are:
19,705 quadrilateral cells; 38,967 2D interior faces; and 20,148
nodes for all zones. A 12-layer structured O-mesh with y+ < 5
was used around the blades, and a pave mesh consisting of struc-
tured and unstructured regions was used in the passage. The 4-
equation k −ω SST-transition model has been used for the cal-
culations throughout the results shown in this paper. The sepa-
ration and re-attachment points have been predicted accurately
for the HD blade. The mass-averaged stagnation pressure loss
computed for the HD blade is ZL = 0.00316 and for the I9 blade
ZL = 0.00220. (The computed pressures were recorded along
the inflow and outflow boundaries, then weighted by the local
mass-flow rates, and finally integrated and averaged at inlet and
at outlet boundaries.)

Figure 5 shows RANS computations and comparison with
the experimental results of the turbine blade tested by Kiock et.
al. [39], and RANS computations of blade S1, redesigned with
the CIRCLE method. The experimental results shown are for
Min =0.260, Mot =0.782, αin =30◦, and αot =-67.33◦. The same
type and detail of grid as for the above HD case has been used
in the computations. The experimental and computational data
for the original blade show disturbances on the suction surface
Mis at X ≈ 0.1,≈ 0.5 and ≈ 0.8, and on the pressure surface
an acceleration-deceleration region at X ≈ 0.05. Fig. 5a shows
the surface curvature distributions for the original blade (jagged
lines, evaluated numerically from the original data points) and
the curvature distributions for the redesigned S1 blade (smooth
lines). The surface Mis of blade S1 is much smoother, and
the acceleration-deceleration region on the pressure surface at
X ≈ 0.05 has been removed. The boundary layer of the re-
designed blade is thinner than the original blade throughout the
suction surface, and as a result the computed mass-weighted av-
erage stagnation pressure loss for the Kiock blade is ZL =0.0134;
and for the S1 blade is ZL =0.00967.

FIGURE 6. Isentropic surface Mach number distributions of the
bladerow of fig. 1f at z′ = 0.1, 0.5, 0.9 at design point α in = 0◦ and
at incidence ±5◦

SAMPLE 3D TURBINE BLADE DESIGN

Figure 6 shows the surface Mach number distributions near
the hub (z′ = 0.1), mean (z′ = 0.5), and near the tip (z′ = 0.9) re-
gions of low pressure turbine LS1 designed with inlet total pres-
sure 532 kPa and inlet total temperature 1000 K, inlet flow angle
αin = 0◦, and outlet static pressure 442.7 kPa. The inlet flow
angle at design point has been chosen in order to illustrate the
capabilities of the blade design method as applicable to isolated
airfoils and the removal of leading edge separation bubbles. The
Mach number distributions have been computed using GAMBIT
and FLUENT in RANS solutions with 10% freestream turbu-
lence and the 4-equation k−ωSST-transition model, with RANS
grids similar to those described for the previous blade solutions.
The resultant blade geometries can be stacked by the centers of
gravity, or the leading edges, or the trailing edges, and they are
shown stacked by the centers of gravity in fig. 1f. Additional
variations in sweep and dihedral can be used to account for the
passage vortex, flows in endwall regions, and other 3D effects.
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(a) MAN GHH 1-S1, C1 and C2
blades

(b) C1 at design incidence i = 0◦ (c) C2 at design incidence i = 0◦

(d) C2 at incidence i = −4◦ (e) C2 at incidence i = +4◦ (f) C2 at incidence i = +5◦

FIGURE 7. Comparison of MAN GHH 1-S1 (Steinert, from [8]) with C1 and C2 compressor blades at various incidences

(a) Comparison of blade geometries

(b) Comparison of Cp distributions (c) Comparison of entropy generation

FIGURE 8. Comparison of Sanger (from [40]) and C3 compressor blades at design point incidence

SAMPLE 2D COMPRESSOR BLADE REDESIGNS

Fig. 7 shows a comparison of the geometry and aerodynamic
performance of the high-subsonic Mach number MAN GHH 1-
S1 compressor blade with redesigned blades C1 and C2 at design
and off-design incidences ±4◦ and +5◦. The experimental points
are from [8]. The solid lines are RANS computations of the orig-
inal blade shape, and the dashed lines are the RANS computa-

tions of the redesigned C1 and C2 blades. The mesh elements
used for the computations are: 30,520 quadrilateral cells; 60,558
2D interior faces; and 31,000 nodes for all zones. A 2D O-
mesh and a Pave-unstructured mesh consisting of a combination
of structured and unstructured regions have been used. The mesh
around the airfoil consisted of twenty one structured clustered O-
grid layers with wall boundary parameter y+ < 1. The remaining
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flow field was discretized with quadrilateral and a small numbers
of triangular cells. The 4-equation k −ω SST-transition model
has been used. The experimental conditions for this blade are:
po,in = 101,325 Pa; inlet stagnation temperature 287.15 K; turbu-
lence intensity 1.5%, turbulence length scale lm/chord = 0.0476;
Min =0.618; and pressure ratio 1.1021. Further experimental de-
tails can be found in [8]. The original blade exhibits LE “spikes”
on the pressure side at negative incidence, and on the suction side
at positive incidence. Blade C1 is the first redesign attempt, and
it exhibits an acceleration-deceleration regime on the pressure
side near the LE. This has been largely removed in the second
redesign attempt, in blade C2. The computed boundary layers
are thinner, tolerance to incidence is increased, and the rates of
entropy generation are lower along the surfaces of blade C2 than
the original blade. As a result the losses are lower, as shown in
Table 1.

TABLE 1. Computed pressure-loss parameters of the original MAN
GHH 1-S1 (Steinert) and C2 compressor blades

Blade Design and off design incidence, i

−7◦ −4◦ 0◦ +4◦ +5◦

original, YL 0.0466 0.0232 0.0186 0.0176 0.0417

C2, YL 0.0148 0.0142 0.0158 0.0171 0.0188

C2, ZL 0.0029 0.0022 0.0017 0.0018 0.0028

Fig. 8 shows a comparison of the Sanger controlled diffu-
sion compressor blade with redesigned blade C3 at design point
incidence. The experimental conditions are: po,in =1.03 atm;
Min =0.25; inlet stagnation temperature 294 K; p st,ot =1.00 atm;
Rey =7×105. Further experimental details are in [40]. The
results of RANS computations on the original and CIRCLE-
redesigned blade C3, using a grid of similar fidelity to that of the
Steinert blade, and the 4-equation k −ω SST-transition model,
are shown in fig. 8. The suction- and pressure-side LE “spikes”
of the original blade have been removed. Fig. 8c shows a com-
parison between the computed rate of entropy creation inside
the boundary layer of the suction side of the Sanger and the
redesigned C3 blades. As in the other cases, this reduction of
boundary layer losses results in a decrease of the mass-averaged
stagnation pressure losses.

SAMPLE 2D ISOLATED AIRFOIL REDESIGN
Fig. 9 shows a comparison of the geometry and aerodynamic

performance of the original Eppler 387 and of the redesigned
A1 airfoils. The Rey = 105; turbulence intensity is 0.5%; and
icrd = +4◦. Further experimental details can be found in [41].

(a) Blade geometries (y scales > x scales)

(b) Curvature distributions

(c) Cp distributions

FIGURE 9. Comparison of Eppler 387 (from [41]) and A1 isolated
airfoils

2D structured C (for pointed TE Eppler) and O (for circular TE
A1) meshes with 50 y points and clustering around the LE re-
gion have been constructed around the airfoils with y+ ≤ 1.2;
surrounded by an unstructured Pave C mesh extending 12 chords
upstream and 20 chords downstream of the airfoil, with a total
number of about 350,000 grid points. The solid line is the RANS
computation of the original airfoil shape, and the dashed line is
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the RANS computation of the redesigned A1 airfoil using the
4-equation k−ω SST-transition model (fig. 9c).

The computations indicate a small acceleration-deceleration
flow-disturbance region near the LE on the suction side of the
original airfoil, shown here as a small “kink” in the computed C p

distribution in the calculations for the original airfoil, where

Cp ≡ static pressure on the surface

(1/2)× (upstream fluid density)× (upstream fluid velocity)2

(10)
This small LE flow disturbance, caused by a small curvature dis-
turbance (“kink”) in that region, has been removed with the CIR-
CLE airfoil design method in the redesigned airfoil A1.

The computations indicate that at this Rey the boundary
layer on the suction surface of the Eppler airfoil remains lam-
inar until X ≈ 0.6. After that the momentum of the boundary
layer near the surface is insufficient to carry the flow, and there
is a laminar separation bubble in that region. The RANS com-
putations on the Eppler airfoil indicate that the flow reattaches
turbulent further downstream at X = 0.677. The original Eppler
airfoil has a small slope-of-curvature discontinuity on the suction
surface at X ≈ 0.6. Despite the removal of this slope of curva-
ture discontinuity in airfoil A1 (fig. 9b), the laminar separation
at X ≈ 0.6 is a characteristic of the Reynolds number of the flow
and the local diffusion required by both airfoils.

As a result of the removal of the curvature “kink” near X =
0.01 and the slope of curvature discontinuity near X = 0.6 the
laminar separated region starts a little later in airfoil A2 than in
the Eppler airfoil; and the flow also reattaches turbulent a little
later in the A2 airfoil, at X = 0.680. There is a reduction in losses
between the original Eppler 387 and redesigned A1 airfoil as a
result of the overall improvement of the curvature of the airfoil
surface, reflected in: a drop in CD from 0.0207 to 0.0181; and
a corresponding rise of CL/CD from 38.68 to 41.94. Additional
wind-turbine airfoil examples have been presented in [42].

CONCLUSIONS
The CIRCLE method to design 2D and 3D subsonic, tran-

sonic or supersonic blades for axial compressors and turbines,
and isolated blades or airfoils is presented. The method,
which can be easily coupled to multi-objective heuristic or
evolutionary-algorithm optimization methods, is based on pre-
scribing the streamwise 2D suction- and pressure-surface curva-
tures from leading to trailing edge of the blades. This curvature
and slope of curvature continuity includes the locations where the
suction and pressure surfaces join the leading and trailing edge
circles, ellipses, or other shapes, so that curvature and slope of
curvature are smooth and continuous everywhere along the blade
surfaces from LE stagnation point to TE stagnation point.

In the 3D method the 2D sections of the hub, mean and tip
(or near hub and tip) are designed first. Then the 2D blade sur-

face curvature distributions in the hub, mean and tip sections is
manipulated until a desirable aerodynamic performance at design
point flow as well as at incidence flow is obtained, avoiding lo-
cal flow acceleration-deceleration regions and other flow distur-
bances in these three sections. Then the 2D blade-design parame-
ters are smoothly varied from hub to tip with Bezier curves in the
radial direction, providing a smooth variation of 2D blade sec-
tions from hub to tip. The 3D variation of these blade design pa-
rameters is iteratively manipulated until a desirable aerodynamic
performance from hub to tip is obtained. The 2D blade sections
are stacked from hub to tip along the centers of gravity, or the
leading, or the trailing edge, or with another stacking strategy.
The method can be further enhanced using the results of 3D flow
computations to direct the 3D variation of the blade design pa-
rameters. The resultant 3D blades exhibit superior aerodynamic
characteristics, while concurrently the designer has full control
of blade structural characteristics. The use of the 3D method is
illustrated with a turbine bladerow example.

Variations of the 2D and 3D method for turbine blades, com-
pressor blades and isolated airfoils are presented.

This is a new design environment decoupling the traditional
maximum thickness and maximum camber discussions (used in
early airfoil designs) from blade design, and it attaches greater
significance to the curvature distribution rather than the exact lo-
cation of (x,y) points on the blade, even though the designer has
direct control of the blade surface as in direct methods. Simi-
larly to inverse design methods, the CIRCLE method is guided
by the surface pressure and surface Mach number distributions
with their relation to surface-curvature distribution, and the out-
put is the blade shape. The design sequence shapes the sur-
face curvature and with it the location of maximum loading, for-
wards or backwards, on the blade surface. Therefore this method
combines the best advantages of direct and inverse blade design
methods.

Different methods to control the differences in the surface
curvature, especially between the LE shape and the rest of the
blade, have been proposed, for instance [43–47]. The computed
results indicate that the CIRCLE method is the most success-
ful blade-design method in the open literature in controlling this
“LE spike” difficulty between the LE shape and the rest of the
blade. The method also ensures smooth surface pressure dis-
tribution throughout the blade surfaces, and allows for smooth
changes in blade geometry and loading distribution, while ensur-
ing high-efficiency blades are designed.

The aerodynamic advantages of the CIRCLE blade design
method in designing improved blades (of lower losses) are il-
lustrated with two examples of 2D axial turbines, two examples
of 2D axial compressors, one 2D isolated airfoil, starting from
blade geometries with tested experimental performance, and de-
signing new blades with improved computed performance and of
increased tolerance to incidence. It is concluded that the method
is a new design environment enabling design of higher-efficiency
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turbomachine blades.
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